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Abstract: A production inventory model for ameliorating and deteriorating items is
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nology. Two different production rates are considered such that the initial production
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investigated through sensitivity analysis while various observation obtained are discussed
accordingly.
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1. INTRODUCTION

It can be observed that there exist a certain section of items whose value,
utility and stock increase rapidly over time. These type of items are known as
ameliorating items. These type of items includes various kinds of high breed fishes
in the pond or young and fast growing livestock such as chicken, duck, goat etc.
Due to the effect of amelioration, a significant increase in the stock, utility and
value of these items can be observed over time. However, at the same time, the
deterioration effect can also be observed in the inventory of these items. Due
to the effect of deterioration, a certain decline in the stock and value of these
items can be observed over time. Hwang [1] first analyzed an EOQ model for
ameliorating items considering Weibull distribution amelioration rate. Mondal et
al. [2] with Weibull distribution amelioration rate and selling price dependent
demand established their inventory model for ameliorating items. Moon et al.
[3] in their developed model for ameliorating and deteriorating items considered
constant amelioration and deterioration rate with time varying demand. Law and
Wee [4] considered time discounting and multiple deliveries in an integrated pro-
duction inventory model with Weibull distribution deterioration and amelioration
rate under constant demand. Wee et al. [5] investigated an inventory model for
ameliorating and deteriorating items under the effects of finite planning horizon
and time value of money. Dem and Singh [6] and Goyal et al. [7] with time varying
production and demand rate developed production inventory model for ameliorat-
ing items. Mahata and De [8] discussed partial trade credit policy in their EOQ
model for ameliorating items with price dependent demand. Vandana and Srivas-
tava [9] in their study assumed trapezoidal demand under the effects of inflation
and time discounting for ameliorating and deteriorating items. Mondal et al. [10]
presented their models for ameliorating and deteriorating items under crisp and
interval environments with selling price and advertisement frequency dependent
demand. Nodoust et al. [11] investigated a inventory model for ameliorating and
deteriorating items with imperfect production process under the effect of infla-
tion and time dependent demand rate. Rai [12] discussed trade credit policy for
ameliorating and deteriorating items between supplier, manufacturer and retailer
with Weibull distribution amelioration and deterioration rate. Vandana and Sana
[13] established their two-echelon inventory model considering single vendor and
multiple buyers for ameliorating and deteriorating items. Hatibaruah and Saha
[14] considered the effect of preservation technology in an inventory model for
ameliorating and deteriorating items under stock and price dependent demand.
Khedlekar and Singh [15] with price and time varying demand investigated an
integrated inventory model for ameliorating items considering infinite time hori-
zon. Padhy et al. [16] discussed an EOQ model for ameliorating and deteriorating
items in crisp and fuzzy environment with exponentially increasing demand.

Another, natural phenomenon which cannot be ignored in the development
of inventory models is deterioration. Deterioration may be defined as the decay,
spoilage or expiration of products over time. Due to the effect of deterioration,
the quality or utility of any product declines with respect to time. Higher rate



A. Hatibaruah and S. Saha / A Production Inventory Model 259

of deterioration leads to severe economic loss to any manufacturing company. So,
nowadays, many companies adopt different preservation methods to minimize the
effect of deterioration. For example, by using refrigeration technique, the quality
and freshness of many food products, fruits and flowers can be preserved for a
longer period of time. In the inventory literature, many models are developed by
considering different rates of preservation technology. Hsieh and Dye [17] consid-
ered the effect of preservation technology investment in a production inventory
model with time dependent demand and constant deterioration rate. Mishra [18]
established an inventory model considering trapezoidal type demand and preser-
vation technology investment. Singh et al. [19] investigated an EOQ model for
deteriorating items with stock dependent demand under preservation technology
effect and trade credit policy. Mishra et al. [20] in their study for deteriorat-
ing items considered preservation technology investment under stock and price
dependent demand. Pal et al. [21] considered preservation technology in an in-
ventory model for non-instantaneous deteriorating items with constant demand
and random deterioration start time. Bardhan et al. [22] derived an inventory
model for non-instantaneous deteriorating items under stock dependent demand
with preservation technology investment. Igbal and Sarkar [23] established an in-
tegrated production system for short lifetime deteriorating items with time varying
demand and deterioration rate under preservation technology investment. Das et
al. [24] assumed two different preservation and backlogging rates in an inventory
model for non-instantaneous deteriorating items under selling price dependent de-
mand. Khanna et al. [25] developed an inventory model for deteriorating items
considering demand to be dependent on stock under the effect of preservation
technology. Priyamvada et al. [26] studied an imperfect production inventory
model for deteriorating items under constant deterioration and production rate
with preservation technology investment. Rahman et al. [27] in their study con-
sidered hybrid price and stock dependent demand with preservation technology
investment under advance payment and discount facility. Rahaman et al. [28]
in their EPQ model considered the application of preservation technology with
unit selling price and stock dependent demand while production rate is a linear
function of stock. Roy et al. [29] considered an inventory model under advance
payment policy and constant demand with preservation technology investment.
Shah et al. [30] developed an integrated production inventory model for deterio-
rating items considering environmental pollution with demand dependent on stock
using preservation technology investment.

