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Abstract: A second order Mond-Weir type dual is presented for a non-differentiable
multiobjective optimization problem with square root terms in the objective as well as in
the constraints. Optimality and duality results are presented. Classes of generalized
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duality results. A fractional case is presented at the end.
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1. INTRODUCTION

The notion of second order duality was first introduced by Mangasarian [15].
The motivation behind the construction of a second order dual was the applicability in the
development of algorithms for certain problems. The second order dual has
computational advantage over the first order dual as it provides a tighter bound for the
value of the objective function when approximations are used. One more advantage of
second order duality is that, if a feasible point for the problem is provided and first order
duality does not hold then, one can use a second order dual to get a lower bound for the
value of primal objective function [13]. Recently, several authors [1, 2 and 14] have
studied second order duality for various classes of optimization problems.



222 R.R. Sahay, G. Bhatia / Optimality And Second Order Duality

Under the assumption that means, variances and covariances of the random
variables are known, Sinha [18] established a way that a stochastic linear programming
problem leads to a deterministic nonlinear programming problem, where the functions
involve square roots of positive semi-definite quadratic forms. It is generally difficult to
solve such problems because of non-differentiability of square root terms involved.
However, it is useful to study the duality aspects of such problems, which may easily
lead to the solution of these problems. First order duality for various forms of scalar as
well as multiobjective optimization problems, involving square root terms of certain
positive semi-definite quadratic forms have been studied by many authors (see, for
example [6,7,14,16,18 and 19]). Practical applications of these problems can be found in
multi-facility location problems and in portfolio selection problem.

In this paper, a second order Mond-Weir type dual for a multiobjecitve
optimization problem involving square root terms in objectives as well as the
constraining functions is presented, and duality results are established. For this purpose,
we introduce classes of generalized higher order # — bonvex and related functions. The
results of this paper are more general than the corresponding results already existing in
literature [4, 15].

2. PRELIMINARIES

Let X be a nonempty subset of R” endowed with the Euclidean norm ||-|| .

Definition 2.1 4 function f:X — R is said to be locally Lipschitz if for each bounded

subset B of X, there exists a constant | >0 such that
|f) = <tlx=ylls
forall x,yeB.

Definition 2.2 The directional derivative of a function f:X — R at a point x€ B in
the direction d € R" is defined as

oy i L ad) — f(X)
f(x,d)—im}) S .

—

Definition 2.3 ([10, 17]) 4 function f:X — R is said to be quasi-differentiable at a

point x if f possesses a directional derivative at x € X for each direction d € R" such
that f'(x;d) is convex with respect to d.

It is known that if f;(x),i=1,2,..., p are differentiable, then the functions
6,(x) = f,(x)+(x'Bx)"?, i=1,2,...p
are quasi-differentiable.

Let L(x") be the set of directions, i.e.
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L) = {d e R0 (x;d) < 0,i = 1,2,...,p}

and Ty (x°) be the tangent cone to X at x°, i.e.
Ty (') ={d e R" :3{d}} > d,a, > 0.x° + o d; € X |

Lemma 2.1 [3] Let 6(x) = (91 (x),...,Hp(x)), where 6,: X >R, i=1,2,...p are locally

Lipschitz and possess directional derivatives at each point in each direction. If x° is a
strict minimizer of 6(x) on X, then

L) NT (3% =¢.
Remark 2.1 [3] Let 501.(x0) be the sub-differential of function 0,,i=12,....p at X,
then we have for each w; € 66, (x0 ),i=1,2,..,p
wid <0/(x";d)
forall deR".
From lemma 2.1, it follows that for all w; € J6, (xo ),i=1,2,..., p the system
wid <0,i=1,2,...,p
has no solution in 7 (x%).

We shall need the following generalized Schwarz inequality in the sequel.

Lemma 2.2 [11] Let B be an nxn symmetric positive semi-definite matrix and x,z € R",
then

(x'Bz) < (x'Bx)"*(z'Bz)"?,

where equality holds if and only if Bx = ABz for some A>0. Evidently, if (z'Bz)"* =1,

we have (x'Bz) < (x'Bx)".

Lemma 2.3 [9] Let ¢(x) = (xth)l/z. Then @(x) is convex and w e 6p(x) if and only if
w=Bz,z'Bz<1,x'Bz = (xth)l/2 .

