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Abstract: The paper considers the method of correction of thermographic images
(thermograms) obtained by recording in the infrared range of radiation from the surface
of the object under study using a thermal imager. A thermogram with a certain degree
of reliability transmits an image of the heat-generating structure inside the body. In this
paper, the mathematical correction of images on a thermogram is performed based on an
analytical continuation of the stationary temperature distribution as a harmonic function
from the surface of the object under study towards the heat sources. The continuation is
carried out by solving an ill-posed mixed problem for the Laplace equation in a cylindrical
region of rectangular cross-section. To construct a stable solution to the problem, the
principle of the minimum of the Tikhonov smoothing functional we used.
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1. INTRODUCTION

Thermal imaging is one of the most effective method for studying the internal
heat-generating structure of an object that is inaccessible to direct research. With
the help of a thermal imager that registers thermal electromagnetic radiation from
the surface of the object under study in the infrared range, it is possible to obtain
a thermogram of the object’s surface with an image of the internal heat-generating
structure.

In medicine, thermal imaging has become an effective means of early diagnosis
[5]. The image on the thermogram, which is a map of the temperature distribution
on the surface of the patient’s body, makes it possible to assess functional anomalies
in the state of its internal organs. At the same time, the image on the thermogram
in some cases turns out to be significantly distorted due to the processes of thermal
conductivity and heat exchange, surface irregularities.

The paper proposes a method for correcting the image on a thermogram within
the framework of a certain mathematical model. As an adjusted thermogram, the
image of the temperature distribution function on the plane near the heat sources
is considered as more accurately transmitting their structure than the image on
the original thermogram. It is proposed to obtain this distribution function as
a result of the continuation (similar to the continuation of gravitational fields in
geophysics problems [12]) of the temperature distribution from the surface from
which the initial thermogram is taken.

The continuation is obtained by solving the inverse problem to some mixed
boundary value problem for the Poisson equation. The inverse problem under
consideration is incorrectly posed, since significant errors in the solution of the
inverse problem may correspond to small errors in the initial data (the initial
thermogram, surface data, boundary conditions). To construct its stable approx-
imate solution, the Tikhonov [13] regularization method is used, based on the
principle of the minimum of the smoothing functional.

2. STATEMENT OF THE PROBLEM

Let’s consider a physical and then a mathematical model, within which we will
set the inverse problem.

As a physical model, we consider a homogeneous heat-conducting body in the
form of a rectangular cylinder, bounded by the surface S and containing heat
sources with a time-independent distribution density function. These sources cre-
ate a stationary distribution of temperature in the body. We associate the density
function of the distribution of heat sources with the object under study. We as-
sume that a given temperature distribution is maintained on the side faces of the
cylinder, and on the surface S there is a convective heat exchange with a medium
of temperature Uy, described by Newton’s law, according to which the density of
the heat flow at a point on the surface is directly proportional to the temperature
difference inside and outside the body.
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Let’s move on to the mathematical model. In a rectangular cylinder
D™ ={(2,y,2): 0< 2 <l;,0<y<ly, —00<z<oo}CR? (1)
we consider a cylindrical domain
D(F,00) ={(z,y,2): 0 <2 <lp,0<y<ly, Fz,y) < z < oo}, (2)
bounded with a surface
S={(z,y,2) : 0<z <, 0<y<ly, z=F(z,y) < H}. (3)

Let T be the set of side faces of the domain D(F, c0) of the form (2). In the domain
D(F, 00), we consider the following mixed boundary value problem for the Poisson
equation

%U(M) — p(M), M € D(F, ),
onls — h(Uo —u) s’ (4)
U|F - flv

u bounded when z — oo.

The problem (4) corresponds to a steady temperature distribution created by heat
sources with a distribution density function p. On the surface S a third boundary
condition is set and corresponds to a convective heat exchange with a medium of
temperature Uy with a constant coefficient h, at the boundary I' the temperature
is set as a function f;, independent of time.

We assume that the functions p, f1 are such that the solution to the problem (4)
exists in C%(D(F,00)) (N CY(D(F,00)). In particular, the solution to the problem
(4) allows us to find u|g. In addition, we assume that the density carrier p is
located in the domain z > H.

Let us now set the inverse problem.

