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Abstract: The main purpose of this research article is to provide an appropriate in-
terpretation of the priority queuing model. It creates uncertain sequence models with
priority discipline, non-priority systems, models with priority systems, and models with
non-priority systems. Here, we propose two models. First, we discussed one array with
a server and the second, two arrays with a server. These two model customers follow the
rule of first come first served in their queue. The presence and service process follows
the Poisson process and the high-speed process with ambiguous parameters. Our results
are responsible for the best choice of exchange of preferred discipline. Blurred sequence
models are more appropriate than uncertain scenes, which are commonly used as part of
reality. Numerical results are provided to deal with the current service discipline. Despite
the challenge of determining the optimal single-server uncertain queuing model with two
class-priority fields, the steady-state performance of the service process is evaluated.
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1. INTRODUCTION

Many businesses these days don’t deliver things right away. Customers
should thus wait to receive the goods they require, as this will result in a queueing-
inventory model. Long wait times in line for merchandise can lead to unhappiness
and the churn of devoted clients, which can cost businesses a lot of money [1].
For this reason, Abdali et al. [2] studied a priority queueing-inventory approach
for inventory management in multi-channel service retailing using machine learn-
ing algorithms. Queuing systems square shapes are often used and do not show
adequate patterns in many aspects in real life. To provide a completely different
quality of service to different types of customers, we continue to manage a queue
system with a priority system [3]. It is common to pay attention to this growth.
For example, in a telecommunications switching protocol, priority types may ap-
pear in the title of the management science suite or in an ATM cell to guarantee
a completely different service layer for different customers. Table 1 represent the
nomenclature.

Table 1: Nomenclature
FCFS First Come First Served
FIFO First In First Out
PD Poission Distribution
ED Exponential Distribution

DSW ALGORITHM Dong Shah Wong Algorithm

Applications for priority management are also common in bandwidth manage-
ment, manufacturing and traffic management, among other areas [4]. Priority and
non-priority items are included in priority management [5]. Considering a queue
system with two types of customers, when the first - class customer comes to the
server, the server feels that it is serving the second type of customer, puts pressure
on customer service and directly gets service [6]. In addition, the same type of
customer happiness serves the control of FCFS, this mechanism is designated as a
priority priority sequence.

If the customer in the first category sees the server serving the second category
customer, then they have to wait for the amount until the customer completes the
service and then starts receiving the service, Customer happiness corresponds to
the discipline of FCFS same, labeled as a non - priority order for the mechanism
[7].

The sequence is usually divided into two groups, one that describes the actual
situation of our daily lives with relevant examples based on the presence and service
of the customer and server of the other group based on its decision model (design
and control model). what the parameters should be in order to highlight the action
model. The basic queue system is based on two things, one is the attendance rate
and the other is the service rate [8]. This arrival time depends on the length of
the queue and the service time depends on the waiting time.
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The author conducted several experiments on obscure models [9], [10]. The con-
cept of acquiring some features in consolidated packages with uncertain parameters
was introduced. This problem requires the location of new features to be found
in a certain compact package, that is, the sum of the weighted stances between
new and existing features is reduced [11] and [12]. Note Exploring a multi-server
hierarchy by visiting limited or unlimited populations and source populations [13].
And potential delivery after departure. In addition, he recently applied previous
results, along with two other scholars, on the issue of machine service and queue
decision [14], [15].

The classic method of extended policy and α-cuts is very restrictive as equations
often do not require very strong solution or conditions in order to have a solution
[16]. Combined distribution of queue length at customer departure age, and the
steady state queue-length and stay time distributions [17].

Process for generating performance activity membership functions in complete
service ordering systems with obscure attendance and service rate numbers [18].
The level of performance of the system that interferes with a machine with the
machine breakdown rate is the obscure number of service rate based on the math-
ematical programming approach and the expansion policy to build the function
performance of the members. The model consists of a single server sequence with
two servers. This model is a simple stimulus for performance testing, but it is also
imaginatively strange in light of the fact that the utility level sequence has not
yet been explored to further understand its disappearance [19]. This functional
equation is called a fundamental analysis [20].

The author did so in order of priority [21]. Since this model only depends on
service time, the decision maker may not always make the right decision. Time-
based high-speed sequence theory was developed in unpredictable models [22],
[23]. This article considers the first service model M / G / 6 under the continuous
review policy (R, Q) [24]. The proposed model can reduce the expected standby
time of the system from 13 hours 30 minutes to 6 hours 2 minutes [25].

