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Abstract: The expected runtime of non-elitist evolutionary algorithms (EAs), when they
are applied to a family of fitness functions Plateau, on the search space of binary strings of
length n is considered asymptotically with unbounded n. The functions of this family have
a plateau of second-best fitness in a Hamming ball of a constant radius r around a unique
global optimum, while below the plateau the fitness equals the number of one-bits. On one
hand, using the level-based theorems, we obtain polynomial upper bounds on the expected
runtime for non-elitist EAs with tournament selection, (1, A)-selection and proportionate
selection. We assume that these EAs are based on an unbiased mutation, in particular,
the bitwise mutation. In the case of proportionate selection, the mutation probability is of
order 1/n2. On the other hand, we show that the EA with fitness proportionate selection
is inefficient even to search for approximate solutions if the bitwise mutation is used with
the mutation probability greater than In(2)/n.
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1. INTRODUCTION

In the present paper, we study the efficiency of non-elitist evolutionary algorithms (EAs)
without recombination, applied to optimization problems with a single plateau of constant
values of objective function around the unique global optimum. Significance of plateaus
analysis is associated with several reasons. Plateaus often occur in combinatorial opti-
mization problems, especially in the unweighted problems [1, 2, 3], in fitness landscapes
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associated with genetic programming [4], feature selection in machine learning [5] etc.
Fitness plateaus caused by gene duplication are one of the key elements of the well-known
theory of neutrality in evolutionary biology [6]. A number of artificial benchmarks with
built-in plateaus have been introduced in the theory of EAs to demonstrate and compare
performance of EAs in different situations [7, 8, 9, 10].

As a measure of efficiency, we consider the expected runtime, i.e., the expected num-
ber of objective (or fitness) function evaluations until the optimal solution is reached. This
approach is standard for the area of runtime analysis in evolutionary computation. In this
area, the number of fitness evaluations is used more frequently than the time complexity
in terms of elementary operations because in practical applications of the EAs, the fitness
evaluations usually make up the main CPU cost. From the theoretical point of view, the
number of fitness evaluations is also convenient because it equals the number of queries
to an oracle, if the fitness function is given by an oracle. This assumption is natural if one
is interested in analysis of general-purpose heuristics, applicable to a broad range of prob-
lems. As alternatives to the expectation of the runtime, one can consider tail bounds for
the distribution of EA runtime (see e.g. [11]), or fixed-budget performance (see e.g. [12]),
but these approaches are less popular in the runtime analysis of EAs.

We study the EAs without elite individuals, based on the bitwise mutation (with a
specified bit flip probability), and more generally, based on the unbiased mutation [13],
when the EAs are applied to optimize fitness functions with plateaus of constant fitness.
To this end, we consider the Plateau, function with a plateau of second-best fitness in a
ball of radius r around the unique optimum. The goal of this paper is to study the expected
runtime of non-elitist EAs, optimizing Plateau,., asymptotically for growing number of
binary variables n, assuming constant parameter 7.

It is shown in [7] that the (1 + 1) EA, which is one of the simplest mutation-based evo-

lutionary algorithms, using an unbiased mutation operator (e.g., the bitwise mutation or the
n”(14o(1))
rIPr(1<¢<r)?

where € is a random variable, equal to the number of bits flipped in an application of the

mutation operator. This is proved under the condition that mutation flips exactly one bit

one-point mutation) optimizes the Plateau,. function with expected runtime

with probability w(n™ 7 ). The most natural special case when this condition is satisfied
is when exactly one bit is flipped with probability (1).

The authors of [14] analyze the runtime of the (1 + 1) EA on Royal Staircase fitness
functions — see e.g., [10] — consisting of n /¢ plateaus, which have to be optimized se-
quentially. Using their method based on discrete Fourier analysis, the authors determine
precise expected runtime both for static and fitness-dependent mutation rates and find the
asymptotically optimal static and fitness-dependent mutation rates.

Studies of EAs with non-trivial populations on problems with plateaus are seldom. In
the case of Cliff function [15], the non-elitist (1, A\) EA was shown to be able to overcome
a plateau of local optima in polynomial time, while the elitist (1 + \) EA is unable to do
this. Here a plateau consists of solutions being locally optimal, all of which have the same
number of ones. However the Cliff function presents a specific kind of fitness function
with a large plateau of local optima, such that even a random walk ignoring the fitness,
reaches this plateau with high probability, as it was noted in [16].