Inverse problem 1. Let the following functions be defined within the frame
of the model (4)

f:’U,‘S, f1:u|F~

We need to find a continuous function p.

Note that the reconstruction of the density p is associated with the same dif-
ficulties as the solution of the inverse potential problem [11], for which significant
restrictions on uniqueness classes are known. Therefore, to solve the inverse prob-
lem, we apply the [12] approach used in geophysics problems. The source of
information about the density of p will be the function u|,—g on the plane z = H,
closer to the density carrier p than the surface S.

Since the carrier of the function p is conditionally located in the domain z > H,
then the solution to the problem (4) satisfies the Laplace equation in the domain

D(F,H)={(z,y,2): 0<z<l,,0<y <y, Flz,y) <z < H}. (5)
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The set of side faces of the domain D(F, H) denote by I'yy. Then, instead of the
inverse problem 1, we will solve the following inverse problem

Inverse problem 2. Let following functions be defined within the frame of
the model (4)

f=uls, fi=ulry,. (6)

We want to find in the domain D(F, H) of the form (5) the solution u to the
boundary value problem

Au(M) =0, M e D(F,H),

’LgS:.ﬂ (7)
u
%S:h(UO_f) 5"

ulry, = fi.

We assume that the functions f, f1 in (6), (7) are taken from the set of solu-
tions to the direct problem (4), so the solution to the inverse problem 2 exists in

C2(D(F, H)) N\ CL(D(F, H)).

Note that in the problem (7) on the surface S of the form (3), Cauchy conditions
are set, that is, the boundary values f of the desired function v and the values
of its normal derivative are set, so the problem (7) has a unique solution. The
boundary z = H of the domain D(F, H) is free and, thus, the problem (7) is similar
in properties to the Cauchy problem for the Laplace equation and is unstable with
respect to errors in the data, i.e. it is ill-posed.

In the inverse problem 2, the function f corresponds to the original thermogram
obtained using a thermal imager. The function u|,—y will be considered as an
adjusted thermogram, i.e. as a source of more accurate information about the
density p.

3. EXACT SOLUTION TO THE PROBLEM

Based on the scheme [7, 3], an explicit representation of the exact solution to
the problem (7) is constructed in [8]. We present this solution.

Consider the source function (M, P) of the Dirichlet problem for the Laplace
equation in a cylinder D* of the form (1). This function has the form

©(M,P) = +W(M, P), (8)

4’/T7”Mp
where rprp is the distance between points M € D and P € D>, W(M, P) is
a harmonic function with respect to M and P satisfying homogeneous boundary
conditions of the first kind.

The source function (8) can be obtained by the reflection method as a sum of
functions of point sources with a period of 2[, for the variable x and 2[, for the
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variable y
 R— 1 1 1 1
wm-t £ Lol
SO( ) 4n n nzz:;m T1,nm T2, nm 3,nm * T4,nm
where
Tinm = [(@ar — 2p + 20:0)% + (yar — yp + 21,m)% + (20 — 2p)?]Y/2,
Tonm = [(ar +2p + 20:0)% + (yar — yp + 21,m)% + (20 — 2p)?]Y/2,
T3mm = [(ar — xp + 20en)% 4 (yar + yp + 21,m)% + (20 — 2p)?]Y/?,
Tanm = [(xar +2p + 200)% + (yar + yp + 21,m)% + (20 — 2p)?]V/?,

so r1.00 = rmp is the distance between the points M € D> and P € D*.
We denote

I(H)={(z,y,2) : 0<2 <, 0<y <y, z=H}. (9)

In the domain z,; < H, we introduce the notation

2(00) = [ [0 = 1), P) - (P 52 01, P)}dap—

S
/ )} dop. (10)

Ty
Then we obtain the solution to the problem (7) in the form [8]:
w(M)=v(M)+®(M), MeD(F H), (11)

where the function ® is calculated with the known functions f and f;, and the
function v is the solution to the problem

Av(M)=0, M e D(—o0,H),

U|z:H =vH,

12
U|.’I;:O,lm = 07 U|y:0,ly = 07 ( )
v—0 when 2z — —o0,

and can be expressed using the boundary value vy and the Green function of the
problem (12):
oG
U(M) = — o (M P)UH( )dxpdyp, M e D(—OO,H), (13)
P
II(H)
where the kernel of the integral representation can be represented as a decompo-
sition

oo

oG 4
= (M, P) - i
8np( ) PeTI(H) Loly n;:leXp{ ( +ZM)}><
% sin TN . TMYpr . TNTp o . 7rmyp7 (14)

