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Abstract: The solution of most MCDM-problems involves measuring the characteristics
of a research object, converting the estimations into a confidence distribution specified
on a set of qualitative gradations and aggregating the estimations in accordance with the
structure of the criteria system. The quality of the problems solution as a whole directly
depends on the quality of measuring the characteristics of a research object. Data for ob-
taining estimations of the characteristics are often inaccurate, incomplete, approximate.
Modern researches either fragmentarily touch on the questions of measurement quality, or
focus on other questions. Our goal is to choose such parameters for converting the value
of the quantitative characteristic of a research object into a confidence distribution, which
provide the best measurement quality. Based on the observation channel (OC) concept
proposed by G. Klir, we refined the measurement quality criteria, determined the com-
position of the OC parameters, developed an algorithm for calculating the measurement
quality criteria and choosing the best OC for the most common MCDM-problems. As
calculations have shown, in the most common MCDM-problems, the best is OC, which is
built on the basis of a bell-shaped membership function and has a scale of seven blocks.
The obtained result will allow researchers to justify the choice of OC parameters from
the view-point of the maximum quality of measuring the quantitative characteristics of
a research object in MCDM-problems and uncertainty conditions.
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1. INTRODUCTION

MCDM (MultiCriteria Decision Making) problems today are widely widespread
in many branches of science, including technology, sociology, and medicine. The
following generalized procedure describes the sequence of solving most MCDM-
problems: obtaining input estimations for each of the characteristics (properties,
attributes) of research objects; transformation of these estimations to a form com-
patible with the criteria system; generalization of estimations in the criteria system
and calculation of the resulting estimations. Data for obtaining estimations of the
characteristics is often inaccurate, incomplete, approximate, and cannot always
be described by probability. To generalize estimations in MCDM-problems, re-
searchers use various composition methods, for example, arithmetic convolution
[1], fuzzy set theory methods [2], fuzzy-integral calculus methods [3], and others.
Let’s consider several statements that describe the problem of our research and
the accepted limitations.

1. The first two stages of the mentioned procedure form the initial data for
further processing and, from the view-point of content, are a measurement of
the characteristics of research objects. It is well known that the quality of the
result of solving any problem is largely determined by the quality of the initial
data. Therefore, we are interested in the execution of the first two stages of the
procedure from the view-point of ensuring the quality of the measurement.

2. The generally accepted criteria for the quality of measurements are precision,
reliability, accuracy, convergence, reproducibility, error. In applied problems, as
a rule, not all of the listed criteria are used. The composition of relevant criteria
is determined by the specifics of a particular problem. A discussion of the most
commonly used measurement quality criteria can be found in [4, 5]. Note that
most of the listed criteria are focused on the use of statistical data, that is, the
calculation of these criteria requires several measurements. However, in many
MCDM-problems, such as those in sociology, it is often very expensive to perform
measurements multiple times. Therefore, below we will consider the case of a
single measurement and, in accordance with this, choose the measurement quality
criteria.

3. Depending on the concept of solving the MCDM-problem, the estimations
of the characteristics of the research objects can be measured using quantitative
or qualitative scales. The first two stages of the mentioned procedure should
ensure the obtaining of characteristics estimates presented as a confidence dis-
tribution, since most often the use of this distribution ensures the compatibility
of the estimates with the criteria system and the execution of the third stage of
the procedure. Most of the well-known algorithms (for example, [6]) for estimat-
ing characteristics presented in a qualitative scale build a confidence distribution
without any intermediate transformations. Therefore, for such characteristics, the
measurement quality criterion is trivial: the more scale values, the better, but at
the same time more difficult. But in the case of measurement of the characteristics
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presented in a quantitative scale, it is necessary to transform the numerical estima-
tion to a confidence distribution with values in the interval [0, 1]. The parameters
of this transformation can greatly affect the quality of the measurement. There-
fore, we are interested in such parameter values that provide the best measurement
quality.

Thus, our goal is to choose such transformation parameters of the value of
the quantitative characteristic of a research object into a confidence distribution,
which provide the best measurement quality.

For this transformation, researchers most often use linguistic variables defined
on the set of real numbers or its subset. However, the use of linguistic variables is
most often motivated by the need to simplify the evaluation procedure. The au-
thors motivate the use of linguistic variables by the fact that it is more convenient
for an expert to estimate a quantitative characteristic using a qualitative scale.
In other words, researchers focus on the convenience of converting a qualitative
assessment into a fuzzy set defined on the set of real numbers or its subset. In addi-
tion, modern research only fragmentarily considers questions related to the choice
of the best parameters of linguistic variables from the view-point of measurement
quality.

Therefore, to achieve the goal of our research, we proposed to use the concept
of an observation channel. This concept was proposed by G. Klir [7] for the study
of complex systems. OC consists of a measurement device with a scale and a
procedure for mapping value of the characteristic to this scale. In this case, the
solution of our problem envisages the choice of such OC parameters that provide
the best estimates of the measurement quality criteria. In the framework of this
research, based on the concept of OC, we must solve the following subproblems:

� refinement of measurement quality criteria;

� determination of OC parameters that affect the quality of measurements;

� development of the procedure for calculating the measurement quality crite-
ria based on the determined OC parameters;

� development of the algorithm for choosing the best OC;

� choosing the best OC for the most common MCDM-problems.