In the present paper, we consider the performance of non-elitist EAs optimizing the
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Plateau,. fitness under different conditions on mutation and selection operators, including
the similar conditions on unbiased mutation as in [7]. We obtain polynomial upper bounds
on the expected runtime of non-elitist EAs, using tournament selection or (u, A)-selection
(Theorems 7-10) and, in the case of bitwise mutation with low mutation probability of
order 1/n?, using the fitness proportionate selection (Theorem 11). These upper bounds
are obtained by means of the level-based theorems [17], [18] and [19].

Taking into account the similarity of function Plateau,. to the well-known OneMax
function, in Proposition 15 we derive an exponential lower bound on the expected runtime
of the EAs with the proportionate selection and with mutation probability x /n, where y is
a constant greater than In 2. Given these conditions, we also show in Theorem 16 that find-
ing an approximate solution within certain constant approximation ratio also requires an
exponential time in expectation. The lower bounds for the case of proportionate selection
are based on the negative drift theorem from [20], and a stochastic domination argument
suggested in [21] for analysis of the proportionate selection. The obtained lower bounds
generalize the results of [21] and [22] known for OneMax.

From the methodological perspective, for upper bounding the expected runtime this
paper suggests a new combination of typical application of a level-based theorem with the
analysis of expected proportions of individuals from different level sets in the EA popu-
lation [23]. A level-based theorem here gives an upper bound on the expected time until
a constant fraction of a population will reach the plateau. Then the analysis of expected
proportions of individuals from different level sets allows to compare the behaviour of the
EA population to the behaviour of a single individual in a mutation-driven random walk
on the plateau. This analysis will appear as Theorem 8 in the paper.

In contrast to [24], here we improve the upper bound of Theorem 8 by a factor of n,
relax the constraint on the population size in Theorem 16 and turn the lower bound of this
theorem from super-polynomial into exponential. Theorem 7 is given with the full proof.

2. PRELIMINARIES

We use the same notation asin [17,25,22]. Forany n € N, define [n] := {1,2,...,n}.
The natural logarithm and logarithm to the base 2 are denoted by In(-) and log(+) respec-
tively. By poly(n) we will denote any polynomially bounded function, i.e. a function from
©(nk) for some constant k > 0. For z € {0, 1}", we write x; for the ith bit value. The
Hamming distance is denoted by H (-, -) and the Iverson bracket by [-]. Throughout the
paper the maximisation of a fitness function f: X — R over a search space X := {0,1}"
is considered. Given a partition of X into m ordered subsets, called levels (A1, ..., Any),
let A>; = U/Z;A;. Note that by this definition, A>1 = X. A population is a vector
P € X*, where the ith element P(i) is called the ith individual. For A C X, define
|[PNA|:=|{i : P(i)e A}|,i.e., the count of individuals of P in A.

2.1. The Objective Function

We are specifically interested in two fitness functions defined on X = {0, 1}":

» The well-known benchmark function

OneMax(z) := th
i=1
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 and a function from [7] with a single plateau of the second-best fitness in a ball of
radius r around the unique global optimum

OneMax(z) if OneMax(z) <n —r,
Plateau, := ¢ n —r if n —r < OneMax(z) < n,
n if OneMax(x) = n,

parametrized by an integer > 1.

Note that results of the paper will also hold for the generalised classes of such func-
tions, see e.g. [26], where the meaning of 0-bit and 1-bit in each position can be exchanged,
and/or z is rearranged according to a fixed permutation before each evaluation.

2.2. Non-Elitist Evolutionary Algorithm and Its Operators

The non-elitist EAs considered in this paper fall into the framework of Algorithm 1,
see, e.g., [25, 22]. Starting with some P, which is sampled uniformly from X, in each it-
eration ¢ of the outer loop a new population P, is generated by independently sampling A
individuals from the existing population P; using two operators: selection select: X* —
[A] and mutationmutate: X — X. Here, select takes a vector of A individuals as input,
then implicitly makes use of the function f, i.e., through fitness evaluations, to return the
index of the individual to be selected. We assume that fitness evaluations are “cached”
and the entire population is not re-evaluated to sample each individual. So it is sufficient
to make \ fitness evaluations per iteration with any .