S1n Sin Sin
I I, I 1,
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n2  m2\ Y2
over the complete system of functions
sin = sin Y . (16)
lz ly n,m=1

In turn, vy is the solution of an integral equation of the first kind

oG

6np
II(H)

(M, P)UH(P)dxpdyp = (I)(M), M e H(a), (17)

where a < fnlr; F(z,y) and II(a) is the domain of the form (9) for z = a.
@y

From the equation (17) taking into account the decomposition (14) for zp; = a,
we obtain the ratio between the Fourier coefficients of the unique solution of the
integral equation vy and the Fourier coefficients of the right part

—(VH ) nm eXP{ — knm (H — CL)} = &, (a), (18)
where ®,,,,(a) — Fourier coefficients of the function O(M)|rreti(a):

~ 4
Dpm(a) = T / O(z,y,a)sin 7rlnx sin
zly

z y
II(a)

Ty

dxdy.

We note that the formula (18) characterizes the descending of Fourier coeffi-
cients of ®,,,(a) with increasing n and m if the function f and f; are such that
ensure the existence of solution to the problem (7) and consequently, the function
vy . Expressing the Fourier coefficients (vzr)nm from (18) and substituting into
(13), we get the function v in the domain D(—o0, H):

o o
N . mnx . T™m ~
v(M) =— Z (UH ) nm sin 7 sin— y__ Z D (@) x
n,m=1 x Y n,m=1
TTT . Tmy

sin , M(x,y,z) € D(—o0,H). (19)

exp {knm(z — a)} sin
Iy I,

Series (19) converges uniformly in D(—oco, H — €) for any arbitrarily small fixed
¢ > 0, if the solution to the problem (7) exists for the data f and f;.

The formula (11), where the functions v and ® are of the form (19) and (10),
respectively, gives an explicit expression for the exact solution to the problem (7).

4. APPROXIMATE CALCULATION OF A NORMAL TO AN
INACCURATELY DEFINED SURFACE

Since the surface S of the form (3) is given with the equation z = F(z,y), the
function f given on S can be considered as a function of the variables x and y on



O. Baaj, et al. / Correction of Thermographic Images 413
the rectangle II:
D={(z,y): 0<z <, 0 <y <ly}, (20)

then the integral in (10) over the surface S may be reduced to the integral over

0
the variables zp and yp. Given that 3780 = (n,Vy), n= ﬁ, ny = (F, Fy,—1),
n 1

and dop = ny(zp,yp)dzpdyp, let’s rewrite (10) in the form

(M) = / {h(UO — f(zp,yp))p(M, P)| g (zp,yp) — f(xp, yp)x
1
o

X (nl,va(M,P))|P€S}dxpdyp—/[fl(P)%(M,P) dop. (21)
Ty

As follows from (21), when forming the right part of the integral equation (17),
it is necessary to calculate the vector function of the normal n; to the surface S
of the form (3), which is the gradient of the function F(x,y) — z,

ny = grad (F(z,y) — z) = Vg, F — k. (22)

Let the surface S is given with an error, namely, instead of the exact function
F in (3), the function F* is known, given on a rectangle IT of the form (9), such
that

|~ Fll o < b (23)

For the approximate calculation of the integral (21), it is necessary to calculate
the normal to the surface given approximately, which is also an ill-posed problem,
since the calculation of the normal n; is associated with the calculation of the
derivatives of the function F.

To obtain a stable solution to this problem, we use the substitution [9], that is,
we consider the problem of calculating the gradient of the function as the problem
of calculating values of the unbounded operator [6].

As an approximation to the function V, F, calculated from the known function
F* | associated with the function F by condition (23), consider the gradient from
the extremal of the functional

2 2

+ﬂHVWH . B>0, (24)

W] = [w | )

Lo (IT)

where II is the domain of the form (20).
For simplicity of calculating the extremal, we consider such surfaces S, for
which

F’|;z=0,lm = 07 F|y=0,ly = 0.
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This condition, in particular, occurs in the case when S can be considered as a
perturbation of the plane z = 0. Then the extremal of the functional (24) is the
solution to the following problem for the Euler equation

—BAW + W = FH,
W|x=0,ll = 07 W|y=0,ly =0.