The obtained results will allow researchers to justify the choice of OC param-
eters (shape of membership functions, discreteness of the scale, etc.) from the
view-point of the maximum quality of measuring the quantitative characteristics
of a research object in MCDM-problems and conditions of non-statistical uncer-
tainty.

2. LITERATURE REVIEW

Well-known studies as a whole not often use the OC concept.
In the study [8] Aljaafreh and Dong use several of the same type OC to identify

targets based on the “Majority Voting” rule. Silantyev et al used a combination
of the main OC and several additional OCs to build traces of moving objects in
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radiolocation [9]. The study [10] solves the problem of filtering a signal (variable
value) under complex non-stationary interference using continuous OC. Bosov and
Pankov consider the problem of observing the value of a variable also in the pres-
ence of noise, but with the help of several OCs [11]. Kleptsyna considers discrete
signal filtering using linear OC [12].

Yuksel and Linder have determined the optimal OC in a stochastic control
problem [13]. Kim and Ha solved a similar problem [14]. Andrievsky and Fradkov
investigated the case of limited OC bandwidth [15].

To measure characteristics, researchers often use linguistic variables, which
were proposed [16] by L. Zadeh and which are in many ways similar to the concept
of the OC. In particular, Natalinova et al used linguistic variables to describe
input data in the problem of evaluating the quality of library and information
services [17]. Schmalzel and Johnson used linguistic variables based on triangular
membership functions in pattern recognition [18].

Although the use of the OC concept is not widely covered in the scientific
literature, the use of linguistic variables has continued to expand in recent times.
Erick González-Caballero and other authors [19] consider not discrete linguistic
variables, as most studies do, but a continuous set of linguistic variables as an new
mechanism for representing fuzzy data. This set is used to represent and predict
time series.

The research of Xue-Feng Ding, Hu-Chen Liu [20] is aimed at developing a
method for making decisions in emergency situations based on a zero-sum game
and under time pressure. Linguistic variables are used to represent payoff estimates
of decision makers.

Norsyahida Zulkifli and other authors [21] proposed to represent fuzzy data
based on the integration of interval-valued intuitionistic fuzzy sets and vague sets.
They developed a new linguistic variable for solving MCDM-problems based on
the combination of the mentioned sets.

In [22], Sidong Xian and other authors use interval 2-tuple linguistic variables
to describe numeric attributes, and also propose an operator for their further
aggregation. The authors limit themselves to the interval form of the membership
function and do not explore other possible forms.

In a medical study [23], Elif Eyigoz et al. proposed predicting the development
of Alzheimer’s disease based on the early detection of cognitive impairments, which
are identified by analyzing patient responses and presented as linguistic variables.

The aim of the study by Ae-Hwa Kim et al. [24] was to group readers by
developmental level. One of the main tasks was to identify distinct and conceptu-
ally interpretable groups of readers. The study used linguistic variables as models
to represent the parameters that characterize this level: phonological awareness,
phonological memory, rapid automatized naming, vocabulary and others. To de-
termine the best match between the number of groups and statistics, several crite-
ria were used: Akaike’s information criterion, the Bayesian information criterion,
and others.

Shama Parveen and others discuss [25] the fundamental merits of representing
human reasoning with fuzzy sets and linguistic variables.
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Chen-Tung Chen et al. [26] propose a model for measuring Digital Capabil-
ity Maturity to determine an organization’s readiness to implement information
technology. The authors use linguistic variables to represent experts’ estimations
because they simplify the estimating process and do not require experts to give
precise estimates. This research is structurally very similar to the problems for
which we propose to use the OC concept. However, the research does not address
the questions of determining the best parameters of linguistic variables.

In [27], Ali Mohammadi et al. use linguistic variables to represent partial
properties of the capital market. By varying these variables singly or collectively,
the authors explored the rate and magnitude of growth in market capitalization.

Research does not often and fragmentarily touch upon the questions of deter-
mining the best parameters of membership functions that are used in linguistic
variables. Some of the work is presented below.

Marylu L. Lagunes et al. [28] aim to determine the optimal values of three
quantitative parameters of membership functions in a fuzzy controller. This study
is close to our problem from the view-point of purpose. However, the study con-
cerns only membership functions and ignores the question of determining the car-
dinality of terms-set of linguistic variables that are used for fuzzification.

A similar study by Tvoroshenko and Gorokhovatskyi [29] is tuning the param-
eters of the membership function in the problem of determining the state of a
biophysical object, in which the authors consider only one of the many types of
the membership function - interval.

Olga M. Poleshchuk et al. [30] developed an approach to creating linguistic
scales based on semantic scopes to make it easier for experts to estimate the
parameters of complex objects. The work is focused on determining the best
number of levels of linguistic scales. This research is close to our problem, however,
to describe the semantic scopes, it uses only two forms of membership functions:
triangular and trapezoidal. In addition, the study uses two criteria for estimating
the scales: the minimum fuzziness and the maximum consistency of estimations
from different experts. Note that in practice (especially when solving complex
problems) it is not always possible to find several experts in order to obtain an
estimate of the second criterion.

