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Abstract: In this paper a multilevel programming problem, that is, three level
programming problem is considered. It involves three optimization problems where the
constraint region of the first level problem is implicitly determined by two other
optimization problems. The objective function of the first level is indefinite quadratic, the
second one is linear and the third one is linear fractional. The feasible region is a convex
polyhedron. Considering the relationship between feasible solutions to the problem and
bases of the coefficient sub-matrix associated to the variables of the third level, an
enumerative algorithm is proposed, which finds an optimum solution to the given
problem. It is illustrated with the help of an example.
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1. INTRODUCTION

There are many planning and/or decision making situations that can be properly
represented by a multi level programming model. The most important characteristic of
multilevel programming problems is that a planner at a certain level of hierarchy may
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have his objective function and decision space determined partially by other levels.
Mathematically, a multi level programming problem can be formulated as

A{(axfl(Xl,....,Xk)

A/{(axfz(X],....,Xk)

A/{(axfk(Xl,....,Xk)

(Xl, Xz, vy Xk) eS

where S is a convex feasible set and f; (X, ..., Xi), j =1, 2, ...,k be linear / non-linear with
respect to Xy, Xa, ..., Xy where Xi = (Xi1, X1z, oy Xpp )y oees Xic = (Xp 1o Xpgoeems X, ).

This system has interacting decision making units within a hierarchical structure
where each level performs its policies after knowing completely the decisions of superior
levels.

A multilevel programming problem can be found in many decision making
situations. Candler and Norton [6] presented a version of this problem in an economic
policy context.

A number of methods have been developed to solve a multilevel programming
problem. The most notable among them are cutting plane method [2, 8, 9, 19], branch
and bound method [7, 15, 17] and by ranking the extreme points [3, 12]. These
algorithms have been applied to a number of special problems such as the optimization of
a concave quadratic function and bilinear programming problems [8]. H. Konno and T.
Kuno [9] have proposed an algorithm for solving a linear multiplicative programming
problem by the combination of the parametric simplex method and the standard convex
minimization method.

H.I. Calvete and C. Gale [4] have shown the existence of an extreme point
which solves a bi-level programming problem where the objective functions of both
levels are quasi-concave.

(BLPP) has been used by researchers in several fields ranging from economics
to transportation engineering. (BLPP) is used to model problems involving multiple
decision makers. These problems include traffic signal optimization [16], structural
design [14] and genetic algorithms [S]. A parametric method for solving (BLPP) has been
discussed by Faisca, Dua, Rustem, Saraiva and Pistikopoulas [13].

A bibliography of references on bi-level and multilevel programming problems,
which is updated biannually, can be found in [18].

2. APPLICATIONS

Consider a programming problem in which the government is at first level.
During the planning period, the government proposes certain goals. In order to optimize
the achievement of such goals, it formulates certain policy measures such as taxes and
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subsidies. The industries at the second level design their course of action keeping such
policy measures in mind so that their objectives are fulfilled. The industries supply their
products to the consumers in a certain area. The customers at the third level are at liberty
to make their purchases from any industry. In doing so, the customers will consider
economic criteria such as cost optimization.

This is a three level programming problem in which the government’s
objectives are at least in partial conflict with the two sectors industry and consumers, the
policy makers face an optimization problem subject to the optimization problems for
industries as well as for the consumers.

In this paper, an enumerative algorithm for the three level integer programming
problem (TIPP) is developed. The problem is mathematically stated as:

(TIPP): ]MXCIIxZ1(X1»X2’X3) =2, (X, X,, X,).Z,,(X, X,, X5)

where X, solves

]\/)I(asz(Xl,Xz,XS) =X, +d, X, +e,X; +a,; foragiven X,

where X3 solves

ey X, +dy, X, +te X, +a,
CSZXI +d32X2 +e}2X3 +ﬂ3

A/{(axZ3(X1,X2,X3): ; fora given X; and X,

subject to
A]X1 + A2X2 + A3X3 =b
X, X,, X3 2 0 and integers,
where Z,; (X, Xp, X3) = X; +dinXo + e X5 + oy
Z15(X1, Xa, X3) = cpX; +dipnXo +enXs + By

X; e R", X, € R™ and X3 € R™ are the variables controlled by the leader
and the first and second follower respectively.