Algorithm 1 Non-Elitist Evolutionary Algorithm

Require: Finite state space X', population size A € N,

1: Py ~ Unif(&X?)

2: fort =0,1,2,... until termination condition met

3 fori=1,2,..., )\
Sample I;(i) := select(F;), and set x := P;(1;(i))
Sample P; 1 (i) := mutate(z)

AN

The fitness function is considered optimised when an optimal solution appears in P,
for the first time, i.e., the operator mutate samples a solution z*, such that f(z*) =
maxgex{f(x)}. The optimisation time (or runtime) is defined as the number of fitness
evaluations made until the fitness function is optimized.

In this paper, we assume that the termination condition is never satisfied and the al-
gorithm produces an infinite sequence of iterations. This simplifying assumption is fre-
quently used in the theoretical analysis of EAs.

Formally, select is represented by a probability distribution over [\], and we use
Pset(@ | P) to denote the probability of selecting the ith individual P(i) of P. The well-
known fitness-proportionate selection is an implementation of select with

f(P(@)

VP e X \Vie [\ psali| P) = ———2
SALTE Nl = S )



A. Eremeev / Evolutionary Algorithms Optimizing Functions with Plateau 5

(if Z;.\Zl f(P(j)) = 0, then one can assume that select has the uniform distribution). By
definition, in the k-tournament selection, k individuals are sampled uniformly at random
with replacement from the population, and a fittest of these individuals is returned. In
(1, A)-selection, parents are sampled uniformly at random among the fittest . individuals
in the population. The ties in terms of fitness function are resolved arbitrarily.

The definitions presented in the rest of this subsection are standard for runtime analysis
of non-elitist EAs and may be found in [17, 20] or similar sources.

We say that select is f-monotone if for all P € X* and all i, j € [)\] it holds that
Dset(i | P) > pset(j | P) < f(P(3)) > f(P(j)). It is easy to see that all three selection
mechanisms mentioned above are f-monotone.

The cumulative selection probability 3 of select(P) for any v € (0,1] is

A
B(1,P) = pali | P)- [f(P(i)) = fryn] , where P € X7, (1)
i=1
assuming a sorting (f1,--- , fx) of the fitnesses of P in descending order. For the sake

of completeness, we assume 5(0, P) := 0. In essence, 5(v, P) is the probability of
selecting an individual at least as good as the [yA]-ranked individual of P. Clearly, for
any monotone selection mechanism and any P € X holds 3(vy, P) > yatany vy € [0, 1].

When sampling A times with select(P;) and recording the outcomes as a vector
I; € [\, the reproductive rate of P, (i) is

A
ay(i) := E[Ry(i) | Py] where Ry (i) == 3 _[1,(j) = il.

j=1

Thus «;(7) is the expected number of times that P;(4) is selected. The reproductive rate
a of Algorithm 1 is defined as ag := sup, > max;cx{u (i)}

2.3. Properties of Mutation

The operator mutate is represented by a transition matrix ppy: X x X — [0, 1], and
we use pmut(y | ) to denote the probability to mutate an individual x into y. We consider
the unbiased mutation operators [13], i.e. those symmetric w.r.t. the bit-positions 1, ..., n
and w.r.t. the bit-values 0 and 1:

1. Forany z,y, z, € X holds
Pout(Y | T) = Pt (y ® 2 [ @ 2),
where & denotes the XOR operation.
2. For any x,y € X and any permutation of bits gp;45s : X — X

pmut(y | .%') = pmut(abits(y) ‘ Ubits(x))-

One of the most frequently used unbiased mutation operators, the bitwise mutation
(also known as the standard bit mutation), changes each bit of a given solution with a fixed
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mutation probability p,,:. Usually it is assumed that p,,,,+ = x/n for some parameter
X > 0. For the bitwise mutation with mutation probability x/n we have

n

n x\ H (@) X\ H(@y)
Va,y € {0,1}": pmu(y | ) = (ﬁ) (1 — ) .