A review of the literature shows that many modern researches are aimed at
solving applied problems under uncertainty using MCDM-methods. They focus
mainly on how to take into account the uncertainty conditions that are inherent in
the applied problem, and thereby improve the quality of the solution. One of the
main causes of uncertainty is the use of an expert as a source of initial estimates,
which different research papers describe using linguistic variables. The authors
propose various types of linguistic variables, which greatly simplify the work of
an expert. However, modern research ignores the following question. If an expert
is used as a data source, then what determines the accuracy of representation of
expert estimations in the formal constructions of methods that are used for further
data processing? It can be assumed that the parameters of these constructions (for
linguistic variables, this is the shape, the slope of the side sections, the width of the
domain of definition, and others) will determine the accuracy of the presentation
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of estimates and, ultimately, the quality of the problem solution. In addition, in
high-dimensional problems, it is also necessary to take into account technological
criteria, for example, the complexity of constructing linguistic variables. Therefore,
the review of the literature emphasizes the relevance of our problem regarding the
determination of the best parameters of formal constructions from the view-point
of ensuring the quality of measurements.

3. RESEARCH PROBLEM AND MEASUREMENT QUALITY
CRITERIA

In accordance with the postulates of G. Klir, a complex system can be con-
sidered as a set of objects and the relationships between them. Any OC has two
elements: a measurement device and a measurement procedure. Each object can
be described with the help of a collection of characteristics. Each characteristic z
has its own image v in the measurement device. For one characteristic, the OC
can be represented as a mapping:

o : Z → V (1)

where o – a mapping that describes the OC for characteristic z;
Z = {z‘i, i = 1, N}– many possible manifestations of the characteristic z;
N is the number of possible manifestations of the characteristic z;
V is the set of states of the variable v.

As parameters of the OC, we consider the variable v, which is chosen to rep-
resent z, the domain of v, and the mapping properties o. Mapping (1) can be
functional or non-functional (surjection or injection). The mapping properties
depend on the measurement procedure and the nature of the medium through
which the mapping occurs (1). In practice, mapping (1) is most often functional.
Therefore, below we will consider this type of mapping.

Measurement theory uses classical criteria for evaluating the quality of mea-
surements: validity and reliability [31]. However, depending on the subject area
of research, the physical meaning of these criteria may vary. In particular, stud-
ies may use other criteria, but retain their main physical meaning – quality of
measurements. As an example, we can mention the study [32], which directly
addresses the understanding of validity and reliability in qualitative research.

From this view-point, in our research, sensitivity can be considered as an ana-
logue of validity, and unambiguity – as an analogue of reliability. According to
the Merriam-Webster explanatory dictionary, validity is the quality of being well-
grounded, sound, or correct, and reliability is the extent to which a measurement
method gives the same result when repeated trials. Why can we consider the
proposed criteria as images of validity and unambiguity?

Any measurement is a determination of a figure, extent, or amount that indi-
cates the value of a property. Validity largely depends on the choice of measure-
ment method. In a broad sense, in order to evaluate validity, we need an ideal
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meter for correlating to him our measurement method. However, there is no ab-
solutely ideal meter in nature. Therefore, validity can be understood in a narrow
sense, that is, as a requirement that the measurement method ensures that the
result changes when the property changes. Sensitivity reflects this requirement to
some extent.

In the conventional sense, the evaluation of the reliability of a measurement
requires repeating the trials. However, this is not always possible due to the high
cost of trials or for other reasons. Therefore, we propose to use the criterion of
measurement unambiguity. This criterion is especially convenient for measure-
ments under conditions of uncertainty, when the measurement result is presented
as a pair: value, membership and can be interpreted in two ways.

Thus, the sensitivity and unambiguity of the measurement result, which are
the main criteria for any measurement, will depend on the correct choice of the
OC parameters. To these quality criteria, it is necessary to add the criterion of
simplicity of constructing the OC, which characterizes the manufacturability of
the measurement procedure.

Based on this, the problem of our research is to determine the OC parameters
that would be the best in the context of the specified criteria. To solve the research
problem, it is necessary to solve the following partial problems:

� determination of OC parameters that affect the quality of measurements;

� development of the procedure for calculating the measurement quality crite-
ria based on determined OC-parameters;

� development of algorithm for choosing of the best OC;

� choosing the best OC for the most common MCDM-problems.

4. SOLVING PARTIAL RESEARCH PROBLEMS

4.1. Determination of OC parameters

The properties of the OC depend on operation principle, the internal structure
and properties of the measurement device, as well as the properties of the mea-
surement procedure. Therefore, in order to select the parameters of the OC, we
will consider how the measurement is carried out using the OC. Figure 1 schemat-
ically shows the measurement process (explanations of symbols are given in the
text below).

At the moment of measurement, the characteristic z has some manifestation
z

′

i, which is fixed by the measurement device and mapped to the corresponding
value of the variable v‘i ∈ V . The set V (the scale) can be divided into blocks
named xj , X = {xj , j = 1,M}, where M – number of blocks. Each block can be
described by a characteristic function with fuzzy boundaries, that is, the member-
ship function φj(v) : V → [0, 1]. Then at the OC output we will observe a vector:

µ(x) = (µ1(x1)/x1...µM (xj)/xj ...µM (xM )/xM ) : X → [0, 1], µ(xj) = φ(v‘i).
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Figure 1: Measurement process of characteristic using OC

This vector is the result of mapping o for the manifestation z
′

i, of the char-
acteristic z into a set of blocks X. The vector can be considered as a discrete
membership function µ(x) : X → [0, 1], which is defined on a set of blocks. This
function describes the level of similarity of the characteristic manifestation and
each block of the measurement device.