Here, ¢y, Cia, Co, C31,C30 € R™
diy, dig, dy, d3y, d3p € R™;
€11, €12, €, €31, €32, € R™ 5 01, P, 0, 013, B3 € R; Ap € R™™
A, e R™™ Ay e R™ andb e R™

Assume that

(€3X +dnX; +e3Xs + B3) >0, V (X, Xy, X3) € S,

where S= {(Xl, Xz, X3), A]X] + A2X2 + A3X3 = b, X], Xz, X3 > O}
is non-empty and compact. Az has full row rank and m < n;.
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The projection of S onto R™ is denoted by

Sl = {Xl e R" : (Xla Xz, X3) € S}

The projection of S into R™*™™ is denoted by

Sz = {(Xl, Xz) (S Rnlﬂlz . (Xl, Xz, X3) (S S}

For each X, €S, , the feasible region of the first follower’s problem is denoted by

S(X)={(X,,X;)eR"™ : A X, +A4,X,=b-A4X,; X,,X,>0}.

For each ()_(1,)_(2) € S,, the feasible region of the second follower’s problem is
denoted by

S(X,,X,)={X,eR": A,X,=b-A4X,-4,X,; X,>0}.

It is also assumed that the optimal solution of the first follower and the second
follower’s problem is singleton.

The inducible region or the feasible region of the relaxed leader’s problem is
given by

IR = {(X,,X,,X,): X, >0; X,,X, solves Max (c,X, +d,X, +¢&,X; +a,)
X5,X;
sto. A X, +A,X, +A X, =b, X, >0,X, >0}.

The inducible region or the feasible region of the first follower’s problem is
given by

- — X, +d, X, +e, X, +
IR, = {(X,,X,.X,):X,20; X, 20, X, solves Max 2ot 122 T2 T
%oeyn X +dp X, Hen X, + s

sto A X, +A,X, +A,X, =b, X, >0}.

In the above (TIPP) problem, if we remove the restriction that X;, X,, X5 are
integers, then the problem reduces to three level programming problem.

Result: The optimal solution to the three level programming problem (TPP)
occurs at an extreme point of S, provided S is regular.

Proof. Since Z;;(X;, X5, X3) and Z;»(X;, X5, X3) are positive for all (X;, X5, X3) € S,
therefore, Z;(X;, X5, X;3) is both quasi-concave and quasi-convex on S.

7Z,(X1, X,, X3) is linear; hence it is both convex and concave. Since it is also
differentiable, therefore, in particular, it is quasi-concave. Z3(X;, X,, X3) is a ratio of two
affine functions, hence it is quasi-concave.

Thus, we get that the objective function at each level of (TPP) is quasi concave
in nature and maximum of quasi-concave function occurs at an extreme point. If S is
regular, there is an extreme point of the feasible region S which is an optimal solution to
the quasi-concave (TPP) problem.
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3. ALGORITHMIC DEVELOPMENT

In the course of the algorithm, the Gomory cut is applied to obtain optimal,
integer solution of (TIPP). For each X , €8,, a point of the inducible region (IR) is
obtained by solving the linear programming problem:

LP(X,): Max d, X, +e, X, +a,

subject to (X5, X3) € S(X, )

where @, =c,X, +a, .

For each (X,,X,)eS,, a point of IR, is obtained by solving the linear
fractional programming problem:

s o X, +a
FP(X,,X,): Max222™%
X; 632X3 +ﬂ3

subject to X; € S()_(],)?z) s

a, =cy X, +d, X, +a,

33 =X +dy X, + [

Hence, an extreme point X3 of S()_(],)_(z) can be found which solves
FP()?I,)_(Z) and the point so obtained ()?1,)_(2,)73) e IR,. Since a basis B of A; is
associated to )?3, we can associate a basis B of Aj to each point of IR and IR;.
Therefore, we need only to consider it.

To solve FP (X, : X ,) , we consider the parametric approach. Consider the linear
parametric problem:

LP(X,,X,): F(1) = Max[(e, X, +a,) — Aley, Xy + B,)]

Subject to X; € S(X,,X,) .
Consider the basis B of As.
To obtain points of IR and IR;, there must exist )?1 €S, and (/\_’1,/\_’ ,) €Sy,

such that B is a feasible basis of LP (X, 17)?2)~ For some A, B should also verify the

optimality conditions of problem LP (X, I X ,) and F(A) = 0 for at least one of the value of
A
While verifying the optimality conditions, we will get a lower bound A’ and an

upper bound A" for A. Hence, for at least one A, F(A) = 0 implies that

X,,X,,)<A" (1)
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where X35 stands for the variables of X , associated with the basis B, i.e.,

X, =B'(b-A4X, - 4,X,);
X, 20, X,20, B'(b—A4X, —4,X,)20.