The solution of this problem is

> FK ™ Tmy
s _ nm . .
Wi (z,y) = E T+ B2 sin L sin L (25)

n,m=1

It is easy to see that the series (25) converges uniformly on II.
As an approximate value of the gradient of the function F*, we’ll consider the
vector function

o0

Fion
VayWh (,y) = Z T4 Bk2_ X
n,m=1 nm 26
LN ™mx . Tmy Tam m™Tmy . TNnT ( )
X | 1— COs sin + J—— COs sin .
I I I, I l, L

The series (26) also converges uniformly on II.
Let F~— be an odd-periodic continuation of the function F' with a period of
21, for the variable x and with a period of 2l, for the variable y, i.e.

Fo(z,y) =F(z,y), (x,y) €Il

F_(_Ivy) = - (l',y), (x7y) € H»

F_(LL', _y) == (x’y)a (‘T7y) € H,

F‘(—x,—y) = F(w,y), (x’y) ell,

F~(z+2lyn,y +2l,m) = F~ (2,y), (z,y) €R? n,m==+1+2 ...

Theorem 1. [9] Let F~ € C%*(R?), 8= B(n) >0, B(n) — 0 and u/+/B(p) — 0
when @ — 0. Then

po VB
||VryWﬂ(u) ngCyFHLz(H < — 5 ||AF||L2(H) —0 when u— 0.

) T 2B

Based on the theorem, we can use the formula (26) to approximate the normal
to the surface using the formula (22):

n} 5=V, Wi — k. (27)

With a known estimate
AR,y <M,

it follows from the statement of the theorem

H gM.

[0 5 —m HLQ(H) = || VayW§ = Vay F'| Ly S5 3+

2VB
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The maximum for thef expression on the right is achieved when

B(n) = %

and, thus denoting in accordance with (27)
B op _ w
ny =075, = Vay Wiy —k (28)
we’ll obtain:
Hnlf*nlan(n) S VM“:_T(?O' (29)
It is also not difficult to obtain an estimate
[ W — FHLQ(H) < 2. (30)
The surface defined by the equation z = Wé‘(u)(a:, y), we denote as
St ={(z,y,2) : 0 <2 <l,0 <y <ly, 2 =W, (z,9)}. (31)
5. CONSTRUCTION OF AN APPROXIMATE SOLUTION

Let the functions f, and f; in the problem (7) be given with an error, that is,
instead of f, and fi, the functions f°, and f{ are given, such that

1f° = Fllaam <0, ||ff_f1||L2(FH) <4 (32)

In this case, we assume that the surface S of the form (3) is given approximately
with the condition (23).
We'll assume that we also know that

a < F(z,y) < az, (z,y)€ll (33)

Let’s construct an approximate solution to the problem (7).

Using the results of the previous paragraph, the right part of the integral
equation (17) of the form (21) will be calculated approximately in this case on a
rectangle

I(a) = {(z,y,2) : 0<x <l;,0<y <ly,z=a},
a < glyr; Wg(lt)(x,y), a<a (34)

in accordance with the formula (21) as a function

V(M) = / [h(Uo — [2(xp,yp))p(M, P)| pegunl (@p,yp) — f2(xp, yp)x
II

< (0 VM. P) | g |dordue — [ [P 201, P)]dor, (35)

'y
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where the surface S* has the form (31), the approximate normal n/' is calculated
by the formula (28).

Let’s estimate the error in calculating the function ®%* of the form (35) with
respect to the function ® of the form (21) — the right side of the integral equation
(17), i.e. we estimate the difference

DM (M) = D(M) | < [@04(M) — &0 (M) | + [ @01 (1) — @F(A) |+

+ |2 () - @ (M)

. M eTl(a). (36)

In this estimation is introduced the function ®%#:! of the form (35), where for-
mally the approximate normal n{ is replaced by the exact normal n; (Note that
ny(zp,yp)|pest =mi(zp,yp)|pes):

oL (M) = / {h(Uo = [ (@p,yp)) (M, P)| pegumi(@p,yp) = [ (wp, yp) X
il

0
X (00, VgV, P)) e dardye — [ [£(P) 52 (01, P)]do,
I'u

and is also introduced the function ®° of the form (35), which is calculated on an
exactly specified surface

