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Abstract: Necessary and sufficient optimality conditions are established for a class of
nondifferentiable minimax fractional programming problems with square root terms.
Subsequently, we apply the optimality conditions to formulate a parametric dual problem
and we prove some duality results.
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1. INTRODUCTION

Let us consider the following continuous differentiable mappings:

[ R'xR" >R, h:R'xR" >R, g:R">R”, ¥Y:R, »>R,
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def
where % =¥'(x)>0,and g=(g,,---,g,). We denote
X

P={xeR"|g,(0)<0, j=12.p} (L1

and consider the compact subset Y cR". Let B ,r zﬁ, and D, q :1,_5, be nxn

positive semi definite matrices such that for each (x,y) e #xY, we have:

B 5
fp)+ Y NX"Bx 20, h(x,y)-D4[x"Dx>0.
r=1 g=1

In this paper we consider the following non differentiable minimax fractional
programming problem:

ingsup ‘I’Hf(x, )+ ideBrxJ/{h(x, ») —i,[xTqu]:l . P)

For f=0=1, and ¥ =1, this problem was studied by Lai et al. [3], and further,
if B =D, =0, (P) is a differentiable minimax fractional programming problem which

has been studied by Chandra and Kumar [2], Liu and Wu [5]. Many authors investigated
the optimality conditions and duality theorems for minimax (fractional) programming
problems. For details, one can consult [1, 4, 7].

In an earlier work, under conditions of convexity, Schmittendorf [6] established
necessary and sufficient optimality conditions for the problem:

inf sup 4 (x, ), (P1)

yeY

where ¢ : R"xR™ - R is a continuous differentiable mapping. Later, Yadev and

Mukherjee [9] employed the optimality conditions of Schmittendorf [6] to construct two
dual problems and derived duality theorems for (convex) differentiable fractional
minimax programming. In [2], Chandra and Kumar constructed two modified dual
problems for which they proved duality theorems for (convex) differentiable fractional
minimax programming. Liu and Wu [5] relaxed the convexity assumption in the
sufficient optimality of [2] and employed the optimality conditions so as to construct one
parametric dual and two other dual models of parametric-free problems. Several authors
considered the optimality and duality theorems for nondifferentiable non convex
minimax fractional programming problems, one can consult [4, 7].

We present necessary and sufficient optimality conditions for problem (P) and we
apply the optimality conditions so as to construct one parametric dual problem for which
we state weak duality, strong duality, and strictly converse duality theorems.
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2. NOTATIONS AND PRELIMINARY RESULTS

Throughout this paper, we denote by R" the n-dimensional Euclidean space and
by R’ its nonnegative orthant. Let us consider the set & defined by (1.1), and for each

xe P, we define

Jx)={je{L.2,,p} |g,(x)=0},
f(an/)“‘i\/XTB,X f(x,z)-i—é\leBrx

- =sup ¥ = ,
h(x,y)—z x'D,x = h(x,z)—Z./xTqu

Y(x)=<yeY|V¥

I<s<n+l, Y1 =1,

i=1
K(x)=14(s,t,y) e NxR; xR™ |and y = (y,,---,¥,) e R™ }.
with y, eY(x),i=l,_s

Since f and & are continuous differentiable functions and Y is a compact set in
R"™, it follows that for each x,€&, we have Y(x,)#=<. We denote for any

¥, €Y(x,),

k, :(f(xo,J_/i)—i-ﬁ«/xOTBrxo ]/[h(xo,f/l.)—i‘/ngqon . 2.1

Let A be an mxn matrix and let M, M,,i=1,---,k, be nxn symmetric positive

semi definite matrices.

Lemma 2.1 /8] We have
k
Ax20 = ch+quxTMix =0,
i=1
if and only if there exist y e R” and v, e R", i= I,_k, such that
o k
Av, 20, vVVMy, <l,i=1k, A'y= C+ZM,-V,--
i=l1

Lemma 2.2 /6] Let X, be a solution of the minimax problem (P1) and the vectors

Vg, (x,), JjeJ(x,) are linearly independent. Then there exist a positive integer s,
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1<s<n+l, real numbers 1,20, i=Ls, u, >0, jzﬁ, and vectors )_/ieY(xo),

i= L_s, such that

i=l1

5 )4 . s
Ztivxl//(xo,)_zi)+2ijgj(xo):0; 1;8,(x)=0, j=1,p; Ztl. #0.
i=1 j=1

Let us consider for the next definitions the differentiable function
9 : CcR" >R, the real number peR, and the following functions:

n:CxC—>R", 6:CxC-o>R,
Definition 2.1 The differentiable function @ is (1, p,0) -invex at x, € C if the following

hold: o(x)—p(x,) > n(x,x,) Vo(x,)+ pd(x,x,), VxeC.