Example. We measure the temperature of some physical object with the help
of a liquid thermometer. Then z is the thermal radiation of this object, the
manifestation z

′

i is the level of thermal radiation at the time of measurement.
Thermal radiation passes through the medium to the thermometer, establishing
the liquid level, which is described as the variable v

′

i. The set V can be identified
as the length of the tube in which the liquid is placed. We compare the liquid level
with the thermometer scale, which describes the temperature in degrees Celsius.
The scale is divided into blocks xj . By comparing the liquid level with the blocks

of the scale φj(v), we get some distribution of confidence on the set of blocks µ(v
′

i),
which is the result of the measurement.

Based on the presented OC description, the parameters that affect the mea-
surement result are the number of blocks M and the form of membership functions
(φj(v)).

The simplicity of OC constructing, as well as the unambiguity of the measure-
ment result, depends on the number of blocks. The fewer the number of blocks, the
easier it is to construct the OC. However, reducing the number of blocks increases
their size and makes the gauge scale coarser. As a result, multiple manifesta-
tions z

′

i will be associated with the same v
′

i, what reduces the unambiguity of the
measurement result.

The OC sensitivity primarily depends on the form of the membership function
φj(v). The more the shape of the membership function looks like a rectangle, the

less sensitive the OC. This means that two closes to each other manifestations z
′

i

and z
′

i+1 will be indistinguishable, that is, they will form the same function µ(x).
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We can define several types of OCs depending on the form of the membership
function. If each membership function φj(v) is defined using a clear characteristic
function and ∀v, φj(v) = 1, this OC can be called a clear OC. If each membership
function φj(v) is also determined using a clear characteristic function, but the

additivity condition
∑M

j=1 µ(xj) = 1 is satisfied, this channel can be called a prob-

abilistic OC. If the additivity condition is not satisfied
∑M

j=1 µ(xj) ̸= 1, regardless
of φj(v), the OC can be called fuzzy. Note that a fuzzy OC is a generalization
of all other OC and therefore better describes the uncertainty in measurement
problems. In the following, we will use just such an OC.

4.2. Development of the procedure for calculating the measurement
quality criteria

As mentioned above, the main requirements for any OC are: sensitivity, un-
ambiguity of the measurement result, and simplicity of OC constructing. Let’s
consider further the order of their calculation. Suppose that we have several fuzzy
OCs õr, r = 1,K, where K is the number of OCs, among which it is necessary to
choose the best OC.

The simplicity of OC constructing is inversely proportional to the number of
blocks M , since each block requires the construction of its own membership func-
tion. To ensure the measurement of the criterion in the interval [0, 1], we calculate
the ratio of the number of blocks in the OC to the maximum possible number of
blocks, which corresponds to the most complex OC:

J1(õr) = 1− card(Xr)

max
k=1,K

card(Xk)
, (2)

where card(X) – the power of the set of blocks of variable v in the OC õr.

In the general case, the sensitivity of the OC characterizes the ability of the
OC to distinguish between the adjacent manifestations of z

′

i and z
′

i+1 what implies
a change in the manifestations of the characteristic. However, this requires a full-
scale experiment, what complicates the evaluation of sensitivity. Therefore, we
propose to measure the sensitivity as the degree of difference between the resulting
vectors µõr (v

‘
i) and µõr (v

‘
i+1), which can be estimated using the Euclid’s distance.

The sensitivity must be evaluated over the entire set V . Therefore, this set must
be divided into equal intervals, and the value of the criterion must be calculated
as an average value.

The number of intervals P can be determined based on the Kotelnikov theorem
[33] and the number of blocks M . Since the block sizes are equal, it is possible
to identify M with frequency, that is, with the number of repetitions within the
domain of the variable v. Therefore, based on the Kotelnikov theorem, the number
of intervals P must be greater than M by at least 2 times.

Suppose we divided the set into intervals: V =
P⋃
i=1

|vi; vi+1|, P > 2M , where

P is the number of intervals. Then the OC sensitivity can be calculated by the
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expression:

J2(õr) =
1

P

P∑
i=1

d(µõr (v
‘
i), µõr (v

‘
i+1)), (3)

where d(µõr (v
‘
i), µõr (v

‘
i+1)) - Euclid’s distance between two membership func-

tions.
The unambiguity of the OC measurement result can be characterized by the

crispness of the membership function µ(x), which describes the measurement result
at the OC output. The crispness of µ(x) depends on its form and the number of
blocks M . To evaluate this criterion, we used the R. Yager specificity measure
[34], which characterizes the granularity (accuracy) of a sorted by descending order
fuzzy set: ∀j = 1,M, µ(xj) ≥ µ(xj+1). To obtain a more accurate estimate of the
criterion, we will use the average value of the Yager-measure in every point of the

interval V =
P⋃
i=1

|vi; vi+1|, P > 2M into which the set of values of the variable v is

divided in accordance with the Kotelnikov theorem:

J3(õr) =
1

P + 1

P+1∑
i=1

gY[vi;vi+1]
, (4)

where Yager-measure defined as: gY[vi;vi+1]
=

∑M−1
j−1

1
j (µ(xj)− µ(xj+1)).