Another well-known mutation operator, the point mutation operator, keeps the input string
unchanged with some given probability py or flips one bit x; in randomly chosen posi-
tion ¢ € [n] with probability 1 — py. Note that both of these mutation operators treat
the bit values 0 and 1 indifferently, as well as the bit positions, and therefore satisfy the
conditions of unbiasedness.

Suppose a level partition (A1, ..., A,,) of the search space is given, then we will call
a mutation operator monotone with respect to this level partition if for any ¢,4’,j € [m)],
such thati > ¢/, forany x € A;, 2’ € A, the following inequality holds

Pout(Asj | 2) > pmu(As;j | 2'),

where pmut(A>; | ) = Pr(mutate(z) € A>;) and pmu(A>; | ') = Pr(mutate(z’) €
As ;). It was proved in [27] that the standard mutation with p,,,; < 1/2 is monotone
w.r.t. the level partition which consists of the subsets 4; = {z : OneMax(z) = i —
1}, @ = 1,...,n + 1. Another example of monotone mutation operator w.r.t. this level
partition is the point mutation which keeps the input string  unchanged with some given
probability pg > 1/(n + 1), see e.g. [23].

Analogously to Propositions 1-3 [23] for the case of tournament selection or Proposi-
tion 2 [28] for the case of (u, A)-selection, we can formulate the following

Theorem 1. Suppose the EA from Algorithm 1 uses a mutation operator mutate and a
monotone selection mechanism select, besides that suppose that a mutation operator
mutateo, is monotone w.rt. a level partition (Ay,...,An), and for any i,j € [m] it
satisfies

Pr(mutate(z) € A>;) > Pr(mutateo(z’) € As;) forany x, 2’ € A;.

Then, the random string x**1, obtained as x'*! = mutateq(z*) from a random string ',
such that Pr(Py(1) € As;) > Pr(at € As;) for all j € [m), satisfies the inequalities

Pr(Py1(1) € Asj) > Pr(a' € As)) forall j € [m]. ()

For the sake of completeness, a full proof of Theorem 1 is provided in Appendix A.

Clearly, P;(1) may be replaced by P;(7) with any ¢ € [A] in the formulation of The-
orem 1 because all individuals of a population are identically distributed. Note that the
inequality (2) may be applied recursively up to any given iteration number ¢. In particular,
if we start the random sequence z°, 2!, ... with z%¢ = P, (1) at some iteration ¢, then
iterative application of Theorem 1 implies that Pr(P,(1) € A>;) > Pr(z' € As;) for
any j and ¢t > .
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2.4. Runtime Bounds from the Literature

In this paper, a number of results on runtime analysis are employed from other works.
This subsection contains the formulations of these results. Some of the formulations are
given with slight modifications, which do not require a special proof.

Our lower bound is based on the negative drift theorem for populations [20].

Theorem 2. Consider the EA from Algorithm 1 on X = {0, 1}" with bitwise mutation
rate x/n and population size A\ = poly(n), let a(n) and b(n) be positive integers such
that b(n) < n/x and d(n) = b(n) — a(n) = w(lnn). Given z* € {0,1}", define

T(n):=min(t: ,N{x € X: H(z,z") < a(n)}| #0).
If there exist constants o > 1, § > 0 such that

1) Vt >0,Vie[)\: ifa(n) < H(P(i),z*) < b(n) then a:(i) < o,
2) ¢ :=In(a)/x+d <1,

3) b(n)/n < min {1/5, 1/2 — /(2 - 1/))/4},
then Pr (T(n) < eCd(")) = e~ M) for some constant ¢ > 0.

We also use Corollary 1 from [20], which follows from the negative drift theorem for
populations, focused on achieving the global optimum:

Corollary 3. The probability that an EA from Algorithm 1 with population size A =
poly(n), bitwise mutation probability x /n, and maximal reproductive rate bounded by
ap < o < eX — 4, for a constant § > 0, optimises any function with a polynomial number
of optima within e" generations is e~ *") | for some constant ¢ > 0.

To estimate the expected optimization time of Algorithm 1 from above, we use the
level-based analysis [17]. The following theorem is a re-formulation of Corollary 7 from
[17], tailored to the case of no recombination.