Multiobjective optimization problems are encountered in many areas of human
activity including engineering and management. For many interesting applications and

development of multiobjective optimization, one may refer to [8]. In this paper, we study
the following multiobjective optimization problem;

(MOP) Minimize (6,(x),...,0, (x))
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subjectto G,(x)<0,j=1,2,..,q.
Where 6,(x) = f,(x)+(x'Bx)"?,i=1,2,...p
_ t /2 s _
G,(x)=g,(x)+(x'C;x)", j=1,2,....q.

fiirX>Ri=12,.,p,g :X—>R,j=12,.q are twice differentiable; and

B.,i=12,..,p and C,,j=1,2,..,q are nxn positive semi-definite symmetric matrices.

The functions 6;(x),i =1,2,...,p and Gj (x),j =1,2,...,q are quasi-differentiable

functions. Thus (MOP) may be referred as a quasi-differentiable multiobjective
optimization problem. Let S be the set of all feasible solutions of (MOP). Here
minimization means finding a strict minimizer.

Definition 2.4 A point x° € S is said to be strict minimizer for (MOP) if for all x € S
0(x) £ 6(x"),

that is there exists no x € S such that
O(x) < 6(x").

To explore the applicability of optimality and duality results several authors
[6,7,14,16,18 and 19] have studied the above type of multiobjective optimization
problems by weakening the convexity assumptions. We move a step further in this
direction and introduce the classes of generalized higher order 77-bonvex and related

functions as follows:

Let 7,py:XxX —>R" be vector valued functions, b:XxX — R and
¢ : R — R are real valued functions.
Definition 2.5 The function 6:X — R is said to be generalized n-bonvex of order

m(=1) at x° € S with respect to mappings b,¢, n and v if there exist a vector r e R"

and a constant k € R such that for all x € S
b(x, x")P[O(x) — O(x") + % rVO(x")r] >

7' (x, XYV O + VIO )T+ k [y (e, x) ||

Remark 2.2 If k >0, then the function 0 is called strongly generalized n- bonvex of
order m. If k <0, then the function 6@ is called weakly generalized 1 - bonvex of order
m. If k=0and in addition b=1,¢ =1 (identity map), we obtain the definition of 1 —

bonvex functions [4].
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Remark 23 If r=0,k=0, we obtain the definition of univexity [5]. If
b=Lk=0,p=0and ¢=1, then the definition of generalized higher order n —
bonvexity reduces to the definition of invexity [12].

We now present the following obvious implications of the above definition.
Definition 2.6 The function 6:X — R is said to be generalized n— pseudo bonvex of
order m(=1) at x° € S with respect to mappings b,¢, n and y if there exist a vector

r € R"and a constant k € R such that for all xS

7' (2,2 )VOG") + VO +k [y (x,2) 2 0

implies b(x,x°)g[O(x)—6(x") + % rV*O(x")r1=0

or equivalently b(x,x°)g[0(x)—O(x")+ % r'Vio(x")r1<0

implies 7' (x,x°)[VOG")+ VO ]+ k|| w(x,x")|"< 0
Definition 2.7 The function 6:X — R is said to be generalized n-strictly pseudo

bonvex of order m(>1) at x* e S with respect to mappings b,¢, n and y if there exist a

vector r € R" and a constant k € R such that for all xe S

7' (x, x)[VO")+ V2O )]+ k|| w(x,x") "= 0
implies b(x,x°)g[O(x)—6(x") + % rVv?e(x°)r]>0.

Definition 2.8 The function 6:X — R is said to be generalized n- quasi bonvex of
order m(>1)at x° € S with respect to mappings b,¢, n and y if there exist a vector

r € R" and a constant k € R such that for all xe S
b x)PO(x) - (") +%rtV29(x0)r] <0

implies 7' (x,x)[VO")+V?O(x")r]+k || w(x,x") "< 0.
3. OPTIMALITY
We now derive the following necessary optimality conditions for (MOP).

Theorem 3.1 If x'is a strict minimizer for (MOP) and assume that G, satisfies the

Abadie constraint qualification at x°, where I= {j:Gj(x0)=0}. Then, there exist

P
yeR!,v,eR", j=12,.q, A€eR!, Zﬂ,,- =1 and z, e R",i=1,2,...p such that

i=1
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P P q q

z AV + z AB.z + Zijg/. (x")+ Zyk/.ijj =0 3.1)
i=1 i=1 =1 j=1

ij/(xO):O,j:I,Z,...,q (3.2)

ziBz, <l,i=1..p (3.3)
(ViCv)<1,j=12,..q (3.4)
"Bz =(x"Bx*)",i=1,.,p (3.5)
VIC X =(x"Cx")?, j=1,2,...q (3.6)

Proof Since f;,i=12,..,p are differentiable functions, B,,i=1,2,..,p are positive
semi-definite matrices, we have from [9] that  the functions
0.(x)= f,.(x)+(x’Bl.x)l/2 ,i=1,2,...,p are quasi-differentiable, hence locally Lipschitz

and have directional derivatives &/(x;d) for all deR", i=12,..,p. Therefore

0.,i=12,..., p satisfy the conditions of Lemma 2.1.