Since a basis B should verify the optimality conditions of the problem
LP()_(I,)_(Z), before the start of a new iteration, we have to check the optimality
condition:

(OC)ej, —del, — (b —Aeb)B' 4] <0, VjeV,,

j J ; Calye o8 B
where e;, and e], are the jth components of vectors e, and es,, respectively; e;; and e,

are the m-row vectors of €3; and e3,, associated to the basic variables of B, A{ is the jth
component of A; and Vj is the set of indices controlled by the third level.
While checking this condition, we obtain the interval [A/, A"] for the parameter

L. If MY = —o0 or A" = oo, the interval [\, A"] will be open at the extremes. If no such A

exists, so that basis B verifies condition (1), then this base is of no interest because it is
impossible to obtain a point of the inducible region corresponding to it.

Now, points of IR which corresponds to the basis B is obtained by solving the
indefinite quadratic programming problem:

IQP(B) : Max (c;X; +¢2Xa + € Xsp + o) (€12X; + dipXs + ey Xsp + Br)

Subject to A]X] + AzXz + A3X3B =b
X, X,, X3p 2 0 and integers.

Note that while B is analyzed, variables of the third level not associated to B are
equal to zero. Suppose that IQP (B) is feasible and (OC) is verified. Let the solution so
obtained be X, = Xl*. Now, points of IR; which corresponds to the basis B is obtained by
solving the linear programming problem:

LP(B) : Max dez + €2X3B + &2

Subject to A2X2 + A3X3B =b- A[X]*
X3, X35 2 0 and integers,
where @, =a, +¢, X, .

Again, while B is analyzed, variables of the third level not associated to B are
equal to zero.

Suppose LP(B) is feasible and (OC) is verified, then the optimal solution so
obtained X = (Xl*, X, Xg*) is the best point of IR;.

Now, we look for a new basis which can improve the values of Z; and Z,
obtained so far.

Let T be the set of indices associated to basis B. Let V;, V, and V; be the set of
indices controlled by the first level, second level and third level problems, respectively.
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Lemma : Any basis from A; capable of providing a point of IR, better than X~ must
include at least one vector whose index belongs to the set

C={jeV;-T:jeCyandj € C,}, where
C1:{j€V3—T:Lj<0}
and sz{j€V3—T:Zj—Cj<O},

L =27,z -d )+ 2,z —c,)-0(z —d )(z!' —¢,) is the ] reduced cost coefficient in

the optimal integer solution of IQP(B) and (z; — ¢;) is the j™ reduced cost coefficient in the
optimal integer solution of LP(B).

Proof: (i) Let Z,(X") denote the value of the first level objective function at X'.

According to X', the matrix [A; A;] is decomposed into [B N] where B is an
(mxm) basis matrix associated to the basic variables of X.

Let X, be a basic feasible solution and X, be the new basic feasible solution obtained
by entering a; into the basis and departing b,. Then,

. Y, . ¢
XB‘:XB’—XB’_Y—’ and X, =—=>0

7 1

i.e.,)?Bl ZX;_ —HYl.j and )E'Br =6.

Given, Z;, =CyX,+a, and Z;, = D; X, + 3, the new value of the objective
function is
Z, ()A() = Zn()%)-zlz(f()

(z éB’f(B, +alj(z aAIB,)A(B’ +,B]j
i=1

i=1

=Y ey (X, —0Y) 48, 0+a, || D dy (X, —0Y,)+d, 0+ f,
i=1

i=1
i#r i#r

=D ey (Xy OV, ) +c,0+a, || Y dy (X, —0OY,)+d 0+ f,
i=1

i=1
i#r i#r

(i cB‘X; —Hi Y, +cj¢9+alj(i dB’X; —Hi dY; +dj0+ﬂlj
i=1

i=1 i=l1 i=1
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=(Z,, -0z +¢,0)(Z;, -0z +d 0)

=72, -0(Z,\(z] —d )+ Z},(z)' —c,)-0(z}! =) )z} =d)
=Z7,Z,-0L,

> Z,\Z, (+6>0and L;<0)

=7,(X)

Thus, Z,(X)> Z,(X").