Generally, it is observed that several factors influence the demand of a prod-
uct. The demand of a product is mainly dependent on factors such as selling price,
time, inventory level, frequency of advertisement, etc. A vast number of inventory
models are available in the existing literature where the demand rate is dependent
on these factors. Roy and Chaudhuri [31] established two production inventory
models with demand dependent on stock. Sarkar and Moon [32] presented their
EPQ model under the effect of inflation with stochastic demand. Pal et al. [33]
studied an EPQ model with two parameter Weibull distribution deterioration rate
and ramp type demand under the effect of inflation. Sivashankari and Panayappan
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[34] in their study considered a production inventory model for deteriorating items
with two different production rates under constant demand. Chakrabarty et al.
[35] investigated a production inventory model for defective items considering de-
mand rate as quadratic and exponential decreasing function of selling price under
inflation and time value of money. Viji and Karthikeyan [36] developed an EPQ
model for deteriorating items considering three different production levels with
constant demand and production rate. Ruidas et al. [37] studied single period
production inventory model under time, promotional effort and selling price de-
pendent demand with price revision. Shen et al. [38] developed their production
inventory model for deteriorating items under the effect of preservation technology
investment and carbon tax policy with constant production and demand rate. Dari
and Sani [39] presented an EPQ model for non-instantaneous deteriorating items
considering quadratic demand and time dependent holding cost. Dolai and Mondal
[40] developed an EPQ model for imperfect quality items considering preservation
technology investment with stochastic demand. Sepehri et al. [41] discussed a
sustainable production inventory model for imperfect quality items under quality
improvement and preservation technology investment. Shaikh et al. [42] derived
an EPQ model for deteriorating items considering partial trade credit policy under
the effect of inflation and reliability with price dependent demand. Mishra et al.
[43] studied a four level production manufacturing system for deteriorating items
assuming rebate value and selling price dependent demand. Singh et al. [44] an-
alyzed an inventory model with three levels of production considering quadratic
demand rate and constant production rate.

Till now, researchers developed a vast number of production inventory models
for deteriorating items. But, very few models are studied considering the effect
of amelioration. Also, the application of preservation technology is very rarely
considered in the development of production inventory models for ameliorating
items. The main contribution of our study is to develop a production inventory
model for ameliorating and deteriorating items with two levels of production under
quadratic demand and preservation technology investment. It is assumed that
production started at one rate switched to another rate after some interval of time.
The rate of amelioration and deterioration is assumed to follow two parameter
Weibull distribution. Preservation technology is considered by the manufacturing
company to reduce the deterioration rate involved in the items. Two different
preservation technology rates are considered in this study. The rate of production
is considered to be greater than the demand rate. The primary goal of this study
is to obtain the optimal values of preservation technology investment, production
time and cycle length such that the total cost of the system is minimized.

This paper is organized as follows: We have presented the notations and as-
sumptions of this study in section 2. We have formulated the mathematical model
in section 3. In section 4, some theoretical results are proved regarding convexity of
the total cost function. An algorithm is developed to obtain the optimal solutions
in section 5. Some numerical examples are solved considering different situations
in section 6. In section 7, we have performed sensitivity analysis while various
results and managerial insights obtained are discussed in section 8. In section 9,
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we have discussed the conclusions, limitations and future research directions of
this study.

2. NOTATIONS AND ASSUMPTIONS

2.1. Notations

The following notations are used in this study:
Cy  Ordering cost / order.
Cy Production cost / unit.
C3 Deterioration cost / unit.
Cy Amelioration cost / unit.
h  Holding cost / unit / unit time.
¢ Preservation technology cost / unit time.
T;  Unit time in period, i=1 and 2.
T  Cycle length.
S1  On hand inventory level at time T}.
S2  On hand inventory level at time T5.
I,(t) Inventory level at time ¢, 0 < ¢ < Tj.
I5(t) Inventory level at time ¢, T) <t < Tb.
I5(t) Inventory level at time ¢, To <t < T.

2.2. Assumptions

1. The inventory system considers a single item with zero lead time.

2. The demand rate D(t) is considered to be a quadratic function of time,
D(t) = u + vt + wt? where, u > 0, v # 0 and w # 0.

3. The production rate P(t) is considered to be greater than the demand rate
D(t). Thus, P(t) = AD(t) where A > 1.

4. The rate of amelioration A(t) is described by two parameter Weibull dis-
tribution, A(t) = aBt?~! where a (0 < a << 1) is scale parameter and j3
(8 > 0) is shape parameter.

5. The rate of deterioration, #(t) is described by two parameter Weibull dis-
tribution, 6(t) = xytY—! where, z (0 < z << 1) is scale parameter and y
(y > 0) is shape parameter.

6. The effect of deterioration is controlled by investing in preservation tech-
nology. The preservation technology function m(§) is considered as m(&) =
1—e % v>0and m(&) = 11575, v >0 (Das et al. [24]).

7. Shortages are not allowed to occur.

8. Since the values of @ (0 < @ << 1) and z (0 < x << 1) are very small, so
second and higher powers of a and x are ignored from the model.

9. In the present model, it is considered that the production rate is lower at
the initial stage. However, the production rate increases gradually over the
period. The present model represents the production of finished products
manufactured from ameliorating items such as livestock, which have a very
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low unit production cost. But if there is any damage or spoilage to such an
item, the loss may be considered as the item’s current market value. This
results in a higher deterioration cost per unit of the item. So, in the present
model, the cost of deterioration per unit is higher than the unit production
cost.

3. MATHEMATICAL MODEL FORMULATION

Let us assume that, at time ¢ = 0 the production cycle starts with initial stock
level as zero. In the interval [0, 7], the production rate is P(¢) and the demand
rate is D(t) such that the inventory accumulates at the rate of P(t) — D(t). As
a result, the stock level at time ¢ = T} becomes S;. During the interval [T, T5],
the demand rate shifts to “a” times of D(t), i.e. aD(t) while production rate
shifts to “a” times of P(t), i.e. aP(t) where a (a > 1) is a constant such that the
inventory accumulates at the rate of a(P(t) — D(¢)). Consequently, stock reaches
to maximum level Sy at time t = T5. The production stops at time t = Ty, after
which during the interval [Ty, T, the stock decreases due to the effect of demand
rate D(t) and deterioration. The stock level shifts to zero at time ¢ = T. The
graphical representation of the production inventory system is displayed in the
Figure 1.