From Lemma 2.1 and Abadie constraint qualification, it follows that the system
pfd <0, i=L2,..,p
wid <0, jel,

is inconsistent for all p; € 549i(x0), i=12,.,p and w; €5G; (x%), j e I . Therefore by

basic alternative theorem [3], there exists 4, 20,i=12,....,p not all zero and
¥;20,j el such that:

i%pi + yw; =0 3.7)
=] el

for all (p,,....p,)=pe 56(x°) and w; € 5Gj(x0), Jjel.Setting y, =0 forall j not in

I, we can rewrite (3.7) as

P q
D g+ yw, =0 (3.8)
i1 =
ijj(xO):O’ j:1527-"aq (39)

But 66,(x°),i=1,2,..., p is the set
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(Vi) + Bz, 2Bz <1, X" Bz, = ("B,

(3.10)
for some z; € R". Similarly 6G, (x) is the set
{Vg.f () +Cpry ViCyvy <1 v = ("), j e [}’ (3.11)

Hence from (3.10) and (3.11), we have
p o L q o &
D AVAE) DY ABz+ Y v Ve () + Y v, Cv, =0
i=1 i=1 j=1 =

ijj(xo) = Oaj = 1323""‘]
ZiBz <l,i=1,.p

[ At

(ViCv)<Lj=12,.,9
"Bz, =(x"Bx")"i=1,..,p
VIC X =(x"Cx")2 j=12,...q.
4. DUALITY
We now propose the following second order Mond-Weir type dual for (MOP).

(MD)Maximize (f;(u)+z Bu —%r’vzfl w)r, ...,

1
f,w)+z,Bu —Ertvzfp w)r)
subject to

i A.(Vfi(u)+ Bz, + V> f,(u)r) + i y,(Vg,(w)+Cyv, + Vzgj (w)r)=0 4.1

i=1 Jj=1

. 1
y;(g;w)+v,Cu —Er’Vzg‘f w)r)=0 (4.2)
ziBz, <l i=1..p (4.3)
(VICv)<Lj=12,...q (4.4)

p
y,20,j=1..9,420,i=1,..,p, Z;/I, =1
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Theorem 4.1 (Weak duality) Let x be feasible for (MOP) and (u,,y,z,v,r) be feasible
for (MD). Further suppose that

i (f,()+'Bz), i=12,..,p be generalized n — pseudo bonvex of order m at
u with respect to b, ¢, n and v , where b, >0forall i=1,2,....p .

i. y/(g,(0)+'Cwv,),j=12,..,q be generalized n — quasi bonvex of order m
at u with respect to l?/,q?} nand v .

iii. a<0=¢,(a)<0,j=1,.,q and

a<0=>¢(a)<0,i=1..,p

J 9 _
v. Y Ak +Yk;=0.
i=1 j=1
Then
f(x)+ (x’Bix)]/2 £ f(u)+u'Bz, —%r’sz(u)r (4.5)

Proof Let x be any feasible solution for (MOP) and (u,A,y,z,v,r) be any feasible
solution for (MD). Then we have

1 ' l ! .
y,(g,(0)+(x'C,x)?) <y (g, (u)+ViCou Y Vg, (wr), j=1,..q
Using relation (4.4) and Lemma 2.2, we have
t t 1 .
V(g (x)+ViCix)<y,(g;(w)+V,Cu —Er’Vzgj wr), j=1..,q,
which can be rewritten as
! 1 l t .
Yy,(g,(x0)+v.C;x)—y, (g,;(u)+V.Cu) +Er szjgj(u)r <0, j=L2,...q (4.6)

Since a <0 = gz?_,(a) <0 and l?j.(x,u) >0,j=1...,q; (4.6) yields

by (x,u)d [y, (g,(x) +V}C,-X)—y,-(g,-(u)+V§C,-u)+%r'vzng,(u)r)] <0

On using generalized # — quasi bonvexity of order m at u fory,(g,()+-C,;v;) with

respect to Ej,a/, nand v ,j=12,..,q,we have

7 (VY g, )+ 3,C,v, + V2, @]+ K, |y (nu) <0, j =1,..q.