Theorem 4. Given apartition (A, ..., Am) of X, ifthere exist sy, ..., Sm—1,D0,9 € (0,1],
Yo € (0,1) such that

M1) Vj € [m—1]: pmu(y € Asji1 |z € Aj) > sy,
M2) Vj € [m]: pmu(y € A>j | x € A;) > po,
(M3) VP S (Af’)A 7v’7 S (0770} 6(77P) 2 (1 +6)’Y/p07

M4) population size \ > — In| —— | , where s, := min {s,},
(M4) population size A 2 Y002 V05502 jE[m—I]{ 2

8\ e 60X 1
E o] < <52> ; (m (4+708j5)\> * “/osj)\> ’ ®

where Ty := min{t : | P, N Ap| > YA}

then
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Note that literally the formulation of Corollary 7 in [17] gives the bound (3) only for the
expected runtime, but it is easy to see from the proof therein that the bound actually holds
for the expected number Tj of the first population that contains at least v\ individuals
in level A,, as we put it in Theorem 4. This slight modification is useful for analysis in
Section 3.

As an alternative to Theorem 4 we also use the following level-based theorem which
was proved in [29] using the multiplicative up-drift [30].

Theorem 5. Given apartition (Ay,. .., Ay,) of X, define T := min{t\ : |P,NA,,| > 0}.
If there exist s1,...,Sm—1,D0,0 € (0,1], 70 € (0,1), such that conditions (M1)—(M3) of
Theorem 4 hold and

(M4') for some constant C > 0, the population size \ satisfies

A > % log (C;m <10g/\ - )) , where s, = jer[l;lrillll]{Sj}7

YoSxA
then

m

Xa

E[T]=0
=1 108;

Amlog(r0)) | 1
5 1S

Theorem 5 improves on Theorem 4 in terms of dependence of the runtime bound de-
nominator on J, but only gives an asymptotical bound. The proof of Theorem 5 is analo-
gous to that of Theorem 4 and may be found in the appendix to [29].

In the case of very high selection pressure, non-elitist EAs tend to choose the best found
solutions as parents, similar to the elitist EAs. The upper bound on expected runtime,
formulated as Theorem 6 below, is a slight modification of Theorem 1 [18].

A level partition (A1, ..., A,,) is said to be an f-based partition if f(z) < f(y) for
allz € Aj,y € Ajpandall j € [m —1].

Theorem 6. Given an f-based partition (A1, ..., A,) of X, if the EA from Algorithm 1
uses
1) such a mutation that Pr(mutate(z) € A>ji11) > sy foranyx € Aj, j € [m — 1]
and
2) a k-tournament selection, k > ¢ with a population of size A > (1 +1nm)/
(s4(1 —e=9)) for some ¢ > 0, or (j, A)-selection and X\ > (1 +1Inm)/s.,
then an element from A,, is found after at most m generations with probability not less
than 1/e, where e = 2.71828... is the base of the natural logarithm.

For the sake of completeness, a full proof of Theorem 6 is provided in the appendix.

3. UPPER BOUNDS FOR EXPECTED RUNTIME
3.1. Tournament and (1, A)-Selection

First of all, due to similarity of function Plateau, to the well-known function Jump,.,
n+1 if OneMax(z) = n
Jump, (z) := ¢ r + OneMax(z) if OneMax(z) <n —r,

n — OneMax(z) otherwise
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analogously to the proof of Theorem 11 [17] (its Jump,. case), we obtain the following
theorem.

Theorem 7. Let the EA from Algorithm 1 be applied to Plateau,., r = O (1), using
1) a bitwise mutation given a mutation rate p,,.. = x/n for any fixed constant x > 0,

2) a k-tournament selection or a (u, \)-selection with their parameters k or \/ 1 (re-
spectively) being set to no less than (1 + §')eX, where §' € (0,1] is a constant,
and

3) a population of size A\ > clnn, for a sufficiently large constant c.