B0 = [ [0~ £ (p u)eOLP) pegma(ar,ye) = (o, yr)x

x (nl,Vpgo(M,P))|P€S}dxpdypf / [ff(P)a%(M,P) dop. (37)

'y

Let’s estimate the first difference on the right side of the inequality (36):

P(M) — @51 (1) | =
| @5 (1) D]

= | [ 100~ £ @y oM. P g, (o) = (o))~
II

~ P@p.yp) @ =01, Vep(M, P))| peg, | dupdyr | <

< max o P)] [ [0 = £ -0t (o, 0) - . dndy+
pPesH II
b max (Voo P)| [ | £ | - infie) - m(o.p)ldady <
MeIl(a)
pPes* I

<G [ [ i) | = mildady +Co [ | £5Ga.0)] -Int ey,
II II
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Using the Cauchy-Bunyakovsky inequality, the estimate (29) and the estimate
I£2N < IIf]l + 6, for the first difference on the right in the inequality (36), we
obtain

| @54 (M) = @21 (M) | < Cabl|Uy = £ - Imf = |+ Coll £ 1 = ma | <

< (Crh(([Uo = fII+6) + Co(l[fII +0)) v Mp < C3y/p, M €Tl(a). (38)

Let’s estimate the second difference on the right side of the inequality (36)

P (M) — B (M) | -
’ ( ) ( ) Mell(a)

= | [ 100 ~ £ r e r, e oM, P e, = M. P)] )~

— [ (xp,yp)(n1, Vpp(M, P)| o g, — Vro(M, P)‘pesﬂdfﬂpdyp ‘ :

Using the Lagrange formula we obtain

M1 (M) — (M) | =
e~

= ’/[h(Uo—f‘S(wP,yp))nl(vayP)( 0
11

87<P(M7 P*)(zp|pesnu _ZP|PES)) -
zp

0
- f6($P7yP)(n17 9o Vep(M, P*)(zp|pesn — ZP|P€S))}d$deP ‘ -
Zp

Since according to (31) zp|pesn = W/l;(u) (xp,yp) and zp|pes = F(zp,yp), hence
we obtain

’(1)6’“’1(1‘/1) — (M) ‘ MeTl(a) ‘ / [h(Uo — [2(ep,yp))m(zp,yp) X
It
X %‘P(M,P*)<Wg(u)(1‘PayP) - F(l‘P,yP)) —f5(xp,yp)x

6 koK
X (Ill, %VPQO(Map YW, (@psyp) — F(mPﬁUP)))}dedyP ’ - (39)

We introduce the notation using (33)

z1(xp,yp) = min{Wg  (zp,yp), a1},

40
z(xp,yp) = max{Wj (zp,yp), az}. (40)
Now from (39) using (40) we obtain
#ei00 =000 | = max | Lp0 Py [ [0 £ %
Mell(a) | Ozp ’

P:z1<zp<zs 11
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0
H _ _
X ‘ W5 (z,y) — F(z,y) ’dmdy+ MIE%}((a) (nl, 9om Vpp(M, P))x
P:z1<zp<zo

x/ ’f‘s(x,y)’ . ’W[’;(M)(ac,y) — F(z,y) ’dxdy, M e (a).
I

Applying the Cauchy-Bunyakovsky inequality, assuming that § < dp, and using
the estimate (30), we obtain

| @81 (2) 0% (M) | < Cah|[Uo—F)1-IW ) - e

< (CahIUs = f1l + ) + C5 (|1l + 8) ) WS,y = FIl < Con, M € Ti(a).
(41)

Fll+Csllf1-1Wh,, —FIl <

Let’s estimate the third difference on the right side of the inequality (36) using
(37) and (21)

&
>
s
\
Py
s
N

Mel(a)

[ M5 @rie) = For,ur)) oL, P)| i ope) | dopdye+
II
+ / | (P @p,yp) = f(zp,yp)) (1, V(M. P)| peg | dupdyp+
1T
+ [ |- nen g2 onp |dop.
Ty

Using the Cauchy-Bunyakovsky inequality, as well as (32), we obtain from here

\‘I’é(M) = ®(M)|rren(a) <

2 /2 25
< gm, f S00 Pt 17~ it

2 1/2 5
t R / (01, Vpo(M, P))| pg| dzpdyp) " If° = fllL.m+
11

¢ 1/2
+N}Iel%)((a) (/ [ﬁnp (M, Pﬂ ) ||f1 f1||L2(FH) < Cro. (42)