If —p is (1, p,0) -invex at x, € C, then ¢ is called (77, p,8) -incave at x, € C.
If the inequality holds strictly, then ¢ is called to be strictly (77, p,8) -invex.
Definition 2.2 The differentiable function ¢ is (1, p,0) -pseudo-invex at x, € C if the

Jollowing hold: 1(x,x,)" Vo(x,) > -p0(x,x,) = @(x)>¢(x,), VxeC,
If —¢ is (n,p,0) -pseudo-invex at x, € C, then ¢ is called (7, p,6) -pseudo-

incave at x, € C.
Definition 2.3 The differentiable function ¢ is strictly (n, p,0) -pseudo-invex at x, € C

if the following hold: 1(x,x,)" Vp(x,) = —p0(x,x,) = @(x)>@(x,), VxeC, x#x,.
Definition 2.4 The differentiable function ¢ is (n,p,0)-quasi-invex at x, € C if the

Jollowing hold: ¢(x) < ¢p(x,) = n(x,x,)" Vo(x,) < —pb(x,x,), VxeC.
If —p is (77,p,0)-quasi-invex at x, € C, then ¢ is called (7, p,0)-quasi-

incave at x, € C.
3. NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS

For any x € #, let us denote the following index sets:

Bx)={re{l.2,.p} | x'Bx>0},
B(x)={12. B} \Bx)={r|[x"Bx=0},
Dx)={ge{l.2.6}|[x'Dx>0},
D(x)={1,2,,8} \D(x)={ q|x"D,x=0}.

Using Lemma 2.2, we may prove the following necessary optimality conditions
for problem (P).

Theorem 3.1 (Necessary Condition) If x, is an optimal solution of problem (P) for
which ﬁ(xo) =0, .‘?_)(xo) =, and Vg,(x,)), jeJ(x,) are linearly independent, then
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there exist (s,t,y)e K(x,), k,eR,, w eR",r =r[7’, v, eR", q =1,5, and HeR?
such that

s B s
t¥Y '(ko){Vf(xO,)_/[) + ZBrwr -k, [Vh(xo,)_/,.)— Zquq H
i=l1 r=1 g=1
3.1
P
+D Vg, (%) =0,
j=1
p [ —
f(xo,)_/i)-i-lengrxo —k, [h(xo,)_/i)—z,[ngqu j =0, Vi=l,s, 3.2)
r=1 q=1

iﬁ,-g,-(xo) =0, (3.3)

20, »i-=l, (3-4)
i=1

T T _ A _ .
w.Bw <1, x,Bw, =4x,Bx,,r=17;

viDv, <1, x,D,v, =+/x;D,x,,q=16.

Proof: Since all B, rzﬁ, and D, q =1,_5, are positive definite and f and h are

(3.5)

differentiable functions, it follows that the function

‘PKf(x,y)JriJm] / [h(x’y)_émﬂ

is differentiable with respect to x for any given y € R”. Using Lemma 2.2, it follows that
there exist a positive integer 5,1<s<n+1, and vectors re R}, ueR’, y, € Y(xo ),

i= 1,_s, so that

> ¥k, _. & Bx
> ) [w,y,-wz;—(’—
= h(xo,)_/l.)—z,/xoTquo =1\ X B, X,
= 3.6)

& Dy 2,
—ky | Vh(x0,7,) = D == ||+ D2, Vg, (x,) =0
JxOquO j=1

r=1

[\?w

18, (0) =0, (3.7)

~.
Il
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i% >0, (3.8)
i=1

where k, is given by (2.1). If we denote

%o X
W, = P r:Lﬁs v, = > q:1>§,
Xi B.x, ! ,ngquO
0 Wk, )1,

I =——, where 1/ = - ,
Zitlp h(xo,)_zl.)—ZngquO
i= p

we get (3.1) - (3.4). Furthermore, it easily confirms that relation (3.5) also holds, and the
theorem is proved.
We notice that, in the above theorem, all matrices B, and D, are supposed to be

positive definite. If at least one of ﬁ(xo) or 5(x0) is not empty, then the functions

involved in the objective function of problem (P) are not differentiable. In this case, the
necessary optimality conditions still hold under some additional assumptions. For x, € &

and (s,7,y) € K(x,) we define the following vector:

s _ _ B x _ D X
a=>1V'(k)| Vf(x),3)+ Y. ——==—ky| Vh(x), 7))~ . 0
i=1

re.’l}(xﬂ)ﬂnger reD(x,) 1’)(;“qu0

Now we define a set Z as follows:

2'Vg, (%) <0, jeJ(x),

zTa+it_l{ > JZ'Bz+ Z ,/ZT((ko)qu)ZJ<0-

i= reB(xy) 4€D(xo)

Z,(x))=qz€R"

Using Lemma 2.1, we establish the following result:

Theorem 3.2 Let x, be an optimal solution of problem (P) and at least one of ﬁ(xo) or
5()60) is not empty. Let (s,1,y)e K(x,) be such that Z5(x))=2D. Then there exist

vectors w, eR", r=18, v, eR", qg=1,0, and jieR! which satisfy the relations

(3.1) - (3.5).
Proof: Using (2.1) we get (3.2), and relation (3.4) follows directly from the assumptions.

Since Z;(x,) =9, forany zeR" with: —ZTng (x,)20, jeJ(x,), we have

zTa+it_{ > JBz+ Y «/ZT((kO)ZDq)ZJZO-

reﬁ(xo) q65(xo)
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Letus denote: A=Y'7, = Z:t_[k0 . Applying Lemma 2.1 considering:

i=1 i=1
e the rows of matrix 4 are the vectors [—ng (xO)], jeJ(x,);
° c=aq;
2 . @ 2 . @
. M- A°B. ifreB(x,) and M” = v D, 1fqe.‘2)(x0),
0 ifr e B(x,) ! 0 if g € D(x,)
it follows that there exist the scalars uz, >0, jeJ(x,), and the vectors w, e R",

re ﬁ(x0 ), v, eR", ge 5()60 ), such that

- Y mVg(x)=c+ > Mlw + > M)V, (3.9)
JjeJ(xy) re%(xﬂ) qeﬁ(xﬂ)

and
WMPW, <1, reB(x,); V. MPY, <1, qeD(x,). (3.10)

Since g,(x,)=0 for jeJ(x,), we have: 1z,g,(x)) =0 for jeJ(x,). If j&J(x,), we
P

put z, =0. It follows: Z 4;g;(x,) =0, which shows that relation (3.3) holds.
j=1

Now we define

%o

X, . :
——, ifreB(x,) ——, ifqgeD(x)
w, =4+/X¢ B.X, *" and v, = X D, X,
w,  ifreB(x,) v, ifqgeD(x,)

With this notations, equality (3.9) yields relation (3.1).
From (3.10) we get: w'B.w, <1 for any r=1,3. Further, if reB(x,), we have

x, B.x, =0, which implies B,x, =0, and then \/x; B.x, =0=x, B.w,. If r € B(x,), we

obviously have x,B.w, =4/x\B,x,. The same arguments apply to matrices D,, so
relation (3.5) holds. Therefore the theorem is proved.

For convenience, if a point x, € & has the property that the vectors Vg, (x,),
J€J(x,), are linear independent and the set Z; (x,) =<, then we say that x, e J

satisfy a constraint qualification.

The results of Theorems 3.1 and 3.2 are the necessary conditions for the optimal
solution of problem (P). Actually, with some supplementary assumptions, the conditions
(3.1) - (3.5) are also the sufficient optimality conditions for (P), which we state the
following result for by involving generalized invex functions, being weaker assumptions
used by Lai et al. in [3].
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Theorem 3.3 (Sufficient Conditions) Let x, € $ be a feasible solution of (P) for which
there exist a positive integer s, 1<s<n+1, y e€Y(x,), i= Ls, k, €R,, defined by
(21), TeR, w eR", r= m, v, € R", g= l,_5, and pi € R? such that the relations
(3.1) - (3.5) are satisfied. If any one of the following four conditions holds:

B 5
@) fCI)HEO Bw, is (7.p,.0)-invex, h(-,5,)=X() Dy, is (1,p,,0)-incave
r=1 q=1

i=1

R P s
fori=l,s, Y 1.g,() is (17, p,.0)-invex, and p, + D h(p +pky) 20,
=

b) 5(.)2‘22[f(.’}7i)+f:l(.)TBVWV_ko(h(.’)_/i)_il(.)quvq)} is (n,p,0) -invex

i=1

P
and Zﬁjgj(-) is (17, py,0)-invex, and p+p, =0,

j=1
J— P
¢ @) is (n,p,0)-pseudo-invex, Zﬁj.g/.() is  (1,p,,0)-quasi-invex, and
j=1
p+p, =0,
J— P
d @()is (n,p,0)-quasi-invex, Zﬁj g,(-)is strictly (1, p,,0) -pseudo-invex,
j=1

p+p, 20,
then x, is an optimal solution of (P).