Generalized criterion for OC evaluating. As mentioned above, the proposed
criteria are contradictory and interdependent. Therefore, to select the best OC, it
is necessary to use a generalized criterion for evaluation. We propose to use the
simplest criterion – the weighted average of the partial criteria. By denoting the
importance of the partial criteria as wc, we calculate the weighted average using
the expression:

J(õr) =
∑
c=1,3

(wc) · Jc(õr). (5)

4.3. Algorithm for choosing the best OC

Above, we determined the parameters of the OCs, on which the quality of
measuring the property of the research object depends. These are the number of
blocks M and the form of membership functions φj(v). By their nature, these OC
parameters are discrete. In this case, according to the theory of discrete optimiza-
tion [35], one of the methods for solving discrete problems of the best choice is
the branch and bound method [36], which reduces the computational complexity
of the algorithm by discarding obviously inefficient variants. However, in the case
of small problem dimensions, the computational complexity of this algorithm ap-
proaches the complexity of exhaustive enumeration. Since our problem has a small
dimension, further we will analyze the generalized measurement quality criterion,
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considering all combinations of OC parameters. The algorithm for choosing the
best OC consists of the following steps.

Step 1. Determination of the number of OC, from which we will choose the
best one.

Let us assume that the form of all block membership functions in the OC is
the same. As we found out above, the quality of the measurement is affected by
the form of the membership functions of the blocks and the number of blocks.
Therefore, the number K of considered OCs will be determined by the product
of the number S of possible forms of membership functions and the number M
of blocks: K = S ·M , and OCs parameters will be determined by the full set of
possible combinations of the selected forms and the number of blocks. All these
combinations must meet the requirements of research problems.

Step 2. Calculation of estimations of measurement quality criteria.
The algorithm performs the calculation according to formulas (2)-(4) for each

of the combinations {(fs,Mt)r}, r = 1,K.
Step 3. Calculation of the estimation of the generalized criterion. The algo-

rithm performs the calculation according to formula (5) for each of the combina-
tions {(fs,Mt)r}, r = 1,K.

Step 4. Choosing the best OC. The algorithm chooses the OC with the best
estimation by iterating through all OCs according to the following formula:

õ∗ = arg max
r=1,K

J(õr). (6)

4.4. An example of calculating measurement quality criteria by OC
constructed using three triangular membership functions

Let’s consider an example of calculation of measurement quality criteria using
OC, which is built on the basis of three (M = 3) identical triangular membership
functions. We have used triangular membership functions as an example because
they are the simplest and most visual. Let’s us establish that in the calculation
of the OC sensitivity criterion (see expression 3), in accordance with the Kotel-
nikov theorem, the number of intervals is P = 20. Almost sevenfold excess over
the number of blocks will ensure the accuracy of the estimate for the sensitivity
criterion. Table 1 shows the results of the criteria calculations. In calculations, we
assumed that max

k=1,K
card(Xk) = 9. Explanations for the established assumptions

are discussed below.
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Table 1: Example of calculating measurement quality estimates

v‘i φ1(vi
‘) φ2(vi

‘) φ3(vi
‘) d(µõr (v

‘
i), µõr (v

‘
i+1)) gY[vi;vi+1]

wc

1 1 0.2 0 0.113137 0.9
2 0.92 0.28 0 0.113137 0.78
3 0.84 0.36 0 0.113137 0.66
4 0.76 0.44 0 0.113137 0.54
5 0.68 0.52 0 0.113137 0.42
6 0.6 0.6 0 0.113137 0.3
7 0.52 0.68 0 0.113137 0.42
8 0.44 0.76 0 0.12 0.54
9 0.36 0.84 0.04 0.138564 0.65(3)
10 0.28 0.92 0.12 0.138564 0.76
11 0.2 1 0.2 0.138564 0.8(6)
12 0.12 0.92 0.28 0.138564 0.76
13 0.04 0.84 0.36 0.12 0.65(3)
14 0 0.76 0.44 0.113137 0.54
15 0 0.68 0.52 0.113137 0.42
16 0 0.6 0.6 0.113137 0.3
17 0 0.52 0.68 0.113137 0.42
18 0 0.44 0.76 0.113137 0.54
19 0 0.36 0.84 0.113137 0.66
20 0 0.28 0.92 0.113137 0.78
21 0 0.2 1 0.9

J1 0.667 0.1
J2 0.1189 0.63
J3 0.6102 0.27
J 0.3063

The OC construction simplicity criterion J1 is calculated in accordance with
expression (2), based on the ratio of the number of blocks in this example and the
maximum possible number of blocks.

The OC sensitivity criterion J2 is calculated in accordance with expression (3)
as the average Euclid’s distance between two neighboring membership functions
that correspond to the points vi and vi+1 from the domain of definition V of
variable v.

The OC unambiguity criterion J3 is calculated in accordance with expression
(4) as the average value of the Yager measure in the points vi from the domain of
definition V of variable v.