Discuss and update a defined parallel multi-server cached sequence system and
analyze its two station scenarios [26]. When they studied unique timelines for
high and low priority bilateral distribution, they used a cost-effective method to
measure system performance. For unpredictable conditions, sequence parameters
due to natural disasters are uncertain. In this case the classical sequence was
reduced to an obscure expansion theory [27]. Here, the author obtains a single-
server uncertain array model with a Bernoulli modified pause using the Z extension
policy and the α- cut approach [28].

Researchers such as [29], [30], [31], have described the uncertain sequence
model, and we analyze uncertain sequences using [12]. Reasonable sequence mod-
els are described perhaps using obscure version theory [32], [33]. This provides a
more realistic interpretation of the priority sequence model using uncertain version
theory [34]. By prioritizing sequence models by using uncertain synthesis theory,
prioritization sequence models are given a more realistic interpretation [35]. A set
of nonmetric linear scheme is developed to describe the membership functions of
system properties, a family of smooth lines with an unreliable server [36].
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One primary goal is to optimize the performance of service systems, such as
customer service centers or technical support hotlines, to ensure efficient resource
utilization and high customer satisfaction levels. By understanding various fac-
tors, such as arrival rates, service times, and priority areas, that impact system
performance, the research aims to develop strategies to reduce customer waiting
time, reduce queue length, and improve overall service quality. The research goals
and motivations behind studying a single-server uncertain queuing model with a
two-class priority discipline revolve around improving the efficiency, effectiveness,
and resilience of service systems to better meet customer needs and organizational
objectives.

This study develops novel mathematical models and analysis techniques to ana-
lyze queuing systems with two-class priority categories under uncertain conditions.
These models contribute to the theoretical understanding of queuing theory and
advance the state-of-the-art in modeling complex service systems. These compa-
nies are improving their service operations, providing a better customer experience,
and verifying the development of robust and flexible service systems.

2. STEADY STATE CONDITION

The steady state only comes after the steady state. After a sufficient period
of time the steady state is usually reached and the level of the system is essentially
independent of the initial state (the state distribution remains the same) [37].
Simple queuing system reaches steady state only if, ρ < 1 (ρ means Traffic density)
[38]. Figure 1 represent the steady state condition.

ρ =
λ

µ
< 1 (1)

Figure 1: Steady state condition
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3. PROPOSED MODELS

3.1. Single Server Queuing System Serving Single Queue Customer -
Proposed Model 1

Here, we recommend a single server queue system that caters to individual
queue clients. They are assigned when the customer attends. The service rule
comes first in all lines and comes first at service sites. Both high-priority and
low-priority customers are on the same line.

In queuing, if the highest priority customer interrupts the system, the server
will receive the lowest priority customer service. The service will then be suspended
and the customer with the highest priority will receive immediate service from the
server. After completing high priority customer service, the low priority customer
continues to receive service. Figure 2 represent the single server with queue model.

Figure 2: Single Server with single queue model

The arrival process for the customer is state independent, we base our analysis
on the following
(i)Arrival for customers are independently, Poisson distribution(PD) process, im-
portation parameters are λ respectively.
(ii)Service time is some exponentially distribution(ED), average service time is
1/µ.
(iii)The higher priority customer will interrupt the queue,the lower priority cus-
tomer service is pause.
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3.2. Single Server Queuing System Serving Two Queue Customer - Pro-
posed Model 2

Here, we consider a single server queue system that serves two different
clients; Row 1, Row 2. Each row has its own separate set.

One priority is given per line. Suppose each line has a FIFO service rule and the
priority mode has already been restarted. (ie) If high priority customers are part
of the system during low priority customer service, low priority customer service
will be interrupted and restarted when there are no more priority customers on
the system.

We will consider both priority and non-priority scenarios, in which case the
client server will stop the high priority queue if the client queue becomes a low
priority queue, so the priority queue becomes longer than the high priority queue.

In the latter case, the server completes any services started. When completed,
one of the customers will be in the longest queue, or if the top two are in the
highest priority queue, next.

