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The author of the article "Optimality Conditions and Duality for Multiobjective
Semi-Infinite Programming with Data Uncertainity via Mordukhovich Subdifferential",
Thanh-Hung Pham has informed the Editor about necessary corrections of the paper, as
follows:

The whole paragraphs, or the parts, starting with Example 13 should be replaced
by the text:

Example 13. Let f: R — R be defined by

flz) = & if w =0,
o r, ifr<0

By simple computation, we have

aM (o) = {%_1}_

It is easy to see that f is e—pseudo-conver of type IT but not =— pseudo-conver
of type I at x = 0. We fisrt prove that f is =— pseudo-conver of type II at © = 0.

1 1
Indeed, take y = —1,£ = 1 = i)"'ff|f[]:: = {I 1} and = = 1 Clearly,
1

= _1<0=f(z).

1
fly) +Vely—= =145 5

which implies
<0.

W |

Wy —x)=—


https://doi.org/10.2298/YJOR211117025E

136 V. Vyjici¢ — Kovacevié¢ / Corrigendum

We now prove that f is not s—pseudo-conver of type I at x = 0. Indeed, take

_ N T _!
y——l,{—d ca f(l:l]—{d_.I} ands—i. Clearly,
1 1
f{y)+\/'_:|y—:c|=—1+§=—§£U=f{:r).
However,
(y—2) Va2l =g+ =120
! h 42 4=7

Next, we can derive the following sufficient condition for a quasi =—solution of

(RSIP).

Theorem 14. Let = = 0 and £ be conver set. Assume that (2, ),,7,) € Fx ]Rg) X
Vi satisfies the robust approzimate KKT condition with respect to =. If f(.) is
Mordukhovich e— pseudo-conver of type I af T and gi(., 7).t € T is Mordukhovich
quasi-conver at I, then T € F is a quasi =—solution of (RSIP).

Proof. Let (z,A,7) € F x ]Rf-) » Vi be satisfied regarding the robust approxi-
mate KKT condition with respect to =. Therefore, there exist £, € &M f (Z).& €
aMg(z,7,),¥t € T with w € NM(z;0) and b € B, such that

fo+ D Ml +w+VEb=0. (5)
teT
Since b € B,w e NM (7;£)) and £ is convex set, it follows that, for any x € F,
(w,z —3) <0, (b,z — 7) < ||z — .
From (5), we have
<§u +Z/_\L€L1I —T> + VE|lz— || = 0,
teT

which means that

(€0,1—5}+\/E||1—f||2—<Zj‘tfe.~1—5>- (6)

t=T

Moreover, if t € T'(A), then g¢(Z, 7:) = 0. Note that for any x € F, then g;(x.7:) <
0 for any ¢ € T. It follows that g¢(x, 74} < g:(Z,7¢) for any = € F and ¢t € T(A). By
the Mordukhovich quasi-convexity of g,(.,7,) at ¥ and & & dMg,(z, 7;), we obtain

&z —1) <0 (7)
Combinming (6) and (7), we obtain

(fo.x — Z) + V=||z — 2| = 0.



Since f(..1) is Mordukhovich —pseudo-convex of type I at 7, it follows from
Definition 11 that

fla) + VEllz — 2| = f(z).
Therefore, ¥ 1s a quasi =—solution of (RSIP). This completes the proof. O
Now, we present an example to show the importance of the Mordukhovich

s—pseudo-convexity of type I in Theorem 14 (function f(.) is given in [27] page
87).

Example 15. Letr € Rt € T = [0,1],Q = [0, +cc) and v, € Vy = [2— 1,2 +1]
foranyteT. Let f: R <R and g: R =V, — R be defined by

flz) = z° siné_. if w # 0,
0, ifx =10,

and
gl ve) = tr? — Q.
Then, F = [0,2] and N™(2;9) = N™(z;[0, +00)) = (—oo,0]. Let us consider

T =0,A =0 and &y = 2 —t. Note that f(.) is locally Lipschitz at T and ge(., D)
is conver at . We have,

M f(xz) = [—1,1]( see [27] page 87) and @ gi(z.v:) = {2(r — 2)}.
We prove that f(.) is not Mordukhovich e—pseudo-conver of type I at T. Indeed,
take j = —, £ =0 M f(z) = [-1,1] and 0 < /£ < —. Clearly,
3 3

(&9 — %) +VElg—z| = vElg — | = 0.