The above inequality yields
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7R, 03, C, -y NS vl @)
= =
On using (4.1), the inequality (4.7) yields
77’(36,14)[_12)1 & (Vfi(u)+ Bz, +V fi(u)r]2 (i/;,-) v () [” (4.8)
= =
Contrary to the result of the theorem, let
£i(x)+(x'Bx)" < f,(u)+u'B,z, —%r’szi(u)r, i=1...,p
Using lemma 2.2, we have
f[i(x)+x'Bz, < f{(u)+u'Bz, —%r’sz,.(u)r Jd=1L..,p (4.9)
Since a <0= ¢ (a) <0 and b, >0 forall i=1,..., p, the inequalities in (4.9) lead to
b.(x,u)[(f,(x)+x'B.z,)— f,(u)—u'B,z, +%V’V2ﬁ(u)r] <0,i=1..,p

From generalized # — pseudo bonvexity of order m for (f;(-)+- B,z,) at u with respect to

b,¢,nand v ,i=12,..,p,wehave

7 (V) + Bz, + V2 [ @)k, |y () 1< 0,i =1,y p

P
Since 4, 20,i=12,...,p and Zli =1, we obtain

i=1
)4 ) P
7' )Y A (V@) + Bz, + V2 £,)r)]+ () Ak 1y (x,u) "< 0.
i i=1
Using hypothesis (iv), the above inequality yields
P 4
7' O A4 (V@) + Bz + V2 f,a)n)] < Qo k) [y () I
i=1 J=1
a contradiction to (4.8).
Hence f(x)+(x'Bx)"” ¢ f(u)+u'Bz, —%rtvz f@Wr.

Theorem 4.2 (strong duality) Let x°be a strict minimizer for (MOP) and assume that
Abadie constraint  qualification holds at x". Then, there exist A°eR’,

W eR!,z"eR", vjo e R"such that (x",2°,y°,2°v",r’ =0) is feasible for (MD) and

+2 7

the corresponding values of (MOP) and (MD) are equal. Further, if the assumptions of
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weak duality Theorem 4.1 hold, then (x",A°,y",z° V",r° =0) is a strict maximizer for
(MD).

Proof Since x’is a strict minimizer for (MOP) and Abadie constraint qualification is
satisfied at x°, then by Theorem 3.1 there exist 1” e R”, y* e R!,z’ e R",v," € R", such
that
P P q q
DAV 4D AB 2+ yIVg (x)+D yIC I =0
i=l i=1 Jj=1 j=1
(g, () +("Cx")?) =0, =1,...q
"Bz’ <li=1,..p
(vo'iij‘?) <Lj=12,..q
"Bz’ =(x"Bx")"i=1,..,p
0 0 _ ;.0 0NI/2
v, Cx"=(x"Cix")", j=1,2,....q
p
y20,2°20) A’ =1.
i=1

Hence (x°,1°,3°,2°,v°,r* =0) is feasible for (MD) and the corresponding
values of objective functions are equal. Weak duality Theorem 4.1 implies that
(x*,2°,3°,2° V", #" = 0) is a strict maximizer for (MD).

Theorem 4.3 (strict converse duality) Let x°and (u°,2°,y°V°,2°,r°) be strict extrema
for (MOP) and (MD) respectively, such that

P P
YRS+ B = A (f,w’)+u” Bz —%ro’vzfi(uo)ro) (4.10)
i=1 i=1
Further, suppose that
i y?( g+ C/v?) be generalized n — quasi bonvex of order m with respect
to 5/,(,/7] nand v, j=1,2,...qat u’.
P
ii. z&io (f,()+-Bz") be generalized n — strict pseudo bonvex of order m
i=1
with respect to b,¢, n and v at ul.

ii. a<0=>¢,(a)<0,j=1,.,q and ¢(a)>0=>a>0.
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iv. k+zq:_A >0.

Then x° =u°, that is, u°is a strict minimizer for (MOP).

~

Proof Suppose that x° = u° .