Inventory -

a(p()-D)

D(1)
P01, s,

0 T T T Time

Figure 1: Graphical representation of the inventory system

The production inventory system can be represented with the help of following
differential equations
%11(t)+{1—m(g)}xyty*111(t)—aﬁtﬁflfl(t) — O—1)(utvttwt?), 0<t<T (1)
Where, 11(0) =0 and Il(T1) = Sl.
%Ig(t)Jr{lfm(&)}xyty*lIg(t)fa/j'tﬁfllg(t) =a(A—1)(utvt+wt®), T <t<Ts (2)
Where, I]_(T1> = IQ(Tl)
and,

%Ig(t)Jr{l—m(g)}xyty*lg(t)—a@t‘afllg(t) = —(u+vt+wt?), T, <t<T (3)
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Where, Ig(TQ) = SQ and Ig(T) =0.
For small values of x, we have exp(x) ~ 1 + . This result is used to obtain

the solutions of the differential equations.
The solutions of the differential equations (1), (2) and (3) are given by,

_ _ E 2 E 3 o u y+1 v y+2
L(t) = (X 1)[ut+ S+t = {1 M(ﬁ)}wy{wlt K

w +3 U B+l v B+2 w B+3
5w+ }Mﬂ{ﬁﬂt T2+ T3Eey’ }}’(4)

0<t<Ty

Lt)=(O-1) {u(at + Ty —aTh) + %(atQ + T2 —aT?) + %(atS + TP — aT?)

= m©e{ - 0T D DT ™)

v
—— {201 —a)TV"? -1 )TY — yat? ™
+2(y+2){ (L=a)TV"" + (a = D)(y + 2)T7t" — yat’ "}

+ W{S(l —a)TY? —yat™ + (a — 1)(y + 3)T13ty}}

,a{ U {(17a)T1*8+1+(a71)(6+1)T1tBfﬁatﬁﬂ}

TP 4 (0 — 248 _ BatP+?
+ 5y 20O (@ DB+ DT — fat”*?)

+ o (B0 - TV 4 (0= D8+ 9T - gy} 6

TW <t<Ty
and,

1—

[3(t) — u{(T _ t) + { m(f)}x {Ty-H _ (y + l)Tty + yty+l}

{T‘*“ B+ 1)1t + 5t5“}} + v{l

2(T2 _ t2)

ﬂJrl

1—m
L O} (y+2 }9”{2Ty+2 (y+2)T°¢ + 2}

_ 2(/5 ) {QT,@+2 — B+ 2T + 5t6+2}}+

([3 5 {3T“’+3 B+ 3)T3t5 + 5#”3}} Ty <t<T (6)

Inventory level,

S1=1L(Th)
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= (=)o 5T T (=@ ST gt

2 3 +1 2(y+2)

w

+

Inventory level,
Sa = I3(T3)

= u{(T —T2) + %{Tﬁl — (y+ 1)TTY + yT2y+1}

“ i {TB“ (B+1)TTS + ﬁTﬁ“}} + v{%(TQ —T2)

1—m
+ LomO)e (y+2}m{ 2T — (y +2)T°TY + yT3 )

ﬁ+2 {QT‘*” B+ 21T + 6T5+2}} +w{%(T3 —T3)

(ﬁ+3 {3 5+3 (5 + 3)T3Tﬂ ﬁTﬂ+3}}

The different costs involved in the inventory model are :

1. Ordering cost, OC = C;
2. Production cost,

PC = cz{ " Pt + / b aP(t)dt}

0 i

=Ch) [(1 —a)uTi + (1 — a)%Tf +(1- a)%Tf’

+a(ule + 515 + %TS)]

3. Deterioration cost,

DC = 03{ 1 = m(©) Yoyt L (t)dt + [ 1= m(@))ayt ()t

0

" T {1- m(f)}wytyflfs(t)dt}

+1 2(y +2) 3(y+3)7 "t

=Cs {{1 —m(&)}try(A - 1){7Ty+1 b Tyt

{yaT3"' + (1 —a)(y + YT

+u—m@»wu—n[

+(a—y—-1DTY ") +

y(y 1)

—— {ayTy 4+ (1 - NTETY

20—y — 2TV 4+ — — _LyaTV 3 4+ (1 - T3TY
+(a Yy )1 }+3y(y+3){ya 2 +( a)(y—|—3) 149

y+3 v B+2 w B+3
3u+3) ! }Mﬁ{ﬁﬂl e TaEra H @)
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+Bamy =T + (1= m(@ay |t T - (0T

{2792 — (y + 2T°TY + yTY 1+

v
YT 2y(y + 2)

w < - -
W{P’T@Hd — (y+3)T°TY + yT§+5}]

4. Amelioration cost,

T T2
AC:C’A{/ aﬂtﬂ_lh(t)dt—&-/ aﬂtﬁ—llz(t)dw/
0

T1 T>

T
aft’ s (t)dt}

_ B+1 B+2 B+3
B(x ){/3+1T1 +2(5+2)T1 - (ﬁ+3)T1 F

=C4

@8O 1| g (BT ™ 4 (1= (B + VTS + (a5~ )TE)

+ 5 g (BaTS T + (1= a)(B+ TP + (2a — 8- 2)1{ %)