However,

f@ +velg— = = —g—iz + f% <0=f(z).

Now. take an arbitrarily 0 < /z < 33 Then, (£, A, 7,) € F x ]RErT) =V, satisfies
T

the robust approrimate KKT conditions with respect to =. Indeed, let us select

VE=—,2=0,A=0,0,=2—t and B =[-1,1]. Then,

4 _
0e (—oo: 5] =M f(z) + Y NN g(2.3,) + N (& R) + V2B,
teT
and Egg{f,ﬁg) = 0.
However, T =0 is not a quasi =—solution of (RSIP). In order to see this, let

1
ustakcx=§€Fand\/E=§. Then,
\/_ =1 — 4 2 D_ _
fiz)+Velr— x| = —onz + ¥ < 0= f(z).

In the special ease when V; is a singleton, we can obtain the following result.

Corollary 16. Consider problem (SIP). Let = = 0 and Q be conver set. Assume

that (T,X) € F x Rf} satisfies approrimate KKT condition with respect to =. If
f is Mordukhovich s—pseudo-conver of type I at & and g, t € T is Mordukhovich
quasi-conver at T, then T € F is a quast s=—solution of (SIP).

In the following theorem, we give another sufficient optimality condition for
robust s—quasi-minimum of (RSIP).
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Theorem 17. Lef = > 0 and {1 be conver set. Assume that (.f,,/_\;,, Ty) € Fx ]RFE—} x
Vi satisfies the robust approrimate KKT condition with respect to . If f(.) is
Mordukhovich = — pseudo-conver of type II at T and g,(.,7;).t € T is Mordukhovich
s—quasi-conver at T, then T € F is a quasi =—solution of (RSIP).

Proof. Similarly to the proof of Theorem 14, there exist & e 8" f(z), & «
aMg(z, ), ¥t € T with w € NM(z;Q) and b € B, such that

(ﬁo,r—i}z—ﬁllf—fll—<Z)_\:£nr—i‘>- (8)

teT

On the other hand, if t € T(A), then g:(Z.7) = 0. Note that for any = € F,
gelx, ) < 0 for any t € T. It follows that g,(z,7;) < go(T,7y) for any xr € F
and t € T(A). By the Mordukhovich s—quasi-convexity of g (., ;) at T and & €
3fgt{f, Tt ), we obtain

(6.2 —2) + VEl|z — 2| < 0. ©
Combining (8) and (9), we obtain
{EO-. I — f} = 0.

Since f(.,) is Mordukhovich e—pseudo-convex of type II at &, it follow from
Definition 11 that

flz) +VEllz — 2] = f(2).
Therefore, T is a quasi =—solution of (RSIP). This completes the proof. O

Now, we present an example to show the importance of the Mordukhovich
c—pseudo-convexity of type II in Theorem 17.

Example 18. Let f,g:,t € T, and Vy be defined as in Erample 15. Then, F =
[0,2] and NM(z;Q) = NM(z; [0, +c0)) = (—00,0]. Let us consider & = 0,1, =10,
and Ty = 2 —t. Note that f(.) is locally Lipschitz at T and g,(..T;) is conver at I.
We have,

oM f(2) = [-1,1] and 8 g,(,5) = {2(t - 2)} .

We prove that f(.. 1) is not Mordukhovich s— pseudo-conver of type 11 at T. Indeed,
2
take § = gﬁ =0edfz)=[-1,1] and0 < yE < o Clearly,

(€, §—3)=0=0.

However, s 5
i Ty — | = — =— <0 = f(z).
J@) + VAT~ 2| = —5 5 + Vo <0 = f(3)
2 _
Now, take an arbitrarily 0 < /= < —. From Ezample 15, (T, . 0;) € F x Rf] %
V: satisfies the robust approrimate KKT conditions with respect to =. By virtue of
Ezxample 15, & =0 is not a quasi e—solution of (RSIP).

In the special case when V}; is a singleton, we can obtain the following result.



Corollary 19. Consider problem (SIP). Let = = 0 and 1 be conver set. Assume

that (7, M) € F x Rf} satisfies approrimate KKT condition with respect to =. If

[ is Mordukhovich s—pseudo-conver of type I at T and gy, t € T is Mordukhovich
s—quasi-conver at T. then T € F is an s—gquasi-minimum of (SIP).