'y

Collecting the estimates (38), (41), (42) and assuming that pu < uo, from (36) we
obtain when M € II(a)

| @%#(M) — (M) | < C3/i+Cop+Cr6 < Cry/u+C26 = (p p.8) — 0, (43)
13
6—0
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where C'1,Cy are constants. From (43) we obtain an estimate in Ly of the error
of the approximate right part of the integral equation (17)

= | ey < ) g O (44)
5—0

ot

Equation (17) as an integral equation of the first kind is an ill-posed problem.
As an approximate solution to the equation (17) with the right side (35) under
the condition (44) we will consider the extremal of the Tikhonov functional [13]
with a zero-order stabilizer

o oG 2
M*w] = H / %wda _ @67M||L2(H(a)) + a||w||%2(H(H)), a >0, (45)

I(H)

where II(a) and II(H) are domains of the form (34) and (9).

In case of additional constraints on the solution, the optimization problem can
be solved using the results [1, 2].

The extremal of the functional (45) can be obtained as a solution of the Euler
equation, that in the Fourier coefficients w,,, of the desired function w has the
form

exp {—2knm(H — a)} Wpm + W = —exp{—knm(H —a)} @i’,ﬁg(a),

where

~ 4
@f;j,‘l(a) =T / ®OH (2, y, a) sin 7Tln1‘ sin
zly

z ly
II(a)

Y dxdy (46)

— Fourier coefficients of the function ®%#(M)|rreri(a)-

Solving the equation with respect to Fourier coefficients of the extremal and
substituting the extremal w®* instead of vy in (13), we find an approximation of
v%H to the function v in the domain D(—oo, H):

Sl 50
Ok (a) exp{knm(zm —a)} . wnzy . TmMynm
S () = — nm nm 5 ) 47
v (M) nél 1+ aexp{2knm(H —a)} s . St Ly (47)

We note that members of the series (47) differs from members of the series (19) by
the regularizing factor (1 + «exp{2kn, (H —a)})~!, that ensures the convergence
of series.

In accordance with (11), we obtain an approximate solution to the problem (7)
in the form

uSH (M) = vSH(M) + ®5*(M), M e D(W,H), (48)

where v3# and ®%* are functions of the form (47) and (37).
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Theorem 2. Let the solution to the problem (7) exist. Then for any o = a(vy) >0
such that a(y) — 0, v/+/a(y) — 0 when v — 0, the function ui( ) of the form
(48), where according to (45’) v =7(w,8) = C1 /i + Cab, converges to the exact

solution to the problem (7) uniformly when § — 0, u — 0 on any compact set
K CD(F,H).

Proof. On the compact set K, in accordance with (48) and (11), we estimate

the difference
s, 5 :

lugsy —ul < ugf — | + [P — B (49)

Obviously, there exists € > 0, such that K C D(—oo, H—¢). For the difference

Oyt

a(y) — v in the domain D(—o00, H —¢) we get

v
ot = vl < " = val + [va — vl (50)

where v, is a function of the form (47) for exact f and fi:

= D, (a) exp{knm(zpm —a)} . mnay . Tmyn
M) = — .
Vo (M) n;l 1+ oxp {2k (H — )} sin L sin L,

Let’s estimate the difference v3* — v, in (50) for zp; < H — ¢ using (43)

[0 (M) = va(M)] <

~X

> exp{knm (znm — s
9 (P) — d(P)| <
Z 1+ aexp{2k,m(H —a)} ’ p?f?ii) ’ ) ( )|

n,m=1

exp{knm(H — ¢ —a)}
<S4y Z 1+ aexp{2k,m(H —a)}

n,m=1
< 4y max [L} i exp{—knme} < Cgl. (51)
z 14 qe?® n—, \/&

Let’s estimate the difference v, — v in (50) for zpy < H —¢:

‘va —v| <

. aexp{2kum(H — a)} exp{kam (H —c —a)} -
Z 1+ aexp{2k,m(H —a)} |(I)nm(a)|'

n,m=1

Using (18) and applying the Cauchy-Bunyakovsky inequality, we obtain

o > aexp{2kum(H — a)} exp{—knme}
Ve = 0] = Z 1—|—aexp{2knm(H—a)} (v

nm’ ~
n,m=1

1/2

<| S ( @ XD {2 (H ‘f)i)}):xp{—%nms}] 2ol za-

1+ aexp{2knm(H lely

n,m=1
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Since the series depending on the parameter « is majorized by a convergent numer-
ical series with the coefficients exp{—2¢ek,,,, }, then a limit transition with respect
to « is possible and, thus,

|va —v| =0 when «a— 0. (52)

From (50), (51) and (52) and conditions of the theorem it follows that

[ve

(‘fy)fv|%0 when u— 0, p— 0. (53)

The second difference on the right side of (49) is evaluated similarly (43) when
MeK

| @%#(M) — (M) | e < Cav/i+ Cub.
Hence, as well as from (49) and (53), the statement of the theorem follows.

6. NUMERICAL SOLUTION TO THE OPTIMIZATION PROBLEM

The effectiveness of the proposed method for solving the problem (7) is shown
in the following model example.

In the problem (4), let the surface S be the plane I1(0), f1 = Uy =24, h =
0.5,1, = 30,1, = 30, H = 1.4. The function p corresponds to four point sources
at points in the plane TI(H) : (x1,y1) = (8,8), (x2,92) = (10,8), (x3,y3) =
(10,10), (z4,y4) = (6,10). The boundary value of the solution of the model prob-
lem (4) in this case has the form

x4 —Fknm H . _
flz,y) =Us+ Z Z in sin T i TGy T8 i me, (54)

n,m=1i=1 ly Lo ly

where k., is calculated using the formula (15) and ¢; = 100.,4 = 1,2, 3, 4.

To set the inverse problem (7), we consider that the function f, calculated by
the formula (54), a known function. Also f; = Uy =24, h =051, =30,1, =
30, H = 1.4 are known.

To solve the inverse problem (7), we use the formulas (48), (47), (46), (37). In
the formula (37) we use the representation for the fundamental solution

2 e —knml|zm—zp|
o(M,P) = Z ¢ sin M iy T i TP iy mep,
laly =, knm Iy ly ly Ly
(55)

when zp; = a, zp = 0. The Fourier coefficients in the formula (46) are calculated
without calculating the function ®, similarly to [10]. When using the formula (46),
integration is performed under the sign of the integral in (37) and under the sign
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Figure 1: Initial thermogram on the surface.
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Figure 2: The corrected thermogram obtained as an approximate solution of the inverse problem.
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of the sum in (55). Taking into account the orthogonality of the system of func-
tions (16), the calculation formulas for Fourier coefficients @, are significantly
simplified.

To obtain a numerical result, the problems (4), (7) are discretized. A uniform
grid of 91x91 points is introduced on the rectangles Il(a),a = —0.5 and II(H).
The Hamming algorithm [4, p.83] is used for summing discrete Fourier series.

The calculation results are shown in Fig.1 and Fig.2. Fig.1 shows the initial
data of the inverse problem — the function f calculated from the discrete analog
of the formula (54). The relative magnitude of the added error is 0.28%. Four
sources are perceived as a single whole. Fig.2 shows the result of restoring the
u|,—p function using the formulas (48), (47), (46), (37). Four sources are clearly
visible. Regularization parameter o = 1078, With the regularization parameter
a = 0, the solution is destroyed.

7. CONCLUSION

The inverse problem (7) and its stable solution can be used for mathematical
processing of thermographic images (thermograms), in particular, in medicine [5],
in order to correct the image on the thermogram. The thermogram obtained with
the help of a thermal imager reproduces with a certain degree of reliability the
image of the structure of heat sources located inside the body. Image correction
on the thermogram can be obtained based on the solution to the problem (7).
In this case, the function f will be associated with the original thermogram, and
the function u|,— g will be considered the result of mathematical processing of the
thermogram. Since the function u|,—p represents the temperature distribution
on a plane closer to the studied heat sources than the original surface S, we can
expect a more accurate reproduction of the image of sources on the calculated
thermogram u|,—p. The results of calculations carried out on the model example
show the effectiveness of the proposed method and algorithm based on the formulas
(48), (47), (46), (37), and can be applied for processing thermographic images.
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