(ﬂ+2)ﬁ
+ 55 o2 (BJF'?’) {ﬁaT6+3 +(1 _a)(ﬂ"r?))TlgTQB+(3a_ﬂ_3)Ti@+3}:|+
! B 4 grptt v sz
aﬂ{ﬁ(ﬁﬂ){ T — (B + DTT) + BTy }+2ﬂ(5+2){ +

(8+DT*T] +FTS ) + gz (377 — (B4 9T T + 6T§+3}H

5. Holding cost,
Ty To T
HC’:h[/ Il(t)dt—i—/ Iz(t)dt+/ Ig(t)dt}
0 T1 T2
y+2

—o= g g gt - 0@ g

v w 2

y—+3 y+4 o B+
D TR TR TR }+ ﬁ{(6+1)(ﬂ+2)T

v B3, W B
TGt T3ErE e H+

(A—1) {5(7’2 — T {a(Ty + Th) + 2Ty — 24Ty} + %{a(TS —TH+

8(T = To)(T} — aTf)} + 15{a(T3 = T1) + (To — 1) (4T} — 4aT})}+

{1 =)™ (Te = Th) + (a = VT(TF T = TP~

(- m©e{ 4

ya y+2 y+2 v
2~ (T - T -
y+2(2 ! )}+2( +2)

(a— 1)(5 I 2)T1 (Ty+t ) -

{201 = )TV T(To — TV )+

T
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L B1- )T - Ty) - L (1t T

3( +3) y+4
@-n( Pyt oy - o S0 - o - 1)
1 1 ﬁa 2 2
+ (@ — DT (TZ — 1Pt — ﬁ+2(Tﬁ+ — TP+
(ﬁ i 2) {2(1 _ a)TB+2(T2 — Tl) =+ (a — 1) (g ::i i)Tl (TBJFl TlﬁJrl)
Ba s+ pp+s 543
- P T 4+ 30 - T (T - T
-5 ria iy - L -+

1 {1 =m(§}z y+2 _ gyt+2y Yy _ Ty
U{Q(T—Tﬂ +m{y(T T — (y+ )TT(TY - TY)}

- Gy P T - (TR - 1)

AL ogtagep g Lom(@)a [ WD) sy
{6(2T T T+ o+ 9) {<y+1><y+3)T A

Y+2\ 20w+t Y owrs| @ 268(B+2) prs
+(y+1)”2 3 } 2(ﬁ+2){(ﬁ+1)(ﬁ+3)T

o o (§23)rri - i) o

1 4 3 oy, 1—m(§}w 3y(y +3) y+4 y+3
w{ﬁ(i’,T — AT T2 + Ty) + 30+ 3) {(y+1)(y+4)T+ — 3TV

Y+3\ 8w+l Y oy o 38(8+ 3) Bia
+<y+1)T75 y+a } w+¢»{w+ﬂxﬁ+®T

3783, + (ﬂ+3)T3TB+1 B T2,8+4}}:|

B+1 B+4
6. Preservation technology cost, PTC = £T.

Total cost per unit time,

TO(T, T,¢) = L |0C + PC + DC + AC + HC + PTC

v w
TP+ (1—a) 3T

1
T 01+02)\|:(1_Q)UT1+(1—G)2 3

{1 = m(&)}ay(r - 1){?T”1+

+a(uls + $T5 + %TS)} +Cs

ST T - @ - 1ot ey

v 2
+(1-a)y+ )T+ (a—y— DTV ™+ — — LayTV 24+
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(1—a)(y +2)TE T + (2a —y —2)T{ "} + ﬁ{ya T3+

(1fa)(y+3)T13Tgy+(3a7y73)T1y+3}] +{1 - m(@©)}x y[ TS

{27972 — (y + 2)T°TY + yT3 1+

—(y+ DTTY +yTv 4 "

v
3y(y +3)

{373 — (y+ 3)T°TY + ysz”’}] +Ci|af(A 1) {

B+1

v B+2
IR oy

(1-a)(B+ )Ty +(a =B -7} +

+ {BaTy "' +

7% asta- ){ml)

{ﬂaT‘*“

(6+2)

(1—a)(B+2)T{Ty + (2a— - 2177} + {ﬂ T+

(5+3)

(1—a)(B+3)TPTY + (3a— B — 3)T5+3}} + aﬁ[ {T°+

BB+1)
{27°%% — (B+2)T°T§ + BTS2+

B B+1
—(B+1)TTy + BTy }+25(ﬁ+2)

{3777 — (B +3)1°T) + 6Tf+3}} +h

U2 U3

A—=1)|=T —T;

35(5+3) ( )[2 rhgh
y+2+ v TY+3

W 4
- -m(E 2y +2)(y+3) "

( )}””y{<y+1><y+2)

u v B+3

Y qyt4 @ U B2 v
3(y + (y+4)T1 }+ ’6{( )(/6'+2)T1 +2(g+2)(;3+3)T1
saraarn - a(Tz 1 1 — 2aTy
+ (5+3(5+4)T+ H+( ){ (T — T){a(Ts + T1) + 2T — 24T} }
+ = {(

+

g Lle

=

— T3 +3(Ty — T0)(TF — aT?)} + E{a(T24 —TH+

(Tp — T1) (4T — 4aTP)} 4 {1 — m(g)}x{ yi 1{(1 —a)TV (T — )+

(a= DT =Ty = T - T

y+2 y+2 y+1 y+1
30 +2){2(17a)T+(TQ—T1)+(a71)(y+1)T1(T+ — Tt -
YE (gt 1)) 4+ 2 {3(1 — )TV (Ty — T1)—

y+3 ( +3)

yyf4(Ty+4 le+4) +(a— 1)(5 I 3)T1 (Ty“ T1y+1)}}_
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(31— )TF (T~ T) + (a 1)(“3)T1<T‘“1 TP