Hence, in order to improve the first level, we must consider those a;’s for which
L; <O0.

If X solves IQP (B), then L; >0 Vj e V,and Vj € T.

Let Z,(X") denote the value of the second level objective function at X. Again,
[A; A;] can be decomposed into [B N] where B is an (mxm) basis matrix associated to
the basic variables of X'

Let X, be the b.f:s. obtained by phase I of the simplex method. Let X » be the
new b.f.s. obtained by entering a; into the basis and departing b,. Then, the new value of
the objective function is

Z,(X)=) ¢, X, +¢, X,
i=1

*

m . X m
=Z cp Xy +Y—B’(cj—z CBlYifj

i=1 7
=7Z,(X") - 0(z - ;)
>Z7,(X) (. 6> 0and 7 — ¢; < 0)

Thus, Z,(X) > Z,(X").

Hence, in order to improve the second level objective function, we must
consider those a;’s for which (z; — ¢j) <0. If X" solves LP(B), then (Zi—¢c)=20VjeV,
andVjeT.

If C = ¢, we cannot improve Z; and Z,, hence the current best integer point is
optimum to (TIPP). If we have previously built sets C', C%, ..., C', the new basis B should
include at least one index from each sets Cl, .. Cl

Let E, =U {Ci}. Suppose IQP(B) is not feasible or IQP(B) is feasible but its
optimal solution does not verify (1), then this basis is of no longer interest.
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If D denotes the set of indices associated to B, then the new basis should not
include all vectors with indices in the set D. If we have previously built sets D!, D% ...,
D', the new basis should not include all vectors with indices in each of these sets. Let E,
=U{D".

To select indices which form the new basis, it is suggested to solve for w; using
the following system:
I, jeC,CekE
Py: Y we 21, 5= {0 1
j 2

otherwise

I, jeD,DeE,

PIRTIED IR I 6]':{
j J 09
2 wy=m

i

wje {0,1},j € Vs.

otherwise

The required indices correspond to j where w; = 1.
Remark: 1. If the basis so formed has rank k <m, then B, = [B,N ] where B is a matrix

of independent vectors of B and N is a matrix of (m — k) vectors of A; is a basis from A;.

The optimum of the problem

I\/g(ax Z(Xy, Xp, X3) = (X +diXo +enXs + ay)(cinX; +dinXs +e12X3 + By)

where X, solves
Max Zz(Xl, Xz, X3) = CzXl + d2X2 + 62X3 + ay, for a given X1
X3

subject to (X, Xy, X3) € S,
is a lower bound on the optimum of (TIPP). Hence, at some stage of the algorithm if an
integer point of IR, provides this optimum, then that point is the optimum solution to
(TIPP).
Here, we are considering the leader’s problem as:

(IQP) l\/g(ax Zl(Xls XZ» X3)

= (enXy +dnXs +enXs + o) (€Xi + dipXs + enXs + Bi)

subject to (X, X, X3) € S.

The first follower’s problem is:
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(LP) 1\/)[(3)( Zz(Xl, Xz, X3) = 02X1 + d2X2 + 62X3 + o, for a given Xl
subject to (X, Xp, X3) € S.
4. STEPWISE DESCRIPTION OF THE ALGORITHM

Step 0 : Solve the problem A/{(ax Z1(X1, X5, X3)

subjectto (X;,X,,X3) €S

0.1. If it is not feasible, stop. (TIPP) is not feasible.

0.2. If the optimal solution is not an integer solution, then apply Gomory's
cutting plane method to find an integer solution. Let X = (X;, X;", X5') be
an optimal integer solution.

Step 1: Put X, = X, in the first follower’s problem. Find the integer solution to LP(X;").
Let (X,', X5") be its optimal solution.

L1ILIFX, =X, go to step 3, otherwise go to step 2.

Step 2: If X," # X,', find the second best solution of leader’s problem (IQP) and go to
step 1.

Step 3 : Put X, = X]* and X, = Xz* in the second follower’s problem. Solve it by the
parametric approach. Let X , be the optimal integer solution.

If X5 = X , , then, (Xl*, X', X:) is the optimal integer solution for (TIPP).
IfX; # )A(3 , stop. (X', X5, )A(3) is the current best integer point of IR;. Set E;
= (I)n E2 = (I)

Step 4 : Solve IQP (B).