Motivated by the definition of generalized convexity due to [8, 9] and [20], we

introduce a new concept of generalized convexity as follows:

Definition 20. Let g7 = (g )ieT. = = 0.

(i) We say that (f,gr) is Mordukhovich e—quasi generalized conver on F at T,
if for any x € F,& € M f(z) and & € dMg (T, v), v, € V,,t € T, there
erists w € R™ such that

(o, w) + VE|lz — 2| 2 0 = f(=) + VE|lz — 2|| = f(3),

gi(z,ve) < g7, 0e) = {G,w) 0¥ T,
and

(b,w) < ||z — z||,¥b € B.

(i) We say that (f,gr) is Mordukhovich strictly e—quasi generalized conver on
F at ‘TJ iffor any T S F‘. ‘ED € aﬁff{j-) aﬂd ‘Et € ag.fgf(frvi):vt 1S vht E.TJ
there erists w € B™ such that

(o, w) + VE|lz — 2| 2 0 = f(2) + VE[lz — 2| > f(2),

QL{I,FL) = gl{fsl’l) = (Ef!w) = Uer € T

and
{b:w) < ”I_f”ere B.

Now, let us provide an example illustrating our Definition 20 (i).

Example 21. Let 2 € Rt € T = [0,1] and v, € V, = [t — 1,—t] for any
teT,B=[-1,1]. Let f: R — R and g: R x Vi = R be defined by

fla)=|z| +2° and gi(z,v) = vz’

Then F = R. Let us consider T = 0, we have M f(z) = [1,1] and aMg(z,v,) =
{0}. Let us consider t=—-1€ F=R,&=0ed" f(z),6 € dMg(z,1:),0<= <
1, by taking w = x = —1, it follows that w € R,

(60 w) + VElz — 2| = VE2 0= f(z) + Az — 2| = vE2 0= f(2),

gf(-‘rpvt) = SQ:(-’E'_-U:) =0= (Ehw} =0< D‘.te.T‘.

and
{byw) =—b< ||z —z||=1,¥be [-1,1].

This shows that (f, gr) is Mordukhovich =— quasi generalized conver on F at T € F.
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Next, we give sufficient conditions for a feasible point of problem (RSIP) to be
a quasi s—solution and a quasi weakly s—solution.

Theorem 22. Let = = 0. Assume that {i‘,i;,ﬁg) e F = ]R.E:rj x Vi satisfies the
robust approrimate KKT conditions with respect to =.

(i) If (f.gr) is Mordukhovich =—quasi generalized conver on F at T. then T is
a quasi weakly =—solution of (RSIFP).

(i) If (f.gr) is Mordubhovich strictly =—quasi generalized conver om F at T,
then T is a quasi =—solution of (RSIP).

Proof. Since (&, A, %) € F x ]REE-}' »x Vy satisfies the robust approximate KKT
condition with respect to =, there exists £, € @ f(7),& € M g(z, 1), ¥t € T with
we NM(#:(2) and b £ B, such that

&o + Z:\Lﬁu +w b =0, Age (T, 1) = 0.
teT

or, equivalent

&+ ZI\L& + &b = —w. (10)

teT
‘We first prove (i). Suppose on contrary that T is not a quasi weakly s—solution of
(RSIF). It then follows that there exists x € F satisfying
f(x) + Ve||lz — z|| < f(a). (11)

On the other hand, if ¢ € T'(A), then g:(z,7:) = 0. Note that for any = £ F', then
gelx. Tg) <0 for any £ € T. It follows that

ge(, %) < ge(T,0¢), for any = € F and t € T'(A). (12)

By the Mordukhovich = —quasi generalized convexity of (f, gr) on F at T and (11),
(12}, there exists d € BR™ such that (r # 1)

(6o d) + VE||lx — 2| < 0,
r\l‘ghd} S Drt E-T:

and
(b,d) < ||z — z||,¥b € B. (13)
Therefore, we have

{€ord) + > A (& d) + VE||lz — 3| < 0.

teT
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On the other hand, by (13), one has
<§u - Z M+ \/Eb,d> <0,
teT

which contradicts (10).
‘We now prove (ii). Suppose on contrary that T is not a quasi é—solution of
(RSIP). It then follows that there exists x € F satisfying