Then the EA has an expected runtime O (n” + n\).
Proof. We apply Theorem 4, partitioning X’ into m = n — r + 2 subsets, where
A; == {z:OneMax(z) =i —1}, i <m — 2,

Ap—1:={z:n—r <OneMax(z) < n}, A, ={(1,...,1)}
The choices of s; and s, to satisfy (M1) are the following. For j =0,...,m —2

n—1 n—j+1
=X rn (1-2)7 —a(22LEL),

n

but 8,1 = (%)T (1- X)nfr =0 ((%)T), i.e. the probability of flipping the r re-

mained 0-bits, so s, := {2 ( M.
Lemma 3 from [31] (see Lemma 17, assuming € = (6’/2)(1 + ¢’/2) in Appendix B

below) implies that the probability of not flipping any bit position by mutation is

n 6'/2 X
(1 =x/n) 2(1 1+5’/2> T 1102

for n sufficiently large. Thus choosing po := 1F5 /2 satisfies (M2).
We now look at (M3). For k-tournament selection, we have

82\ 1
> NeX — 1 _ = ) =
kE>(14d)e <+1+5,/2)p0

due to our choice of pyg. Hence, Lemma 5 from [22] (see Lemma 18, assuming A =
(6'/2)/(1 + ¢’ /2) in Appendix B below) implies that (M3) is satisfied for any vy € (0, o],
~o = 6(1) with some constant § € (0, 1]. The same conclusion can be drawn for the other
selection mechanism.

In (M4), since 7o and d are constants, there should exist a constant ¢ > 0 such that the
condition (M4) is satisfied.
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Since all conditions are satisfied, Theorem 4 may be applied. Let us analyse the re-
sulting upper bound on the optimisation time. For the first m — 2 terms of the sum

m—1
In (4+’yosj5)\> @)

j=1

bounding each term by In <%65 ), we get O (n) as in the case of OneMax in the proof

of Theorem 11 from [17]. For the last term we have the upper bound In(6/(Y0S$m—1)) =
O (logn) since s,,—1 = (1/n"). Intotal, we have the upper bound O (n) for the sum (4).
SoE [Ty] = O (n+n"/\), and multiplication by the population size A gives the required
upper bound on E [T]. O

Note that by the similar modification of the last step in the proof of Theorem 11 [17],
one can also obtain the O (n” 4+ nA) upper bound on the expected EA runtime in the case
of Jump function.

In the more general case of unbiased mutation we prove the following

Theorem 8. Let the EA from Algorithm 1 be applied to Plateau,., r = O (1) , using

1) an unbiased mutation mutate with Pr(§¢ = 0) > po = Q(1) and Pr(§ = 1) >
p1 = Q(1), where & is the random variable equal to the number of bits flipped in
mutation,

2) a k-tournament selection or a (u, \)-selection with their parameters k or \/ 1 (re-
spectively) being set to no less than (1 + ¢')/po, where &' € (0,1] is a constant,
and

3) population size \ > clInn for sufficiently large constant c, independent of r.

Then the expected runtime of this EA is O (An").

Before the proof of this theorem we formulate the following lemma, which resembles
one of the steps in the proof of the level-based theorem [17], but applies to level m.

Lemma 9. Assuming conditions of Theorem 4 are satisfied, if |P, N A, | > ~oA on iter-
ation t, then for the next iteration t + 1 we have

62’)/05*

P A
Pr(|Ppy1 N Ay| <)) < T28m "

®)

Proof of Lemma 9. To create an individual in A, it suffices to pickanxz € PN A,,
and mutate itto an individual in A,,,, the probability of such an event according to (M2) and
(M3)is at least B(~yo, P)po > (1+9)70. So, we obtain the following by the multiplicative
Chernoff bound
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1)
Pr(|Pry1 N Ap| <70A) =Pr (|Pt+1 NAR| < (1 - ) (1+ 5)70>\>

149
%90 825,70
< — <
—e“’( 20-+®> = T28m ©)

where the last inequality takes into account the condition (M4) and § < 1. [J

Proof of Theorem 8. We apply Theorem 4, partitioning X into m = n—r+1 subsets,
where A; := {x : || =i—1}, i € [m — 1], A, := {z : |x|] > n — r}. The choices
for s; and s, to satisfy (M1) condition are the following. Forj =1,...,m —1

X , X\t n—j+1
o ey (1 X —a (R,

n

s0 s, == (1).

Conditions (M2)-(M4) are verified exactly as in the proof of Theorem 7 for some
constant § € (0, 1] defined by ¢’.