The generalized measurement quality criterion J is calculated as a weighted
average of the three mentioned criteria, taking into account their importance.

Similarly, the algorithm calculates the quality criteria for other OCs.
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4.5. Choosing the best OC for the most common MCDM-problems

Let us specify our assumptions in the calculations. 1. We assumed that the
membership functions of blocks φi(v) : V → [0, 1] within the same OC should
have the same form. In practice, researchers rarely use membership functions of
different forms, since this complicates their tuning, although it allows constructing
better OCs. An analysis of the literature has shown that researchers most often
use triangular and trapezoidal membership functions. The bell-shaped (Gaussian)
form of the membership function is used less frequently. Other forms are practi-
cally not used. We will evaluate the quality of OCs constructed using the three
indicated forms of membership functions.

2. We assumed that the maximum possible number of blocks in the OC will be
more than 2, but will not exceed 9. As a rule, in practice, researchers do not use
two blocks, since this makes minor the variety of estimates, that is, the meaning of
the measurement disappears. On the other hand, ten or more blocks significantly
complicate the construction of the OC and make neighboring values of property
hardly distinguishable. This statement correlates well with Saaty’s well-known
relative scale [37], who limited the maximum preference to 9 due to the possible
increase in rating inconsistency. We will evaluate the measurement quality criteria
for three OCs that are constructed using three, five, and seven blocks. We assume
that these three variants are enough to see patterns in the change in the quality
of measurements.

3. To ensure the accuracy of the evaluation of the measurement quality criteria,
we proposed to use the Kotelnikov theorem, which establishes that the sampling
frequency should be at least twice as high as the signal change frequency. In our
case, this means that P > 2M . We have set P = 20. Since in the calculations
the maximum value is M = 7, then P ≈ 3M , which ensures the fulfillment of the
Kotelnikov theorem.

4. We have determined the importance of the criteria based on the following
considerations. In our opinion, the criterion of sensitivity should be of the greatest
importance. In accordance with the physical meaning, it comes closest to the
main requirement for any measurement – adequacy (validity). The criterion for
the unambiguity of the measurement result should be somewhat less important.
This criterion is also related to the adequacy of the measurement. The simplicity
criterion should be the least important because it have a technological nature.
The OC is construct once and then reused for measurements. Based on these
considerations we experimentally determined the importance of the criteria to
ensure the maximum difference in the generalized estimations of OCs. As a result,
we have determined the following values for the importance of the criteria: w1 =
0.1, w2 = 0.63, w3 = 0.27.

As we can see, the assumptions made in the calculations correspond to both
the main theoretical provisions and the practice of solving research problems.

We have formed several variants of OC constructing as a Cartesian product of
three variants for the membership function and three variants for the number of
blocks. For each combination of these variants, we calculated the criteria for the
sensitivity and unambiguity of the measurement result.
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The calculated estimates of partial measurement quality criteria for all re-
searched OCs are shown in Table 2. The generalized OCs estimates are shown in
Table 3.

Table 2: Estimates of partial criteria

Number of Triangular Trapezoidal Bell-shaped
blocks membership membership membership

M J1(õr) J2(õr) J3(õr) J2(õr) J3(õr) J2(õr) J3(õr)
M = 3 0.667 0.1189 0.6102 0.148 0.7657 0.1322 0.7198
M = 5 0.444 0.2426 0.619 0.2686 0.7729 0.259 0.7052
M = 7 0.222 0.396 0.6365 0.3536 0.7043 0.4106 0.701

Table 3: Estimates of the generalized criterion

Number of blocks Triangular Trapezoidal Bell-shaped
membership membership membership

M = 3 0.3063 0.366 0.3443
M = 5 0.3644 0.4221 0.3981
M = 7 0.4436 0.4351 0.4701

As follows from the table 3, all researched OCs can be divided into three
groups: the best OC (J > 0.4), satisfactory OC (0.35 < J < 0.4), and the worst
OC (J ≤ 0.35).

The first group consists of OCs, which are based on the bell-shaped and trian-
gular membership functions with M = 7, as well as on the trapezoidal membership
function with M = {5; 7}.

The second group consists of OCs, which are based on the bell-shaped and
triangular membership function with M = 5, as well as on the trapezoidal mem-
bership function with M = 3.

The third group consists of OCs, which are based on the bell-shaped and
triangular membership function with M = 3.

Based on the estimates of the generalized measurement quality criterion, the
best OC is constructed on the basis of a bell-shaped membership function with
seven blocks. But in some research problems, it is necessary to use simpler mem-
bership functions. In this case, it is better to use an OC constructed using a
triangular or trapezoidal membership function and seven blocks. If in a research
problem the number of blocks is question of principle, we recommend using an OC
with a trapezoidal membership function and five blocks. Other combinations of
OC parameters will degrade the quality of the measurement.
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5. DISCUSSION

In this section, we discuss the quality of the results obtained, which is deter-
mined by the methods used for the calculations. In particular, these are:

method (5) for generalizing the estimates of partial criteria;
methods (3) and (4) for calculating the most important partial criteria.