If the server has completed a service and both lines are uneven, the next line
has a long queue of customers to serve, (ie) a different number of customers waiting
in the queue. Figure 3 represent the single server with two queue model

Figure 3: Single Server with two queue model

The arrival process for both classes is state independent, we base our analysis
on the following
(i)Arrival for both classes are independently, Poisson distribution(PD) process,
importation parameters are ϑ1, ϑ2 respectively.
(ii)Service time is some exponentially distribution(ED), average service time is
1/η.
(iii)high priority customer have preemptive priority over low priority customer.
(iv)high priority customer have non-preemptive priority over low priority cus-
tomer.
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4. PRIORITY QUEUING MODEL

The queue priority rule determines which customer is in the next service.
The most common rule of thumb is used first. This priority rule selects customers
based on long queues. In general, customers who come first consider the first offer
to be the best way to prioritize. However, this is not a rule of thumb used alone.
That is to say, the best customers come first, the most profitable customers come
first, the fastest services first, the biggest service needs first, emergencies first and
so on. While each is a priority, it is important to use a priority rule that supports
the overall organizational strategy.
(a) For situations where different customers have different preferences. For exam-
ple, ER activities, VIP customers in nightclubs.
(b) There are two basic principles of priority to consider when assessing a situation
with priority classes (where class 1 has a higher priority).
1. Non-Preemptive Priorities A high priority customer should never leave the
queue again to leave the service.
2. Preemptive Priorities Low priority customers will be pushed back into the
queue to leave space for high priority customers.
The priority-discipline queuing model is presented as follows.:
For Model 1

Wi = Wq,i + x̄i (2)

Lq,i = λiWq,i (3)

Li = λiWi (4)

L = λW =

p∑
i=1

Li (5)

If it is denoted by σi =
∑P

i=1 ρj with σp + 1 = 0,then Wq, i is:
(1) Preemptive priorities model:

Wq,i =

∑P
j=1

λj x̄j
2

2

(1− σi)(1− σi + 1)
i = 1, 2, ...P ; (6)

(2) Nonpreemptive priorities model:

Wq,i =
x̄i(1− σi) +

∑P
j=1

λj x̃j
2

2

(1− σi)(1− σi + 1)
− x̃i. (7)

For Model 2

Wi = Wq,i + x̄i (8)

Lq,i = ϑiWq,i (9)
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Li = ϑiWi (10)

L = ϑW =

p∑
i=1

Li (11)

σi denoted as σi =
∑P

i=1 ρj with σp + 1 = 0,then Wq, i is:
(1) Preemptive priorities model:

Wq,i =

∑P
j=1

ϑj x̄j
2

2

(1− σi)(1− σi + 1)
i = 1, 2, ...P ; (12)

(2) Non preemptive priorities model:

Wq,i =
x̄i(1− σi) +

∑P
j=1

ϑj x̃j
2

2

(1− σi)(1− σi + 1)
− x̃i. (13)

5. UNCERTAIN PRIORITY QUEUE DISCIPLINE

Uncertain priority queues are represented by uncertain set theory. This paper
constructs a uncertain priority sequence model, in which input sources make the
arrival process and service process parameters uncertain. Due to the determination
of ambiguity for intermittent valued mapping, the membership functions for yield
variables were determined.

The DSW algorithm is one of the approximate methods to use intervals at
different α-cut levels to define membership functions. Continuous interval analysis
included total α-cut intervals. The DSW algorithm provides highly significant
control over the expansion policy, such as a set of uncertain valued variables,
uncertain numbers classified on the real line.

This uncertain variable combats the variation in rule by members of the pub-
lication process using the teaching of education in the field, and subsequently the
functional set of values as changes in functional expression through different events
through regular interval analysis methods.

5.1. Interval Analysis Arithmetic

Interval arithmetic involves expressing a real number in two numbers, which
refers to numerical intervals. The expression in the form of float arithmetic can
be used to denote the lower and upper limits[36].

The lower bounds and upper bounds are A1 and A2. These two spatial numbers
defined by systematic pairs of real numbers. A1=[p, q] , p ≤ q
A2=[r ,s] , r ≤ s.

Common arithmetic property code *. * Became [+, -,. ,] Is referred to as.
Anr interval is assumed to be the function A1 ∗ A2 = [p, q] ∗ [r, s]. The size and
symptoms of the elements depend on the calculation of the spacing p, q, r, s.
[p, q] + [r, s] = [p+ r, q + s]
[p, q] - [r, s] = [p− s, q − r]
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[p, q] . [r, s] = [min (pr, ps, qr, qs) ,max (pr, ps, qr, qs)]
[p, q] ÷ [r, s] =[p, q] .