4.1. If IQP (B) is not feasible or if optimal solution does not verify (1), then
compute D. Set E, = E, U {D}. Go to step 7.

4.2. If IQP (B) is feasible and (1) is verified, then compare this optimal solution
with the current best integer point of IR, and update if necessary. Let the optimal integer

point be (X7, X7, X7). Construct C; = {j € V3-T :L; <0}.

Step S: Solve LP(B) for a given X, = X .

5.1. Let its optimal integer solution be (X", X; ) and (1) is verified.
52.1f X;” # X7, then find the next best solution of IQP (B) and go to step 4.
53.1f X;” = X{, construct C; = {j € V3 - T: z;— ¢; < 0}.
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Step 6 : Computer C={j € V;-T:j € Cyandj € C,}.

6.1. If C = ¢, stop. The current best integer point of IR, is the optimal solution to
(TIPP). Otherwise set E; = E; U {C}.

Step 7 : Solve Py.

7.1. If P; is not feasible, stop. The current best integer point of IR, is optimal to
(TIPP).

Step 8: If P, is feasible, construct B and compute [A’, A"] by solving (OC). If no solution
exist for (OC), compute D, set E,= E, U {D} and go to step 8. Otherwise go to step 4.

EXAMPLE : Consider the three level integer programming problem:

(TIPP) : MaxZ, = (x; +x, +2x; + 4)(=x, —x, + x; +2x, +1)

where x,, solves

Max Z,=2x,+x3+3x4

X2
where X3, X4, X3, X, X7, Xg SOlves, for a given x; and x,

2x, +3x, +2x; - 3x,

Max Z, =
P Sy +11x, +x,+29

subject to
=3x,+7x,+x3 +x5 =10
14x, +4x,+ X4 =6
X1 tX+X3—X4 +X7=5
2X;t X, t2x,+ x5 =8
X1, Xp, ..., Xg = 0 and integers.
Solution : Solve (IQP) given by
(IQP) :Max Z; = (X1 + X +2x3 t 4) (X1 — X+ X3+ 2x4+ 1)
subject to
-3x;+7x,tx3+x5=10
14x; +4x, + X6=6
X +Xp+X3—X4+ X7 =5

2X] +X2+2X4+Xg:8
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Xy, ...., Xg > 0 and integers.

The optimal table of (IQP) is given by

¢j— 1 1 210|010 0 0
d— -1 -1 12010 0 0

CB DB VB XB X1 X2 X3 X4 X5 X6 X7 Xg
0| o0 Xs 1 -5 12 (o |lo|1]o -1 -172
0o X6 6 14 4 0001 0 0
2 |1 X3 9 2 32 1{o]|o0]o0 1 v
0| 2 X4 4 1 v ol 1]0]o0 0 v
7 =22 zi'—c; > 3 2 010 |0|oO 2 1
Zi,=18 z'—-d; > 5 72100 [0]0 1 3/2
L— 164-50 | 11370 | 0 [ 0 | 0 | 0 | 58206 | 51-3/20

Here, L; >0 Vj.
The optimal integer solution is given by

X = (X, X5, X)) = (x5, X, , X, %5, X, X7, %5 ) = (0,0,9,4,1,6,0,0)

Put x;” = 0 and solve the follower’s problem:
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LP(XI*) = Max Zz = 2X2 + x5+ 3X4
subject to

Tx, + X3+ x5 =10

4x, +X6=06

XotX3—X4+X7=5

Xy H2x4 + X3 =8

X, ..., Xg 2 0 and integers.
The optimal integer solution is

(X;,X;)=(x;,x;,xi,xé,xé,x;,xé)=(0, 99 4: 19 69 09 0)

We get x) =x, =0.

Put x; =0 and x, =0 in the second follower’s problem:

FP(x,, x,): Max Z, 2%
subject to

X3 +x5=10

+X4=6

X3 — X4+ X7=35
2X4 +Xg = 8
X3, ..., Xg = 0 and integers

Solve FP(x,,x,) by parametric approach.
The linear parametric problem is given by

FP(x;,x,): F(A) = Max Z, = (2x, —3x,) — A(x, +29)
subject to the constraints (1).
Optimal integer solution of LP(x;,x,) is given by
X, = (%,,%,, %, %, %,,%) = (5, 0, 5, 6, 0, 8) with
[A",2“1=[-2, 1] and F(A) = 0 for A = 10/34 = 0.29.
Here, X # )A(3 .
The current best integer point of IR, is (0, 0, 5, 0, 5, 6, 0, 8).