Proof: On contrary, let us suppose that x, is not an optimal solution of (P). Then there

exists an x, € & such that

B B
VACHOEDINED: B S )+ % B.x,
sup ¥ = <sup ¥ =
e h(xlsJ’)_Z\/xlTqul e h(xo’y)_zvxoTquo
q=1 q=1
We note that, for y, e Y(x,), i= L_s, we have

B B
f (g 2)+ Y X! B.x, S0, 7+ D% B.x,
sup ¥ r=l =Y =

5 5
ver h(xo,y)—z ngqu h(xo,)_/i)—z ngqu
q=1 g=1

= \P(ko)y

and
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8 8
ACRARDINED:A S 9)+ 23 B,
= <sup ¥ = .
h(xl,)7i)—z1/xITqu] ver h(x],y)—Z:,/)clTqul
q=1 q=1
Since W'(x) >0, V¥ is an increasing function and we get

B s —
f(x],)7i)+quxerrx] —k, [h(x],)_/i)—ZJxlTqul J <0, fori=1s. 3.1
r=1 gq=1

From the generalized Schwarz inequality x"Mv<+x"Mx+v My, it follows that

¥

vIMy <1 = x"Mv <~ x"Mx , where M is an arbitrary symmetric positive semi definite
matrix. Using now the relations (3.5), (3.11), (3.2), and (3.4), we obtain

D(x,) < D(x,). (3.12)

1. If hypothesis a) holds, then for i = I,_S, we have

B B
f(xl,)_/i)-i-leTBywr —f(xo,)_/i)—ngBrwy >
r=1 r=I1

, (3.13)
> n(x,,%,)" (Vf(xo,)_/,.) + ZBrwrj+pi9(xl,xo),
and
5 5
—h(xl,)_zl.)+2xerqvq +h(x0,)7,.)—ZxOTquq >
- - (3.14)

S
>n(x,,%,)" [—Vh(xo,)_/i) + Zquq ) +p/0(x,,x,).

q=1

Now, multiplying (3.13) by 7, (3.14) by tk,, and then sum up these inequalities, we
obtain

D)D) 2 Y70, +hp) 0, %,) +

i=1

s _ il _ 5
+17(x,, %, )TZ t {Vf(xo,y,.) + ZBrwr -k, (Vh(xo,yi) - Zquq H
i=1 r=1

q=1

p
Further, by (3.1) and (7, p,,6) -invexity of Y 77,g,(-), we get
=
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J— — V4 S ,
D(x)—D(x,) > _77(x1>xo)TZ/~_ljvgf (%) + Z L(p, +kop; ) O(x,,x,)
=1

i=1

P 4 s
> =Y g, (0)+ Y g, (%) +(po + 0+ km/)]e(xl,xo).
j=1

j=1 i=1
Since x, € P, we have g,(x)<0, i= L_s, and using (3.3) it follows
6(xl ) _5()50) 2 (po + zt_i(pi + kOpi,)] 0(x,,%,) 20,
i=1
which contradicts the inequality (3.12).

The conclusion follows similarly by using the assumptions b), ¢) and d).

4. DUALITY

Let H(s,t,y) be the set consisting of all
(z. i, k,v,w) e R" xR? xR, xR™ xR", where v=(v,---,v;), v,€R", ¢ =1,5, and

w=(w, -, Wy ), weR", r= m, which satisfy the following conditions:

s 14 5 P
Zz,qf '(k){Vf(z, y)+ Y Bw, - k[Vh(z, y)=>.D,v, ﬂ + Z Vg, (2)=0,(4.1)

q=1

iti {f(z,yi) + iZTBrwy - k[h(z,yl.) - ZJ:ZTquq H >0, 4.2)

P
2 4,8,(2)20, 4.3)
=
(s,1,y) € K(2), 4.4)
w'Bw, <1, r= LA, and v,Dyv, <1, q= 1,0 4.5)

The optimality conditions, stated in the preceding section for the minimax
problem (P), suggest us to define the following dual problem:

max sup {‘I’(k) | (z, 1, k,v,w) € H(s,t,y)} (DP)

(s,t,y)eK (2)

If, for a triplet (s,z,y)e K(z), the set H(s,t,y)=, then we define the
supremum over H(s,t,y) to be —oo. Further, we denote

s A 5
(l)() = Zti f('y}%)*‘Z(‘)TBrWr _k(h('ayi)_Z(')Tquq]:l
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Now, we can state the following weak duality theorem for (P) and (DP).