[
1
s
1
r

]
, provided that 0 /∈ [r, s]

α [p, q] = [αp, αq] for α > 0
α [p, q]=[αq, αp] for α < 0.
where pr, ps, qr, qs are arithmetic products and quotients.

5.2. Algorithm

One of the approximate ways to use gaps at different alpha-cutting levels in
members’ activities is to use DSW (Dong, Shaw, Wong) is the process. These are
the total α-cut intervals is the standard interval analysis [36].

The DSW algorithm greatly simplifies the ability to handle the principle of
describing valuable ambiguous variables in a row. Further defines ambiguous num-
bers in the actual sequence. As uncertain variables become acceptable in the field,
this publication avoids an abnormality in the members’ process, which prevents at
least the latter’s practical expression from being extended to standard methods of
interval analysis. This standard interval uses the full α-cut interval in the analysis.
Repeat the following steps for different values to complete the α-cut performance
of the solution. The procedure of DSW algorithm are given in Figure 4.

Figure 4: Procedure for DSW Algorithm

6. PROPOSED MODEL 1 - SOLUTION PROCEDURE

The order of intuitionistic uncertain preferences describes the fixed Intuition-
istic uncertain principle. Clarity of the following costing process is the decision on
the best choice of priority discipline for a queuing system:

C =

P∑
i=1

CiLi =

P∑
i=1

CiλiWi (14)



612 D. Pamucar et al. / Classes of Uncertain Priority Queuing Models

here Ci denotes the unit cost of inactivity, Li denotes the average length of the
system , λi denotes the average rate of customer arrivals at the system, Wi denotes
the average time in the system and C is the total average cost of system.

Let us consider a queuing model with two unit classes, α1 is the arrival of
one class and α2 is the arrival of another class (α2) and (α2) is represent the
membership function). similarly β1 and β2 are the arrival of non-membership
function. The poison distribution is marked with λ̄ according to the average
arrival rate. µ̄ represents a exponential distribution that follows the service rate.

In general, the priority sequence model consists of three scenarios: (Ca) de-
notes a no priority discipline , (Ca

1) denotes the preemptive priority discipline,
and (Ca

2) denotes the non-preemptive priority discipline. Proximity methods for
detail expanded the ambiguity for standard value mapping, which determined
membership and non-membership functions for output variables.

The average presence rate of the Poisson process system, which is reported and
supplied by the uncertain trapezoidal λ̃ number, follows the service rate on the
high-speed process system and is known to have µµ̃ uncertain trapezoidal numbers
with members, respectively.

µλ̃ =


λ−a
b−a if a ≤ λ ≤ b;

1 if b ≤ λ ≤ c;
d−λ
d−c if c ≤ λ ≤ d;

(15)

µµ̃ =


µ−a
b−a if a ≤ µ ≤ b;

1 if b ≤ µ ≤ c;
d−µ
d−c if c ≤ µ ≤ d;

(16)

The non-membership function for λ̃ and µ̃ are denoted by νλ̃ and νµ̃ respectively.

νλ̃ =


λ−a′

b′−a′ if a′ ≤ λ ≤ b′;

1 if b′ ≤ λ ≤ c′;
d′−λ
d′−c′ if c′ ≤ λ ≤ d′;

(17)

νµ̃ =


µ−a′

b−a if a′ ≤ µ ≤ b′;

1 if b′ ≤ µ ≤ c′;
d′−µ
d′−c′ if c′ ≤ µ ≤ d′;

(18)

The uncertain trapezoidal numbers c̃A, c̃B are established with the possible distri-
bution member function of the unit cost of inactivity per unit in the same class.

µc̃A =


cA−a
b−a if a ≤ cA ≤ b;

1 if b ≤ cA ≤ c;
d−cA
d−cA

if c ≤ cA ≤ d;
(19)

µc̃B =


cB−a
b−a if a ≤ cB ≤ b;

1 if b ≤ cB ≤ c;
d−cB
d−cB

if c ≤ cB ≤ d;
(20)
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And their non-membership functions respectively.