Set E; = ¢ and E, = ¢.
Basis B, is given by the vectors with indices 3, 5, 6, and 8.

275

(D
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Solve IQP (B,) given by
IQP (By) : Max (x; +2x3+4) (—x; +x3+ 1)
subject to

—3X1+ X3+ X5 = 10

14X1+X6:6
X1 tx3=5
2x; t X3 =8

X1, X3, X5, X6, Xg = 0 and integers.
The optimal integer solution is
. . 1
X =(x), x5, x5, x¢, x)=(0, 5, 5, 6, 8, with Z, = 84. Since Z3(X"):£e[—2, 11,

condition (1) is verified. Note that variables of the third level not associated to B; which
are not to be considered while solving problem IQP(B,) are included in the construction
of the set C,. The reduced cost L; of x4 is negative in the optimal solution of problem
IQP(B,), therefore, we have

C1: {_] EVg—TZLj<0}: {4}
Forx; = x/ =0, solve LP(B,) given by
LP(B)) : Max 2x, + x3

subject to 7x, + X3 + X5 =10

4X2+X6 =6
X2+X3:5
X2+X8:8

X, X3, X5, X6, Xg > 0 and integers.

The optimal integer solution obtained is
X, =05,x x5 x5 )=(0, 5,5, 6, 3), with Z, =5.

Since Z,(X, )=£e[—2,1] , condition (1) is verified. Here, x; =x, =0. Again, the

variables of the third level not associated to B, are not considered while solving problem
LP(B,) and are included in order to construct the set C,.

Co={jeVi;-T:z—¢c<0}={4}.
Thus, from above, we get

C={jeV;-T:jeCiandj € C,] = {4}.
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E,=E; U {C} = {{4}}.

Solve the problem (P;) to obtain a new base which may provide us a better point of IR,

(Pr): wa> 1
W3+W4+W5+W6+W7+Wg:4
w; € {0, 1}.

Choose w3 = wy = Ws = wg = 1.
Here, the new basis B, associated to variables X3, X4, X5 and X4 and having rank 4.

To find [A’, A"], that is, to check if the new base B, satisfies the optimality
condition, solve (OC):-

(OC): e, —Ael, —(es —Aeb)B'4] <0 VjeV,=1{3,4,5,6,7,8}.

-1

1 0 1 0]t 0 1 00O
00 010 0 0100

= 0-[(2,-3,0,0)—1(0,0,1,0)] <0
1 -1 00||1 -1 00710
02 00[]0 2 0001

Solving, we get A € [0, 1].
A new iteration begins for the base B,.
Solve IQP (B,) given by —-IQP(B,) : Max (x; + 2x3 + 4) (—x; + X3 + 2x4 + 1)
subject to —3x; +x;3 +x5 =10
14x,+ x4 =6
X +X3—X4=5
2x,+2x, =8
X1, X3, X4, X5, Xg > 0 and integers.
The optimal integer solution is given by
X =(x",x7,x7,x¢,x)=(0, 9, 4, 1, 6) with
Z,=612> 84,

Z, (X" :%e [0,1], therefore, (1) is verified. Update the current best integer point of

inducible region as (0, 0,9, 4, 1, 6, 0, 0).
Here C, = {j € V;-T:L;j <0} = {¢}.

For, x,° =0, solve LP (B,) :
LP(Bz) : Max 2X2 + x5+ 3X4

subject to 7x, + X3 + X5 =10
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4X2+X6:6
X2+X3—X4:5
Xp + 2X4:8

X2, X3, X4, X5, X 2 0.

The optimal integer solution is

X =5 x) = (0, 9, 4,1, 6), with Z, =21 > 5,

wy 1 . . .
Z,(X, )=§ €[0,1], therefore, (1) is verified. Update the current best integer

point of IR; as (0, 0,9, 4, 1, 6, 0, 0). Here x;* =x, =0.

C=1{jeVs—T:z—¢;<0}={¢}.

Thus,C={j e V;-T:je Ciandj € C} = {¢}.

The current best integer point is (0, 0, 9, 4, 1, 6, 0, 0) with Max Z,; = 612, Max

Z, =21 and Max Z; = 1/5. This is the optimal integer solution for (TIPP).
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