(@) + Vellz — 2| < f(2). (14)

On the other hand, if t € T(A), then g,(Z,7;) = 0. Note that for any x € F, then
gilx,7¢) < 0 for any ¢ € T. It follows that

gz, ) < ge(T,7), for any x € F and £ € T(A). (15)

By the Mordukhovich strictly £ —quasi generalized convexity of (f.gr) on F at T
and (14), (15), there exists d € R" such that

':ﬁo.-d:' + V/E”I_ T” = Dr
(£, d) =0,t T,
and
{b,d) < ||z — 7|, Vb € B. (16)

Therefore, we have
(6osd) + > A (&, d) + VE| |z — 7| < 0.
teT

On the other hand, by (16), one has

<§u + M+ JEb,d> <0,

t=T

which contradicts (10). This completes the proof. O

4. MOND-WEIR TYPE DUALITY IN ROBUST APPROXIMATE
OPTIMIZATION PROBLEM

In this section, we investigate some results for e—Mond-Weir type robust du-
ality for robust optimization problems under Mordukhovich s—quasi generalized
convexity assumptions.
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Now, we consider the Mond-Weir type dual problem (RUD) of (RSIP) as given
by

max  f(y)
st 0eMf(y)+> N gely,ve) + NM(y: Q) + VEB,
(RUD) i

Arge(y, vp) =2 0,
ye\eR) c>0u eV, teT.

The feasible set of (RUD) is defined by
Frup = {(3: A, ve) € @ x R 5V [0€ 0 f(y) + 3 MM gu(y, ve) + N (3;0)
teT
+VEB, Aege(y, ve) = 0.}

Now, we give the following definition of a robust approximate quasi-solution
for (RUD).

Definition 23. Let = = 0.

(i) We say that (g, \,%) € Frup is a quasi e—solution of (RUD) if for any
(v, Ae,ve) € Frup.

f(@) +Elly -3l = fly).

(ii) We say that (§, X, ) € Frup is a quasi weakly s—solution of (RUD) if for
any (¥, A, ve) € Frup,

f(@) +Elly -3l > flv).

Now, we establish the following approximate weak duality theorem, which holds
between (RSIF) and (RUD).

Theorem 24. Let = = 0 and x € F. Suppose that (.T":_.L_.ﬁr} € Frup.
(i) If (f.gr) is Mordukhovich =—quasi generalized conver on F at T, then
flz) = f(z) - vE[lz — Z|l.

(i) If (f.gr) is Mordukhovich strictly =—quasi generalized convex on F at T,
then

f(z) = f(z) - VEllz — 2.

Proof. Since (T, At U¢) € Frop, we have T € 0,7y € Vi, At =2 0,t €T and

DedMf@)+ > Mdt gz, m) + N¥(2:9) + VEB, (17)
teT
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From (17), there exist & € 8™ f(z),& € ¥ g(x,w),¥t € T with w € NM(2;0)
and b € B, such that

£O+Z,\g+ﬁb:-w_ (18)

teT
We first prove (1). Let = £ F. Suppose on contrary that
f(z) < f(z) = VEllz - Z||. (19)

Note that for any x € F, g(x,7¢) < 0 for any ¢t € T and e > U._;\tg((f:_.ﬁ() >
0,7, € V,,t €T It follows that

gi(zrﬁi}gﬂggi(frﬁd‘ (20)

By the Mordukhovich = —quasi generalized convexity of (f,gr) on F at T and (19),
(20}, there exists d € R™ such that (x # 1)

(€o,d) + Vellz — 2] < 0,

(&i\d} = D:t S T:
(b,d) < ||z — Z||. b € B.

Therefore, we have

(€ordl) + 37 A (€0, d) + VEl|z — 2| < 0. (21)

teT

On the other hand, by (18), one has

(Gosd) + > Ae (€ed) + VE||z — 2|| = — (w,d) 20,

tel
which contradicts (21). Thus,
f(@) > 1(@) - valle - 2|
‘We now prove (i1). Let = € F. Suppose on contrary that

f(@) < f(z) — VEllx - Z|. (22)

The Author appologizes for the inconveniences he has made to the readers and
the Editors.