Theorem 4.1 (Weak Duality) Let xe&® be a feasible solution of (P) and
(x, i, k,v,w,s,t,y) be a feasible solution of (DP). If any of the following four conditions
holds:

B s
@) fCy)+ YO Bow, is (7.p,.0)-invex, h(-,y)= (Y Dy, is (1.p,.0)-incave
r=1 q=1

P s
for i=1,s, Z,uj.gj.() is (17, py,0)-invex, and p, + le.(pl. +p/k)=0,
=1

i=1

P
b) ®(-) is (n,p,0)-invex and Z,ujgj(-) is (n,p,,0)-invex, and p+ p, =0,
j=1

P
c) O©()is (n,p,0)-pseudo-invex, z u;g;(-) is  (n,p,,0)-quasi-invex, and
j=1
p+p, 20,

P
d @()is (n,p,0)-quasi-invex, z w;g;(+)is  stricily (1, p,,0) -pseudo-invex,
Jj=1

p+p0 Z 0’
then sup‘l’l:(f(x, y)+ ﬁqleBrxj/[h(x,y) —i,/xTquJ:l >Y(k).

The proof of this theorem uses similar arguments as in the proof of Theorem 3.3.

Theorem 4.2 (Strong Duality) Let x* be an optimal solution of problem (P). Assume that
X" satisfies a constraint qualification for problem (P). Then there exist
(s",t",y ) e K(x") and (L ut v wYe H(s 1%, y7) such that
(" u1" kT Vv w88, YY) is a feasible solution of (DP). If the hypotheses of Theorem
4.1 are also satisfied, then (x",u", k" ,v',w",s",t",y") is an optimal solution for (DP),
and both problems (P) and (DP) have the same optimal values.

Proof: By Theorems 3.1 and 3.2, there exist (s",¢",y")e K(x") and (x",u",k",

vi,w)e H(s",t",y") such that (x", u",k",v",w",s",t",y") is a feasible solution of (DP),
and

B 5
Wk =‘}’Kf(x*,y:)+Zq/(x*)TBrx* ]/[h(x*,y:)—ZJ(x*)Tqu* H

The optimality of this feasible solution for (DP) follows from Theorem 4.1.
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Theorem 4.3 (Strict Converse Duality) Let x* and (Z, H, k ,V,W,5,1,¥) be the optimal

solutions of (P) and (DP), respectively, and that the hypotheses of Theorem 4.2 are
fulfilled. If any one of the following three conditions holds:

S s
a) one of f(-,3)+Y.() BW, is strictly (1,p,,0)-invex, h(-,3)->.(-)' Dy, is

r=1 q=1

_ P
strictly (n, p,,0) -incave for i=1,s, or Zﬁj g,(+) is strictly (n, p,,0)-invex, and

J=1

po+ D 5 (p,+p/k) 2 0;

i=1

b) either Zslt_{f(-,)_/i)+zﬂ:(«)TBrvT/r—l;(h(-,)_z,.)—zgl(-)TDqVqﬂ is strictly (n,p,0) -

P
invex or Zﬁjgj (+) is strictly (n, p,,0)-invex, and p+ p, 2 0;

J=1

S S —_ d T —_
o Zt_ilif(.,)_;i)+2(-)TBﬂ_Vr—k[h(~,}_’,-)_2(')DqVqJ:| is  strictly (1,p,0) -

P
pseudo-invex and Zﬁ/ g,(-) is (1, py,0) -quasi-invex, and p+ p, 2 0;

J=1

then x" =z, thatis, Z is an optimal solution for problem (P) and

sup ¥ K @)+ iJETB,z] / [h(z, y)— i /zTquH: Y(k).

Proof: Suppose on the contrary that x" #z. From Theorem 4.2 we know that there exist
(s, y") e K(x") and " u kv wYye H(s™ 1", y") such that
(X", 1" k" v, ws",t7,y") is a feasible solution for (DP) with the optimal value
Y (k*). Now, if we proceed similarly as in the proof of Theorem 3.3, we arrive at the
strict inequality

B S _
spy‘l’l:[f(x*, ¥) +Z«/(x*)TB,_x* j / [h(x*, ») —21 /(x*)Tqu* H> ¥(k).

But this contradicts the fact w(*) =¥ (k), and we conclude that x* =Z.
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