νc̃A =


cA−a
b′−a′ if a′ ≤ cA ≤ b′;

1 if b′ ≤ cA ≤ c′;
d′−cA
d′−c′A

if c′ ≤ cA ≤ d′;
(21)

νc̃B =


cB−a′

b′−a′ if a′ ≤ cB ≤ b′;

1 if b′ ≤ cB ≤ c′;
d′−cB
d′−cB

if c′ ≤ cB ≤ d′;

(22)

7. PROPOSED MODEL 2- SOLUTION PROCEDURE

Clarity of the latter costing process is the decision on the preferred priority
discipline for a queuing system:

C =

P∑
i=1

CiLi =

P∑
i=1

CiϑiWi (23)

When Ci represent the unit cost of inactivity for units in class i, Li represent the
average system length for units in class i, ϑi represent the average attendance rate
for units in priority classes i, Wi represent the average time in the system for units
in the class i and C represent the average total cost of system inactivity.

To set the uncertain queuing model of priority discipline, we need to consider

the specific total cost of inactivity for three events: C̃l
1 denotes the no priority

discipline, C̃l
1 denotes the preemption priority, C̃l

2 denotes the non preemptive
priority discipline. Specified from Proximity methods for expansion extend the
ambiguity for standard value mapping set by a member to an output variable.

The average arrival rate of the system follows a Poisson process, which is
virtually unknown and gives a trapezoidal uncertain number to an obscure ϑ̃, It is
well known that the service rate in the system follows a exponential process and
is provided by the trapezoidal uncertain number η̃ with the membership function
ηϑ̃, ηη̃ respectively.

ηϑ̃ =


ϑ−a1

b−a1
if a1 ≤ ϑ ≤ b1;

1 if b1 ≤ ϑ ≤ c1;
d1−ϑ
d1−c1

if c1 ≤ ϑ ≤ d1;
(24)

ηη̃ =


η−a1

b1−a1
if a1 ≤ η ≤ b1;

1 if b1 ≤ η ≤ c1;
d1−η
d1−c1

if c1 ≤ η ≤ d1;

(25)

The possible distribution of the unit cost of inactivity for a unit in the same
class as the ambiguous trapezoidal numbers b̃A, b̃B is established with the member
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function.

ηb̃A =


bA−a1

b1−a1
if a1 ≤ bA ≤ b1;

1 if b1 ≤ bA ≤ c1;
d1−bA
d1−bA

if c1 ≤ bA ≤ d1;
(26)

ηb̃B =


bB−a1

b1−a1
if a1 ≤ bB ≤ b1;

1 if b1 ≤ bB ≤ c1;
d1−bB
d1−bB

if c1 ≤ bB ≤ d1;
(27)

8. NUMERICAL EXAMPLE

8.1. An Example of a Single Server Uncertain Queuing Model with Two
Class Priority Discipline

Now, we are consider the two unit classes of arrivals.One of the class having
15% of arrivals is denoted by Class A and the second class having 85% of arrivals
is denoted by Class B. The average arrival rate of the intuitionistic trapezoidal un-
certain numbers are λ̃ = [26, 30, 32, 34 ; 27, 30, 32, 35]. Its follows by the poisson
distribution.The service rate of the intuitionistic trapezoidal uncertain numbers
are µ̃ = [38, 40, 42, 44 ; 39, 40, 42, 45]. Its follows by the exponential distribu-
tion. Two unit classes of cost function are established by an intuitive trapezoidal
uncertain number C̃A = [15, 17, 19, 20 ; 16, 17, 19, 21] and C̃B = [2, 3, 5, 6 ; 1, 3,
5, 7]. The model single server priority queue with intuitionistic uncertain number
holds the steady state condition By using (1).

ρ̃ =
λ̃

µ̃
< 1, ρ̃ = [

26

38
,
30

40
,
32

42
,
34

44
] = [0.684, 0.75, 0.761, 0.772] (28)

ρ̃ = [
27

39
,
30

40
,
32

42
,
35

45
] = [0.6923, 0.75, 0.761, 0.777], (29)

The membership and non-membership function variables are achieve the steady
state condition. With three cases of total cost inactivity, we need to compare the
priority discipline of the intuitionistic uncertain queuing model.