The method of generalizing the estimates of partial criteria.
The method of generalizing the estimates of partial criteria is based on the cal-

culation of the weighted average. This method is widely used in modern research,
however, it allows obtaining acceptable results if the estimates of partial criteria
for the evaluated objects are evenly distributed over a wide range. Otherwise,
the resulting estimates become poorly distinguishable and unsuitable for decision
making. In addition, criteria with high estimates suppress criteria with low esti-
mates, what also distorts the data for decision making. In such cases, researchers
use non-linear methods of generalizing estimates.

As the analysis of Table 2 shows, the estimates of partial criteria for the an-
alyzed OCs are located in a wide range with the size 0.654, what gives us reason
to assert that the method (5) is used correctly. However, partial criteria estimates
are not completely evenly distributed. Figure 2 shows the estimates of the most
important criteria J2 and J3 on the numeric axis. As you can see, the values of J2
are concentrated in the range of [0.1,≈ 0.4], and the values of J3 are concentrated
in the range of [0.6, 0.8]. This distribution of estimates means that in the case
of using the weighted average (5) to generalize the criteria, large estimates of J3
can compensate for the low importance of this criterion (w3 = 0.27). Conversely,
small estimates of J2 can compensate for the high importance of this criterion
(w2 = 0.63).

Figure 2: Estimates of partial criteria

This compensation effect leads to a decrease in the range of the resulting esti-
mates. As follows from Table 3, the values of the generalized criterion change in
the range of 0.164. In our opinion, this range remains quite acceptable for decision
making.

However, as an alternative to the weighted average (5), we can consider the use
of nonlinear generalization methods, in particular, the Sugeno [3] or Choquet [38]
fuzzy integrals, which can provide various logics for generalizing partial criteria.
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Table 4 shows the estimates of the generalized criterion calculated using the
Sugeno fuzzy integral (the importance of partial criteria is presented as a fuzzy
confidence measure (w1 = 0.031, w1 = 0.333, w1 = 0.076).

Table 4: The values of the generalized criterion calculated with the help of Sugeno fuzzy integral

Number of blocks Triangular Trapezoidal Bell-shaped
membership membership membership

M = 3 0.135 0.148 0.135
M = 5 0.243 0.269 0.259
M = 7 0.396 0.354 0.411

As we can see, in the case of using the fuzzy Sugeno integral, the size of the
range of estimates increased from 0.164 to 0.276, what improves the data for de-
cision making. However, the composition of the best OCs has not changed. This
confirms the convergence of our results with the results of other approaches, as
well as the stability of the proposed solutions regarding the choice of the best OC.

Methods for calculating partial criteria.
In the calculation of the partial criteria J2 and J3, the main questions are:

� the influence of the slope of the side faces of membership functions in the
OC blocks;

� use of alternative methods for calculating partial criteria estimates.

Influence of slope of the side faces of membership functions in the OC blocks.
The estimates of criteria J2 and J3 presented in Table 2 are calculated for

membership functions that are built using the following empirical rule: the mem-
bership functions of neighboring blocks must intersect at a level from the range
[0.6, 0.7] (see the example in Table 1). This rule follows from the conclusions [39],
the main of which is that it is necessary to choose the set with the minimum degree
of fuzziness as the best one. If the rule is observed, then the number of blocks
and the level of intersection of neighboring membership functions will almost un-
ambiguously determine the slope of the side faces. In other words, we are not
in a position to determine the best slope here, since it is already defined by the
empirical rule. Nevertheless, let us find out how the deviation from the rule will
affect the estimates of the criteria J2 and J3.

Table 5 shows the results of calculating criteria J2 and J3 for three variants of
the triangular membership function with three blocks: accepted in the calculations
(observance of the rule), with shallow side faces, with steep side faces.
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Table 5: Estimates of criteria J2 and J3 for different slopes of the side faces of membership
functions in the OC blocks

Accepted in the Shallow side faces Steep side faces
calculations

v‘i φ1(v
‘
i) φ2(v

‘
i) φ3(v

‘
i) φ1(v

‘
i) φ2(v

‘
i) φ3(v

‘
i) φ1(v

‘
i) φ2(v

‘
i) φ3(v

‘
i)

1 1 0.2 0 1 0.5 0 1 0 0
2 0.92 0.28 0 0.95 0.55 0.05 0.83 0 0
3 0.84 0.36 0 0.9 0.6 0.1 0.67 0 0
4 0.76 0.44 0 0.85 0.65 0.15 0.5 0 0
5 0.68 0.52 0 0.8 0.7 0.2 0.33 0 0
6 0.6 0.6 0 0.75 0.75 0.25 0.14 0.14 0
7 0.52 0.68 0 0.7 0.8 0.3 0 0.33 0
8 0.44 0.76 0 0.65 0.85 0.35 0 0.5 0
9 0.36 0.84 0.04 0.6 0.9 0.4 0 0.67 0
10 0.28 0.92 0.12 0.55 0.95 0.45 0 0.83 0
11 0.2 1 0.2 0.5 1 0.5 0 1 0
12 0.12 0.92 0.28 0.45 0.95 0.55 0 0.83 0
13 0.04 0.84 0.36 0.4 0.9 0.6 0 0.67 0
14 0 0.76 0.44 0.35 0.85 0.65 0 0.5 0
15 0 0.68 0.52 0.3 0.8 0.7 0 0.33 0
16 0 0.6 0.6 0.25 0.75 0.75 0 0.14 0.14
17 0 0.52 0.68 0.2 0.7 0.8 0 0 0.33
18 0 0.44 0.76 0.15 0.65 0.85 0 0 0.5
19 0 0.36 0.84 0.1 0.6 0.9 0 0 0.67
20 0 0.28 0.92 0.05 0.55 0.95 0 0 0.83
21 0 0.2 1 0 0.5 1 0 0 1