(ﬁ +3) B+1
Ba B+ ,8+4 ” {1 - m(f)}x y+2 _ y+2
Fra -]y mt g e -

— (Y + 2T (TY - T§)} - {BTPH? — 1+

B+ 1)(5 +2)
(B+2)TTo(T" — Tf)}} + v{é(QT?’ — 37Ty +T5)+

{1 -m(}z 2y(y +2) y+3 y+2 Y+ 2\ 2 y+1
20y +2) {<y+1><y+3>T+ ‘QT””( +1)TT+

y+32 2(8+2) L (B+1)(B+3) B+1

) oo e
_ 37T, 4+ (y i ?)TsTQy-s-l _ ﬁT;H}_

ceE MeEa

+&T 9)

B+ 3\ 13841 B ,3+4}}
<ﬂ+1>T B gt

The optimal solutions of the decision variables can be obtained if the following
necessary conditions are satisfied : %TC(TQ, T,&) =0, ZTC(T>,T,€) = 0 and

» T
B%TC(TQ,T, £) =0.
Hence, the non-linear problem becomes,

Minimize TC (1>, T, &)
subject to, Th < T», To < T
and 0< £, 0<T5,0<T

4. SOME THEORETICAL RESULTS ON OPTIMALITY

Proposition 1. For fized £ and T», the total cost function TC(T2,T,§) given by

equation (9) is convex with respect to T if TQ% 9L — 2T85'1 + 2g1 > 0, where the

function g1 is given in equation (A.1) of Appendm: A.

Proof. The total cost function T'C(T2,T,£) given by equation (9) can be expressed
in the form,

g1 (T27 T7 5)

TC(T2,T,§) = T

(10)

where g1 (7%, T, &) is given in equation (A.1) of Appendix A.
Differentiating equation (10) partially with respect to T" we have,

oTC T — g (1)
ar T2
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Differentiating equation (11) again partially with respect to 7" we have,

2
*TC  T*TH —2T%% 4291

12
oT? T3 (12)
From, equation (12) we see that ‘9;;20 >0 if
g g1
T —2T—2 +2 0
oz~ “ar T

O

Proposition 2. For fized To and T, the total cost function TC(T2,T,&) given
by equation (9) is convexr with respect to & if gs(T2,T) > 0, where the function
g3(T2,T) is given in equation (B.2) of Appendix B.

Proof. The total cost function T'C(T%, T, £) given by equation (9) can be expressed
in the form,

TO(TT.6) = 1 [0a(To )+ 1 = m(E)n(TT) + €T (13)

where the functions g2(T%,T) and g3(7%,T) are given in equations (B.1) and (B.2)
of Appendix B respectively.

Differentiating equation (13) partially with respect to & we have,

orc 1 /
Oe = |- m@nnn 1) (14)
Differentiating equation (14) partially again with respect to & we have,
0*TC 1
g~ 1" (£)g3(T2,T) (15)

Since, m” (£) <0 = —m (€) > 0.

From, equation (15) we see that a;ETzc >0if g3(T2,T) > 0. O

The convexity of TC(Tz,T,¢) with respect to T> is shown graphically through
numerical examples.

5. SOLUTION PROCEDURE

The following algorithm is developed to obtain the optimal values of the decision
variables of the given model.

Algorithm
Step 1: Initialize the values of u, v, w, a, B, x, y, A, 7, C1, C2, Cs, C4, h, a and
Th.

Step 2: Minimize the total cost function TC(T%, T, &) given by equation (9) sub-
ject to the constraints Th < Tn, To < T, 0 < T2, 0 < T and 0 < £ using
software Mathematica.
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Step 3: Obtain the optimal values TC* (T, T*,£), £, T5 and T™.

Step 4: Determine the optimal value of S; (S7) by substituting the optimal
value £* in equation (7). Also, determine the optimal value of S2 (S3) by
substituting the optimal value 7", T5 and £* in equation (8).

6. NUMERICAL EXAMPLES

6.1. When m(¢§) =1 — e ¢

Example 1. Consider the following values of the parameters, v = 20, v = 10,
w=25 a=04, =12 =025 y=035 \=13,v=0.8, C; =$100 per
order, Cy = $0.3 per unit, C3 = $3 per unit, Cy = $0.6 per unit, h = $0.2 per unit
per month, a = 1.5 and 77 = 1.1 months.

The optimal solution using the above algorithm is given by 75 = 1.6663 months,
T* = 2.8863 months, £* = $1.5719, S7 = 10.9348 units, S5 = 54.0154 units and
TC*(T5,T*,£") = $58.4082.

Example 2. In this example all the parameters are considered to be exactly same
as in Example 1. However, a restriction is put on the maximum investment in the
preservation technology. Let 0 < ¢ < €, where € is the maximum investment in
preservation technology. Here, £ =1i.e. 0< € < 1.

In this case, the optimal solution using the above algorithm is given by T35 = 1.6938
months, T* = 2.8707 months, £ = $1, ST = 10.8473 units, S5 = 53.7858 units
and TC*(T5,T",£") = $58.5453.

6.2. When m(¢) = 1135

Example 3. Consider the following values of the parameters, v = 20, v = 10,
w=25 a=04, =12 =025 y=035 \=13,v=0.38, C; = $100 per
order, C2 = $0.3 per unit, C3 = $3 per unit, Csy = $0.6 per unit, h = $0.2 per unit
per month, a = 1.5 and 77 = 1.1 months.