Since x° is feasible for (MOP) and (u°,A°,°,v°,2°,r") is feasible for (MD), we have
for j=1,....q,

t ! 1 t
y?(gj(xo)+(x0 Cj.xo)l/z)—y?(gj (u°)+v3 Cju0 —Ero Vzgj @”r’)<o0.
Using Lemma 2.2, for j=1,...,q , we have
1
y‘(;(gj(xo) +v‘[;'ij°) —y?(g/.(uo)—i-v?’Cjuo —ErO'Vzgj(uO)rO) <0 4.11)

Since I;j (x°,u%) > 0, inequalities in (4.11) along with hypothesis (iii) yields

n y t 1 ¢
bj(x07u0)¢j[yy(g,(x0)+"? ijO)_y?(gj(MO)+v?tcju0)+5r0 sz;)gj(uo)ro)] <0

On using generalized # — quasi bonvexity of order m at u° for y? (g;,()+ C_,.v?) with

respect to b,,¢,,nand y , j=1,2,...,q , we have

7' (X u’)Vy)g, W)+ yIC Vv + V0 ) 1+ k, [y (x°u’) "< 0, j=1,...q

JoJJ

The above inequality yields
q 9. _
7' (") (Vyig, @)+ yICpl + V2 yig w®)r' ) < = k) Ty (x*,u®) | .
7= =1
Using the dual constraint (4.1) in the above inequality, we have
p g _
7' DA (VW) + Bz) + V2 £ ) 1= QU k) [y (L u®) |1
i=l1 j=1
Using hypothesis (iv), we have

P
7' (UL A (V") + Bzl + V2 fi )y T+ k[l (xu®) "2 0.
i=l1
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Now generalized # — strict pseudo bonvexity of order m at u°for the function

P
> A°(f,()+-B,z") with respect to b,4 ,  and y implies
i=1
P r
b(x"u )Y A (") +x"Bz) =D A (fi(u®)+u”Bz))
i=1 i=1

P
+%r°' QO AV £ )r’1>0.
i=1

Since h(x",u") >0, the above inequality along with hypothesis (iii) yields

)4 V4
D ASE)+x"B ) > Y A (fw) +u" Bz —%r‘”vzﬁ(u‘))r),

i=l i=1
which on using Lemma 2.2 contradicts (4.10).
5. AFRACTIONAL CASE

We now consider the following quasi-differentiable multiobjective fractional
programming problem (MOFP) in which the components of the objective functions are
the ratios of the functions that are the sums of differentiable terms and square root terms
of certain positive semi-definite quadratic forms, whereas the constraining functions are
the same as those for (MOP).

L) -GBx)2 f,(0)-('B,x)"

MOFP) Maximize yenns
( ) () +' D) by () + (D)

subjectto G,(x)<0,j=12,..,q,
_ ‘ V2o
where G;(x)=g,(x)+(x'C;x)"",j=1,2,....q.

it X >R h:X—>Ri=12,.,pand g, : X > R,j=1,2,.q are twice differentiable;
and B,D,,i=12,.,p and C,,j=12,..,q are nxn positive semi-definite symmetric
matrices. Let S be the set of all feasible solutions of (MOFP). We also assume that
f,-(x)—()ctBix)l/2 >0 and A (x)Jr()ctDl.x)l/2 >0, i=1,2,..., p . Here minimization means
finding strict minimizer.

We present the following two duality models for (MOFP):
(MD1) Minimize (oy,...,0,)

P
subject to Z MV (w)—o,Vh(u)— Bz, —o,D;w; + sz[(u)r - a,.vzh,. (u)r]

i=1
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q
= y,(Vg; @)+ Cpv; + Vg (w)r) =0 (5.1)
j=1

Ji(w)—o;h;(u) —utBl-zl- - Ul-utDiwi —%rtvz (f;iu)—oh(u)r

m . l . m .
—Z; yj(gj(u)+vjcju)+5r VZ(Z; y,g,)r<0,i=12,...p (5.2)
J= J=

ziBz, <L, wBw,<li=L.p

[t i}

(V'Cv)<Lj=12,..,q

77

t
X —u B.z.
o = WU BE o0, (5.3)
h(u)+u' Dyw,

)4
¥,20,j=1..q,420i=1..,p, > 4 =1

i=1

(MD2) Minimize (o,...,0,)

p
subject to Y 4,[Vf ()~ o,Vh (u)— Bz, — o, D,w; + V7 f(w)r — o,V ()r]
i=1

q
=Y y,(Vg; @)+ Cpv; + Vg, (w)r) =0 (5.4)
j=1

J;(w)—o;h;(u) —utBl-zl- - Ul-utDiwi —%rtvz (fi(u)—ohu)r=<0,

i=12,...p

1
yj(gj(u)+v;Cju)—Er’V2ngj(u)r20 (5.5)

z;Bz, <1, W Bw, <l i=1..p

[t

(ViCv)<L,j=12,..,q

JIT

t
‘(u)—u'B.z.
o= LWUBE Lo yn
hy (u) +u Dyw,

P
y;20,j=1..,9,4 ZO,i:l,...,p,Z/Ii =1.

i=l1



234 R.R. Sahay, G. Bhatia / Optimality And Second Order Duality

Duality results between (MOFP) and its corresponding two duals can be
established on the same lines as those obtained in the case of multiobjective optimization
problem (MOP).