J1 0.667 0.667 0.667
J2 0.1189 0.0866 0.1812
J3 0.6102 0.5325 0.5933
J 0.3063 0.269 0.3441

As the analysis of Table 3 shows, a decrease in the steepness of the faces in-
creases the level of intersection of the membership functions of neighboring blocks,
and also reduces both the sensitivity and the unambiguity of the OC measurement.
An increase in the steepness of the edges increases the sensitivity of the OC, but
reduces the unambiguity of the measurement. Therefore, calculations confirm the
rationality of using the mentioned empirical rule.

Alternative methods for calculating partial criteria estimates.
In practice, various mathematical methods can be used to evaluate measure-

ment quality criteria. First, instead of the Euclidean distance in (3), we will
consider using the relative Hamming distance. Second, instead of the Yager speci-
ficity measure in (4), we will consider the use of Higashi-Klir uncertainty measure
[40]. Table 6 shows the estimates of criteria J2 and J3 in the case of using these
methods. Table 7 shows the estimates of the generalized quality criterion.
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Table 6: Estimates of criteria J2 and J3 in the case of using alternative calculation methods

Number of Triangular Trapezoidal Bell-shaped
blocks membership membership membership

M J1(õr) J2(õr) J3(õr) J2(õr) J3(õr) J2(õr) J3(õr)
M = 3 0.667 0.06 0.829 0.065 0.867 0.064 0.848
M = 5 0.444 0.076 0.828 0.07 0.861 0.078 0.847
M = 7 0.222 0.088 0.843 0.071 0.84 0.089 0.853

Table 7: Estimates of the generalized measurement quality criterion in the case of using alterna-
tive calculation methods

Number of blocks Triangular Trapezoidal Bell-shaped
membership membership membership

M = 3 0.3283 0.3418 0.3364
M = 5 0.3159 0.3213 0.322
M = 7 0.3054 0.2941 0.3087

The analysis of Table 6 shows that due to the adopted changes, the ranges of
estimates of criteria J2 and J3 narrowed. In addition, the range of estimates of
the J2 criterion has shifted to 0, and the range of estimates of the J3 criterion has
shifted to 1. As a result, the conditions for the correct use of the generalization
method (5), which we have showed above, were violated.

Also, because of this, the range of estimates of the generalized criterion was
narrowed, what created conditions for the distortion of the resulting solution. As
the analysis of Table 7 shows, the best OCs here are OCs with three blocks.
This indicates that the values of the most important criterion J2 are almost not
taken into account in the estimate of the generalized criterion. Therefore, we
can conclude that in the case of a change in the order of calculation of partial
criteria, it is necessary to carefully monitor the width of the range and the uniform
distribution of criteria estimates in order to satisfy the conditions for using the
generalization method (5). You should choose mathematical constructions that
provide the maximum range of estimates and their uniform distribution.

6. CONCLUSIONS

We proposed an approach regarding the choice of the best OC parameters for
measuring the quantitative characteristics of objects in MCDM-problems based
on the concept of G. Klir. Unlike well-known approaches that focus on the conve-
nience of the expert’s work when evaluating quantitative characteristics, we have
focused on ensuring the quality of the measurement of these characteristics. We
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proposed to use a scale that is described by a set of blocks with fuzzy membership
functions. This scale is analogous to a linguistic variable. We have established
that the OC parameters which determine the quality of the measurement are the
number of blocks and the form of the membership function. The main partial
criteria for the quality of measuring are sensitivity, unambiguity and complex-
ity of construction. We proposed to calculate sensitivity based on the Euclidean
distance, unambiguity based on the Yager specificity measure, construction com-
plexity based on the number of scale blocks. We also proposed using the weighted
average to calculate the estimate of the generalized criterion.

Based on the study of the experience of solving MCDM-problems, we found
out the most commonly used combinations of OC parameters and evaluated the
quality of measurement for these combinations. As a result, we have identified a
group of four best OCs. The measurement quality of these OCs does not differ
much from each other. This is OCs, built on the basis of a bell-shaped, trapezoidal
or triangular membership function and seven blocks (the most complex OC). This
is also OC with five blocks and a trapezoidal membership function (the most simple
OC). We investigated the proposed solution and found that it is stable in terms
of both replacing the method of generalizing the estimates of partial criteria and
replacing the methods for calculating them. However, in the case of using other
methods, we recommend that you carefully monitor the width of the range and the
even distribution of partial criteria estimates. We recommend using the proposed
approach in MCDM-problems that do not require very accurate measurements.
For example, these are problems from sociology. In MCDM-problems from the
field of engineering (in particular, the control of technical devices), it is often
necessary to consider OCs that are built using unequal membership functions.
Moreover, these problems often require other quality criteria, such as the speed
of measurement. The study of the measurement quality of such OCs is the main
direction in the development of the proposed approach.
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