The optimal solution using the above algorithm is given by 75 = 1.7082 months,
T* = 2.8609 months, £* = $1.0144, ST = 10.7928 units, S5 = 53.5921 units and
TC*(T5,T*,£") = $58.9862.

Example 4. In this example all the parameters are considered to be exactly same
as in Example 3. However, a restriction is put on the maximum investment in the
preservation technology. Let 0 < & < €, where £ is the maximum investment in
preservation technology. Here, £ =11ie. 0< &< 1.

In this case, the optimal solution using the above algorithm is given by T5 = 1.7087
months, 7% = 2.8606 months, £* = $1, ST = 10.7910 units, S5 = 53.5848 units
and TC*(T5,T™,£*) = $58.9863.

It is observed from the results of Example 3 and Example 4 that the restriction put
on the maximum investment in preservation technology does not have a significant
effect on the optimal values of the total cost and decision variables. That is why
the manufacturing company can spend more money on preservation technology to
reduce the deterioration rate.

The convexity of the total cost function is shown in the Figures 2, 3, 4 and 5.
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Figure 4: Convexity of TC(T>,T,¢) of Example 3 with respect to T» and & for fixed T
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Figure 5: Convexity of TC(T>, T, &) of Example 3 with respect to T and ¢ for fixed Ts.

The comparison of optimal solution for different cases are given in Tables 1, 2, 3
and 4.

Table 1: Comparison of optimal values for different cases in Example 1
Case Ty T & ST S5 TC*
Without deterioration (xz = 0) [1.6007[2.9119] 0 [11.0855] 54.0277 |55.5281
Constant deterioration (y = 1)|1.6413|2.8584|3.3386|11.0080| 53.4555 |60.1844
Without amelioration (o = 0) |1.6347|3.45912.3103| 8.9970 |{145.8840(49.1429
Constant amelioration (8 =1)[1.7071|3.0361|1.7159|10.7376| 69.1350 |56.4441

Table 2: Comparison of optimal values for different cases in Example 2
Case 5 T & ST S5 TC*
Without deterioration (z = 0) [1.6007[2.9119] 0 [11.0855| 54.0277 |55.5281
Constant deterioration (y = 1)|1.7134|2.6392| 1 |10.5824 | 47.5742 |63.4685
Without amelioration (o« = 0) [1.7701]3.4019| 1 | 8.8423 |133.9590(49.9418
Constant amelioration (8 = 1)|1.7438/|3.0113| 1 |10.6337| 68.0377 |56.6645

Table 3: Comparison of optimal values for different cases in Example 3
Case 5 T & ST S5 TC*
Without deterioration (x = 0) [1.6007[2.9119] 0 [11.0855] 54.0277 |55.5281
Constant deterioration (y = 1)|1.7023|2.7153|2.9415|10.7516| 50.0007 |63.4088
Without amelioration (o = 0) [1.7640(3.4054|1.6431| 8.8515 |134.6040 |50.4698
Constant amelioration (8 = 1)|1.7555[3.0019|1.1319|10.5937| 67.5910 |57.1425

Table 4: Comparison of optimal values for different cases in Example 4

Case Ty T & ST S5 TC*
Without deterioration (z = 0) [1.6007[2.9119] 0 [11.0855| 54.0277 |55.5281
Constant deterioration (y = 1)|1.7146|2.5915| 1 |10.4635| 45.9691 |64.7542
Without amelioration (v = 0) [1.8042|3.3805| 1 | 8.7859 {130.1400|50.6285
Constant amelioration (8 = 1)[1.7599|2.9980| 1 [10.5774| 67.4077 |57.1496

7. SENSITIVITY ANALYSIS

In this section, sensitivity analysis is performed to investigate the effect of the
parameters on optimal solution. Here, it is performed for Example 1 in Tables 5,
6 and 7.
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Table 5: Sensitivity analysis of Example 1