6. CONCLUSION

In this paper, we have studied a second order Mond-Weir type dual for a quasi-
differentiable programming problem with square root terms in the objective as well as in
the constraining functions. For this purpose, we have introduced the notion of generalized
higher order # — bonvexity. We have also considered a fractional case. The results can
easily be extended to second order Mangasarian type dual. It would be interesting to
extend the results for other classes of optimization problems, viz. minimax programming
problem and minimax fractional programming problem.

Acknowledgement : The authors would like to thank Prof. Davinder Bhatia (Retd.) and
Dr. Pankaj Gupta, Department of Operational Research, University of Delhi for their
keen interest and continuous help throughout the preparation of this article.

REFERENCES

[11 Ahmad, I., and Husain, Z., “Second order (F, a, p, d) — convexity and duality in multiobjective
Programming”, Inform. Sci., 176 (2006) 3094-3103.

[2] Ahmad, 1., Husain, Z., and Al-Homidan, S., “Second order duality in nondifferentiable
fractional Programming”, Nonlinear Anal. Real World Appl., 12 (2011) 1103-1110.

[3] Bazaraa, M.S., Sherali, H.D., and shetty, C.M., Nonlinear programming: Theory and
Algorithms, John Wiley and Sons, New York, 1993.

[4] Bector, C. R., and Chandra, S., “Generalized bonvexity and higher order duality for fractional
Programming”, Opsearch, 24 (1987) 143-154.

[5] Bector, C. R., Suneja, S. K., and Gupta, S., “Univex functions and univex nonlinear
programming”, Proceedings of the Administrative Sciences Association of Canada, (1992)
115-124.

[6] Bhatia, D., “A note on duality theorem for nonlinear programming problem”, Management
Sc., 16 (1970) 604- 606.

[71 Chandra, S., Craven B. D., and Mond, B., “Generalized concavity and duality with a square
root term”, Optimization 16 (5) (1985) 653-662.

[8] Chinchuluun, A., and Pardalos, P. M., “A survey of multiobjective optimization”, Ann. Oper.
Res., 154 (2007) 29- 50.

[9] Craven, B.D., and Mond, B., “Sufficient Fritz-John optimization conditions for non-
differentiable convex programming”, J. Aust. Math. Soc., Series B, 19 (1976) 462-468.

[10] Craven, B. D., “On quasidifferentiable optimization”, J. Aus. Math. Soc., series A, 41 (1986)

64-78.

Eisenberg, E., “Support of a convex function”, Bull. Amer. Math. Soc., 68 (1962) 192-195.

Hanson, M. A., “On sufficiency of Kuhn Tucker conditions”, J. Math. Anal. Appl., 80 (1981)

545-550.

[13] Hanson, M. A., “Second order invexity and duality in mathematical programming”, Opsearch,
30 (1993) 313-320.

[14] Jayswal, A., Kumar, D., and Kumar, R., “Second order duality for nondifferentiable
multiobjective programming problem involving (F, a, p, d) — V — type 1 functions”, Optim.
Lett., 4 (2) (2010) 211-226.

[11
[12

—_



R.R. Sahay, G. Bhatia / Optimality And Second Order Duality 235

[15] Mangasarian, O. L., “Second and higher order duality in nonlinear programming”, J. Math.
Anal. Appl., 51 (1975) 607- 620.

[16] Mond, B., Husain, 1., and Prasad, M.V.D., “Duality for a class of nondifferentiable multiple
objective programming problems”, J. Inf. Opt. Sciences, 9 (3) (1988) 331-341.

[17] Schechter, M., “More on subgradient duality”, J. Math. Anal. Appl., 71 (1979) 251-262.

[18] Sinha, S. M., “A duality theorem for nonlinear programming”, Management Sc., 12 (1966)
385-390.

[19] Zhang, J., and Mond, B, “Duality for a nondifferentiable programming problem”, Bull. Aus.
Math. Soc. 55 (1997) 29-44.