1. No priority discipline

2. Preemptive priority discipline

3. Non-preemptive priority discipline

The model holds that, So the membership and nonmembership function variables
are achives the steady state condition. The membership function of uncertain

variable are denoted by C̃a, C̃a
1 , C̃a

2. and non-membership function of uncertain

variable are denoted by C̃a
′, ˜Ca

′1 and ˜Ca
′2.This is based on the concept of α-cut
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method. Cost functions, calculated from (8) where λ1 = α1λ and λ2 = α2λ , are
(a) No priority discipline for membership function, C̃a

C̃a = (C1λ1 + C2λ2) ∗
(

1

µ− λ

)
(30)

Here we choose the α and β values are 0, 0.5, 1 and the calculation of no priority
discipline for membership function:

C̃0 = (C1,0λ1,0 + C2,0λ2,0) ∗
(

1

µ0 − λ0

)
(31)

˜C0.5 = (C1,0.5λ1,0.5 + C2,0.5λ2,0.5) ∗
(

1

µ0.5 − λ0.5

)
(32)

C̃1 = (C1,1λ1,1 + C2,1λ2,1) ∗
(

1

µ1 − λ1

)
(33)

(b) Preemptive priority discipline for membership function, C̃a
1

C̃a
1 = C1λ1

[
λ/µ2

(1− λ/µ)(1− α2λ/µ)
+

1

µ

]
+ C2λ2

[
λ/µ2

1− α2λ/µ
+

1

µ

]
(34)

Calculation of preemptive priority discipline for membership function:

C̃0
1 = C1,0α1λ0

[
λ0/µ

2
0

(1− λ0/µ0)(1− α2λ0/µ0)
+

1

µ0

]
+

C2,0α2λ0

[
λ0/µ

2
0

1− α2λ0/µ0
+

1

µ0

]
(35)

˜C0.5
1 = C1,0.5α1λ0.5

[
λ0.5/µ

2
0.5

(1− λ0.5/µ0.5)(1− α2λ0.5/µ0.5)
+

1

µ0.5

]
+

C2,0.5α2λ0.5

[
λ0.5/µ

2
0.5

1− α2λ0.5/µ0.5
+

1

µ0.5

]
(36)

C̃1
1 = C1,1α1λ1

[
λ1/µ

2
1

(1− λ1/µ1)(1− α2λ1/µ1)
+

1

µ1

]
+

C2,1α2λ1

[
λ1/µ

2
1

1− α2λ1/µ1
+

1

µ1

]
(37)

(c) Non-preemptive priority discipline for membership function, C̃a
2

C̃a
2 = C1λ1

[
1/µ

(1− λ/µ)(1− α2λ/µ)

]
+ C2λ2

[
1/µ

1− α2λ/µ

]
(38)



616 D. Pamucar et al. / Classes of Uncertain Priority Queuing Models

Calculation of non-preemptive priority discipline for membership function:

C̃0
2 = C1,0α1λ0

[
1/µ0

(1− λ0/µ0)(1− α2λ0/µ0)

]
+ C2,0α2λ2,0

[
1/µ0

1− α2λ0/µ0

]
(39)

˜C0.5
2 = C1,0.5α1λ0.5

[
1/µ0.5

(1− λ0.5/µ0.5)(1− α2λ0.5/µ0.5)

]
+

C2,0.5α2λ2,0.5

[
1/µ0.5

1− α2λ0.5/µ0.5

]
(40)

C̃1
2 = C1,1α1λ1

[
1/µ1

(1− λ1/µ1)(1− α2λ1/µ1)

]
+ C2,1α2λ2,1

[
1/µ1

1− α2λ1/µ1

]
(41)

This same procedure is followed by non-membership function.The functions of

uncertain variables C̃a
′, ˜Ca

′1, ˜Ca
′2 are

(a) No priority discipline for nonmembership function,C̃a
′

C̃a
′ =

(
C̃ ′

1λ̃
′
1 + C̃ ′

2λ̃
′
2

) 1

µ̃′ − λ̃′
(42)

(b) Preemptive priority discipline for nonmembership function , ˜Ca
′1

˜Ca
′1 = C̃ ′

1λ̃
′
1

[
λ′/µ′2

(1− λ′/µ′)(1− α2λ′/µ′)
+

1

µ′

]
+ C̃ ′

2λ̃
′
2

[
λ′/µ′2

1− α2λ′/µ′ +
1

µ′

]
(43)

(c) Non-preemptive priority discipline for nonmembership function , ˜Ca
′2

˜Ca
′2 = C̃ ′

1λ̃
′
1

[
1/µ′

(1− λ′/µ′)(1− α2λ′/µ′)

]
+ C̃ ′

2λ̃
′
2

[
1/µ′

1− α2λ′/µ′

]
(44)

Table 1 and Table 2 represent the total costs of inactivity for membership function
and non-membership function.