Parameter|% change| T5 T £* ST Sa TC~
u -20 1.7393(2.9319(1.4409| 9.3031 |51.7050{56.4013
-10 1.7023(2.9090|1.5079|10.1186|52.8530(57.4115
10 1.6313|2.8636(1.6336(11.7515[55.1933(59.3921
20 1.5971(2.8411|1.6929|12.5687|56.3869(60.3635
v -20 1.7195(2.9532|1.5178|10.5082|52.0139(57.1087
-10 1.692412.9192(1.5453|10.7215(53.0243 |57.7654
10 1.6412|2.8545(1.5979(11.1479|54.9876(59.0379
20 1.6169(2.8237|1.6232|11.3610(55.9415(59.6550
Table 6: Sensitivity analysis of Example 1
Parameter|% change| T4 T * ST Sa TC*
w -20 1.7201(2.9858|1.5471|10.7826|52.3279(57.1643
-10 1.6922(2.9339|1.5596|10.8587|53.1980(57.8016
10 1.6421(2.8424|1.5842[11.0108|54.7872|58.9877
20 1.6194|2.8018|1.5961|11.0868|55.5193[59.5428
o -20 1.6662{2.9661|1.6771|10.5459]63.5100{56.9335
-10 1.6667(2.9249|1.6225|10.7402|58.4802[57.6869
10 1.6652(2.8500(1.5251|11.1295(50.0280(59.1006
20 1.6634(2.8159(1.4816(11.3245]46.446459.7667
5 -20 1.7138(3.0652|1.7447(10.6949|72.4153[56.0636
-10 1.6921(2.9768|1.6582(10.8195(62.8120(57.2189
10 1.6376(2.7957|1.4874(11.0422]46.1321(59.6182
20 1.6070(2.7068|1.4058|11.1432(39.1857{60.8365
T -20 1.6663|2.8863(1.2931(10.9348|54.015458.1293
-10 1.6663|2.8863|1.4403|10.9348|54.0154 {58.2765
10 1.6663|2.8863|1.6911|10.9348|54.0154 58.5274
20 1.6663|2.8863(1.7999(10.9348|54.0154 58.6361
Y -20 1.6687(2.8893(1.2495(10.9226|54.0755[58.0848
-10 1.6675|2.8878(1.4183(10.9288|54.0456 |58.2541
10 1.6651|2.8848|1.7134(10.9404|53.9854 [58.5502
20 1.6639(2.8833|1.8448|10.9458|53.9552|58.6820
A -20 2.7069|3.4182(0.0765| 1.4116 |55.1252{51.2992
-10 2.0334|3.0601|1.1312| 6.1603 |55.9341|55.8311
10 1.4169(2.7796|1.8510(15.7164|51.9997(60.1363
20 1.2318(2.7065|2.0549|20.5017|50.1814 {61.3855
¥ -20 1.6802(2.8789(1.5819(10.8929|53.9202(58.7616
-10 1.6726|2.8830(1.5866(10.9163|53.9772(58.5748
10 1.6610(2.88891.5467|10.9496|54.0417|58.2595
20 1.6565(2.8910(1.5156(10.9618|54.0599[58.1263
[&) -20 1.4918(2.6609(1.4979(10.9256|48.7089(51.2019
-10 1.5827|2.7785(1.5361{10.9304 |51.4493 |54.8781
10 1.7439(2.9861|1.6057|10.9388|56.431861.8137
20 1.8163(3.0791|1.6375|10.9425|58.717465.1109
Cs -20 1.8626(2.9728(1.4471|10.9189|54.9908 [56.4144
-10 1.7635(2.9286 |1.5066 |10.9267|54.5595|57.4561
10 1.5707|2.8456|1.6425|10.9430(53.3691 [59.2747
20 1.4765(2.8064|1.7177]10.9513|52.6303|60.0589
Cs -20 1.6675(2.8864(1.2944(10.8973[54.2288(58.1320
-10 1.6669(2.8863|1.4409|10.9181|54.1105|58.2778
10 1.6659(2.8862|1.6906|10.9484|53.9376 |58.5264
20 1.6655[2.8862(1.7989[10.9598|53.8725|58.6343
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Table 7: Sensitivity analysis of Example 1

Parameter |% change| T5 T &* ST Sa TC~

Cy -20 1.6314(2.9773]1.7362|10.9533|56.4919 | 56.7294
-10 1.6514(2.9293|1.6478|10.9436|55.2720|57.5999
10 1.6774|2.8473|1.5059|10.9266|52.7656 | 59.1653
20 1.6856(2.8115|1.4475|10.9190|51.5450|59.8793

h -20 1.6704(2.9236|1.6135|10.9397|55.0452|57.5851
-10 1.6684(2.9048|1.5926|10.9372|54.5309|57.9999
10 1.6641|2.8682]1.5517|10.9323|53.5003 | 58.8104
20 1.6619(2.8504|1.5317|10.9298|52.9861|59.2065

a -20 1.9613|3.0417|1.3964|10.9120|56.2131|56.9421
-10 1.8050(2.9582|1.4861|10.9240|55.1337|57.7671
10 1.5418|2.8232|1.6548|10.9444|52.8893|58.8968
20 1.4288|2.7669|1.7352|10.9532|51.7750|59.2569

8. RESULTS AND MANAGERIAL INSIGHTS

The following results are obtained from sensitivity analysis:

(a)

The optimal total cost per unit time (T'C*(T5,T*,£")) increases with the
increase in the value of the parameters u, v, w, «, 8, xz, y, A, C1, Co,
Cs, Ca, h and a while TC* (T3, T*,&") decreases with the decrease in the
value of the parameters u, v, w, a, 8, x, y, A\, C1, C2, C3, C4, h and a.
TC*(T5,T*,£") decreases with the increase in the value of the parameter
while TC*(T5,T*,£") increases with the decrease in the value of the param-
eter ~.

The optimal preservation technology investment (£¥) increases with the in-
crease in the value of the parameters u, v, w, z, y, A, C1, Ca, Cs and a
while £* decreases with the decrease in the value of the parameters u, v, w,
z, ¥y, A\, C1, C2, C3 and a. &* decreases with the increase in the value of
the parameters «, 8, v, C4 and h while £* increases with the decrease in the
value of the parameters «, 3, v, C4 and h.

The optimal production time (75) increases with the increase in the value of
the parameters C1 and Cy while T35 decreases with the decrease in the value
of the parameters «, C1 and Cy. T5 decreases with the increase in the value
of the parameters u, v, w, «, B, y, A, 7, C2, Cs, h and a while T5 increases
with the decrease in the value of the parameters u, v, w, 8, y, A, v, Cz2, Cs,
h and a.

The optimal cycle length (7) increases with the increase in the value of the
parameters v and C; while T decreases with the decrease in the value of
the parameters v and C;. T decreases with the increase in the value of the
parameters u, v, w, o, 8, y, A\, C2, C3, C4, h and a while T™ increases with
the decrease in the value of the parameters u, v, w, «, B, y, A, Ca, Cs, Cu,
h and a. T remain unchanged for any change in the value of the parameter
x.

The optimal inventory level (S7) increases with increase in the value of the
parameters u, v, w, «, 3, y, A, v, C1, C2, C3 and a while ST decreases with
decrease in the value of the parameters u, v, w, a, 3, y, A, v, C1, C2, Cs
and a. S decreases with increase in the value of the parameters C4 and h
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while ST increases with decrease in the value of the parameters C4 and h.