Table 2: The Total Costs of Inactivity for Membership Function

Priority Discipline α = 0 α = 0.5 α = 1

No Priority [5.705, 68.85] [6.157, 54.27] [6.665, 44.55]

Discipline : C̃α

Preemptive Priority [37.410, 136.697] [27.147, 109.493] [25.249, 89.890]

Discipline : C̃1
α

Non-Preemptive Priority [58.556, 178.697] [60.412, 147.862] [62.605, 127.445]

Discipline : C̃2
α

Membership function of no priority discipline, Membership function of pre-
emptive priority discipline and Membership function of Non-preemptive priority
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discipline are shown in Figure 5 to Figure 7. Non-membership function of no
priority discipline, non-membership function of preemptive priority discipline and
non-membership function of Non-preemptive priority discipline are shown in Fig-
ure 8 to Figure 10.

Figure 5: Membership Function of No Priority Discipline

Figure 6: Membership Function of Preemptive Priority Discipline
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Figure 7: Membership Function of Non-Preemptive Priority Discipline

Table 3: The Total Costs of Inactivity for Non-Membership Function
Priority Discipline β = 0 β = 0.5 β = 1

No Priority [4.875, 79.625] [5.257, 62.79] [5.6875, 22.666]

Discipline :
˜
C

′
β

Preemptive Priority [26.507, 145.789] [28.479, 116.243] [30.772, 95.535]

Discipline :
˜

C
′1
β

Non-Preemptive Priority [59.431, 182.525] [61.457, 151.879] [63.466, 130.474]

Discipline :
˜

C
′2
β

Figure 8: Non-Membership Function of No Priority Discipline
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Figure 9: Non-Membership Function of Preemptive Priority Discipline

Figure 10: Non-Membership Function of Non-Preemptive Priority Discipline

8.2. An Example of a Two Queue with Single Server Uncertain Queuing
Model with Two Class Priority Discipline

Consider a line production of machine receives two types of arrival customers
ϑ1, ϑ2 and the service time can be represented as a exponential distribution η re-
spectively, noting that all parameters are in a uncertain environment and the man-
agement wants to compute the mean of queue length for each class.Trapezoidal
uncertain numbers are illustrated for the method as shown in the following subsec-
tions. A queuing model that two unit categories arrive at: 15% of arrivals belong
to one of the categories its denoted by category A (Class A) and therefore the
remaining 85% area unit within the different categories its denoted by category B
(Class B). The arrival rates(ϑ) at the system follows a Poisson Distribution (PD)
process, is approximately known and is given by the trapezoidal uncertain num-
bers (TPFN) are ϑ̃1 = [11, 13, 15, 17] and ϑ̃2 = [5, 7, 8, 9]. The service rate(η) from
a single server is the same for both unit classes, follows an exponential Distribu-
tion(ED) process, is approximately known and is given by trapezoidal uncertain
number(TPFN) is η̃ = [31, 33, 35, 37]. The possibility distribution of unit cost
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of inactivity for units in the same class is established by a trapezoidal uncertain
number(TPFN), with b̃A = [2, 3.5, 6, 7] and b̃B = [1.5, 2.5, 4, 5]. The model

holds that ρ̃1 = ϑ̃1

η̃ < 1, ρ̃1 = [1131 ,
13
33 ,

15
35 ,

17
37 ] = [0.3548, 0.3939, 0.4285, 0.4594],

and ρ̃2 = ϑ̃2

η̃ < 1, ρ̃2 = [ 5
31 ,

7
33 ,

8
35 ,

9
37 ] = [0.1612, 0.2121, 0.2285, 0.2432], So the

membership function variables are achieves the steady state condition. To cre-
ate the priority discipline of the uncertain queuing model, we must compare the
average total cost of inactivity for the three cases. The membership function of

uncertain variable are denoted by C̃l, C̃l
1 and C̃l

2.This is based on the concept of
α-cut method. Cost functions, calculated from (14), ϑ = ϑ1 + ϑ2. Let α1 = 0.15
and α2 = 0.85. Here ϑ1 = α1ϑ and ϑ2 = α2ϑ
(a) Average total cost of no priority, C̃l

C̃l =
(
b̃1ϑ̃+ b̃2ϑ̃

)
W̃ with W̃ =

1

η̃ − ϑ̃
(45)

(b)Average total cost of preemptive priority, C̃l
1

C̃l
1 = b̃1ϑ̃W̃1 + b̃2ϑ̃W̃2 (46)