ST remain unchanged for any change in the value of the parameter x.

(f) The optimal inventory level (S3) increases with increase in the value of the
parameters u, v, w, v and C7 while S5 decreases with decrease in the value
of the parameters u, v, w, v and C;. S5 decreases with increase in the value
of the parameters «, 3, y, A, Ca, C3, Cs, h and a while S5 increases with
decrease in the value of the parameters «, 8, y, A\, C2, C3, C4, h and a. S5
remains unchanged for any change in the value of the parameter x.

The following managerial insights can be obtained from sensitivity analysis :

a. When the holding cost per unit (h) increases then the optimal production
time (7%), cycle length (7™), preservation technology cost (£*), inventory
level (ST and S5) decrease while total cost per unit time (TC*(T5,T,£"))
increases. This result indicates that with rise in the holding cost, the man-
ufacturing company will shorten the length of production time as well as
cycle length, decrease the preservation technology cost and manufacture a
smaller quantity to keep the inventory level as low as possible. Hence, the
manufacturing company is suggested to produce and store smaller lot size

to reduce excessive holding cost.
b. Increment in the deterioration parameter (z) and the deterioration cost per

unit (Cs) increases the optimal preservation technology cost (£*) and total
cost per unit time (T'C*(Ty,T™*,£&")) which is an obvious result. Actually
any rise in the deterioration parameter increases the deterioration rate, which
further increases the total cost. Hence the manufacturing company will in-
crease the investment in preservation technology to reduce the deterioration
effect. Thus investing necessary amount on better and useful preservation
methods is always important for any manufacturing company to avoid losses

due to deterioration effect.
c. When the value of the demand parameters u, v and w increases then the

optimal production time (75) and cycle length (7™) decreases while preser-
vation technology cost (£), inventory level (ST and S3) and total cost per
unit time (T'C*(T5,T*,£")) increases. Increase in the parameters u, v and w
will lead to increase in the demand rate. Hence, the manufacturing company
will increase the production level of the items. Consequently, the company
will also increase the investment in preservation technology to lower the de-
terioration rate. As a result, the total cost increases. With the increase in
the parameters u, v and w, the company will decrease the production time

and cycle length to store the items for a lesser amount of time.
d. When the production rate parameter (\) increases then the optimal pro-

duction time (73), cycle length (7*) and inventory level (S3) decreases
but preservation technology cost (£*), inventory level (S7) and total cost
(TC*(T5,T7,£")) increases. Increment in the production rate parameter
(A\) increases the production rate. As a result, the production level of the
stock increases while production time decreases. It is due to the fact that it
require less time to produce more items when the production rate is high. If
the items are produced at a high rate it may increase the storage cost and
chance of the items to deteriorate. So, the manufacturing company must in-
vest a certain amount in preservation technology to reduce the deterioration

effect. Hence the total cost increases.
e. When the production cost per unit (C2) increases then the optimal produc-

tion time (7%), cycle length (T*) and inventory level (S3) decreases while
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preservation technology cost (£¥), inventory level (S7) and total cost per unit
time (TC*(Ty,T*,£")) increases. It means that due to higher production
cost, the manufacturing company will reduce the production time to reduce
the produced inventory level. Thus, if the company reduces the production
cost, then the total cost automatically decreases.

f. If the parameter ~ increases then the optimal preservation technology in-
vestment (£*) decreases. A higher value of the parameter v decreases the
investment in preservation technology. Thus, when the value of v is high,
the manufacturing company needs to invest less money in preservation tech-
nology to reduce deterioration. On the other hand, when the parameter
decreases, then the values of the optimal preservation technology investment
(&%) increase first and then decrease. A smaller value of the parameter 7 rep-
resents an insignificant improvement in reducing the effect of deterioration
with the investment in preservation technology. This results in a decrease in
investment in preservation technology. Thus, the manufacturing company
reduces the preservation technology cost when - is significantly small.

9. CONCLUSIONS

In this article, a production inventory model for ameliorating and deteriorating
items is discussed considering quadratic demand under the effect of preservation
technology. Two different production rates are considered such that the initial
production rate switches to another rate of production after some interval of time.
Also, two different preservation technology rates are considered in the developed
model. The amelioration and deterioration rates are represented by two parameter
Weibull distribution. The optimal production time, cycle length, preservation
technology cost are obtained from the model such that the total cost per unit
time is minimized.

The model is first mathematically formulated. Then some theoretical results are
proved regarding the convexity of total cost function. Several solved numerical
examples are provided to illustrate the model while the convexity is shown graphi-
cally. Through sensitivity analysis it can be observed that the manufacturing com-
pany must decrease the holding cost to lower the total cost. The manufacturing
company will further reduce the production time, cycle length and preservation
technology investment when the holding cost is high. The manufacturing com-
pany will increase the investment in preservation methods when the deterioration
rate is high. Such preservation techniques will decrease the effect of deterioration
significantly. Any rise in the demand parameters will increase the demand rate
significantly. In such case, the company will increase the production level of the
items. Increment in the production level will ensure higher investment in preserva-
tion technology by the company. If the manufacturing company lowers the ordering
cost, production cost, deterioration cost and amelioration cost then the total cost
automatically decreases.

In this study, the shortages are not considered. Thus, this model can be extended
by allowing shortages. This model can be developed further by considering three
parameter Weibull distribution amelioration and deterioration rate, time depen-
dent holding cost, trade credit policy, advanced payment etc.
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Appendix A.

The total cost function TC(T>2, T, ) given by equation (9) can be expressed in the
form,
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