Where, W̃1 = ϑ/η2

(1−ϑ/η)(1−α2ϑ/η)
+ 1

η , W̃2 = ϑ/η2

1−α2ϑ/η
+ 1

η

(c) Average total cost of non-preemptive priority, C̃l
2

C̃l
2 = b̃1ϑ̃W̃1 + b̃2ϑ̃W̃2 (47)

Where, W̃1 = 1/η
(1−ϑ/η)(1−α2ϑ/η)

, W̃2 = 1/η
1−α2ϑ/η

Comparison of the three total prices shows that the inactivity of priority dis-
ciplines reduces the average function of the total cost. Table 4 represent the total
costs of inactivity for membership function. Now we can get the performance
steps of the uncertain queuing model for each customer class: the average time on
the system, W̃1 and W̃2 is the average length of units in the system L̃1 and L̃2.
Table 5 represent the average time of the system and Table 6 represent the aver-
age length of the system. The membership functions of the performance measures
are obtained applying the Buckley and Qu’s method [13] functions of W1, W2, L1

and L2. During ϑ ∈ ϑ̃ and η ∈ η̃ depend on two continuous variables, and they
are equivalent to each other (increasing by ϑ and decreasing by η). Membership
function of no priority discipline, Membership function of preemptive priority dis-
cipline and Membership function of Non-preemptive priority discipline are shown
in Figure 11 to Figure 13.

W1 =
1/η

(1− ϑ/η)(1− ϑ2/η)
(48)

W2 =
1/η

1− ϑ2/η
(49)
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L1 = ϑ1W1 (50)

L2 = ϑ2W2 (51)

Table 4: The Total Costs of Inactivity for Membership Function
Priority Discipline α = 0 α = 0.5 α = 1

No Priority Discipline : C̃l [1.19, 9.36] [1.37, 6.921] [1.57, 5.4]

Preemptive Priority Discipline : C̃1
l [7.40, 43.18] [8.43, 33.01] [9.57, 26.46]

Non-Preemptive Priority Discipline : C̃2
l [192.67, 544.86] [208.45, 455.51] [224.99, 396.16]

Figure 11: Membership Function of No Priority Discipline

Figure 12: Membership Function of Preemptive Priority Discipline
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Figure 13: Membership Function of Non-Preemptive Priority Discipline

The average time of the system are shown in Figure 14 and Figure 15. The
average length of the system are shown in Figure 16 and Figure 17.

Table 5: Average Time of the System

Average time α = 0 α = 0.5 α = 1
W1 [0.075, 0.695] [0.084, 0.472] [0.096, 0.344]
W2 [0.042, 0.112] [0.045, 0.097] [0.048, 0.086]

Figure 14: Average time of the system W1
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Figure 15: Average time of the system W2

Table 6: Average Length of the System

Average length α = 0 α = 0.5 α = 1
L1 [0.180, 2.712] [0.215, 1.771] [0.260, 1.239]
L2 [0.579, 2.477] [0.654, 2.069] [0.735, 1.756]

Figure 16: Average length of the system L1
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Figure 17: Average length of the system L2

9. CONCLUSION

In this paper, we have obtained the steady-state solution for the cost of
higher and lower priority customers by using an alpha cut method to obtain lower
and upper bounds of cost function for No-priority, Preemptive priority and Non-
Preemptive priority customer and measures to apply single queue with a single
server and two queues with single server uncertain queuing model and function
costs are communicated by membership and non-membership functions that com-
pletely maintain the uncertainty of the underlying data when a portion of the
parameters of the model are uncertain.

The method proposed in this research paper empowers sensible answers to be
accomplished for each case, with various levels of probability, running from the
most critical to the most idealistic situation. The paper additionally gives more
data to help design uncertain priority-discipline queuing systems. This paper
just examinations one execution measures, however, the approach we proposed is
clearly not restricted to these and can be extended to others. Limitations require
more complex queuing models or simulation techniques that can more accurately
capture the nuances of real-world service systems. The model considers basic
performance metrics such as average queue lengths and waiting times; it may also
capture other important performance indicators such as customer satisfaction,
service level adherence, or operational costs. In addition, empirical data and
sensitivity analyses can help validate and refine queuing models to better reflect
actual system behavior. The findings can be incorporated into decision support
systems or simulation tools used by service managers to assess different scenarios,
forecast future demand, and assess the impact of operational changes on service
performance.
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