Since all conditions are satisfied, Theorem 4 may be applied. Each term in the sum

Z In (4 + ’)/osj(;)\)

) which implies that E [Ty] = O (n), i.e. on average after

may be bounded by In (

at most Cn iterations the EA will produce a population with at least yoA individuals in
Am, where C and 7 are positive constants. By the Markov’s inequality, this implies
that with probability at least 1/2, starting from any population, within 2Cn iterations,
the EA produces a population with at least g\ individuals in A,,. By Lemma 9, with
s« = O(1/n) and m = ©(n), in case of constant ¢ and 7o, if | Py N Ay,| > Yo then the
probability to get less than 7o\ plateau individuals in the next iteration is at most K /n>
for some constant K. Thus, by the union bound, the probability to get less than oA
plateau individuals at least once during the following n?/(2K) iterations is at most 1/2.
In what follows, a sequence of 2Cn + n? /(2K ) iterations we will call a series of the EA
iterations. Clearly, the last n?/(2K) iterations of any given series contain at least yo\
plateau individuals with probability not less than 1/4.

In what follows, let us use the more detailed level partition A} := {z : |z| =
i—1}, i=1,...,n+1withm’ = n+ 1. Let us suppose that the optimum is not found
until the following scenario of reaching the optimum is performed (otherwise the runtime
will be just shorter).

Suppose that P, contains at least o\ individuals on the plateau. Then to create an
individual in A>n 41 In iteration ¢ + 1 it suffices to pick an individual in P N A>n ”
and mutate it to an individual in A%, . ,. The probability of such an event is at least
B(v0, P)p1/n > (1 + 6)vop1/n = Q(1/n).

To obtain a lower bound on the probability to reach the global optimum, having started
in some point on the plateau, let us consider a simplified mutation operator mutateq(x)
such that for any = € &
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* in the case when |mutate(x)| = |z|, the new mutation has identical output to
mutate(z);
* in the case when |mutate(z)| = |z| + 1, a random choice is made: with prob-

ability po the operator mutate, outputs the same string as mutate(x), and with
probability 1 — py it outputs a random point from Ay ;

« in all other cases mutateq(x) outputs a random point from A;.

Let us check that mutateg is a monotone mutation operator. Indeed, all strings within
the same level set A}, i € [m’] have equal probability to produce an offspring in any
target set AL, j € [m/], therefore we can consider only cumulative transition proba-
bilities v;; := Pr{mutateo(z) € A% ;} where z € Aj, i,j € [m/] to prove the mono-
tonicity of mutatey. By the definition of the transition probabilities, a;;; = 1 for all
i € [m']. By the definition of mutateo we have o;; = O foralli = 2,...,m/, j =
2,...,i—1,4+2,...,m/, and since mutate is unbiased by assumption 1), s0 @; ;41 =
po-Pr(H(mutate(x),z) = 1) (n—i+1)/n is the probability that jmutate(z)| = |z|+1
forz € Al, i € [m’—1]. Note that for proving monotonicity for operator mutate it is suf-
ficient to show that ov; 11 j —a; ; > 0,0 € [m'—1], 5 € [m/]. Foralli # j—1 this inequal-
ity is trivial in view of the definition of mutateq. Forthecaseofi = j—1, j = 2,...,m/
we have

Qi1 — QG j = Qjj —Qj_1,; > po — po - Pr(H (mutate(z),z) =1)(n—j+2)/n

which is nonnegative. Therefore mutate( is monotone.

The conditions of Theorem 1 are satisfied for the pair of operators mutate and mutatey.
Therefore, Theorem 1 allows to estimate the distribution of an individual P;(1) (or any
other individual P;(j) fora fixed j € [A]) over the subsets AL ;, i € [m] by the distribution
of the random state x?.

Consider a random state z'° !, distributed identically with P, 1(1), which implies
that |zfo*1| > n—r+1 with probability (1/n), because the probability to choose a parent
from A>,,_,is B(v0, Psy) > o = (1), the mutation is unbiased, and Pr(§ = 1) > p; =
Q(1). Using this as a basis for induction argument, let us assume that [zf+¢| > n —r +i
with probability Q(1/n?). Atiteration ¢ = to + 2,...,%o + r the operator mutateq(z!)
with probability p; = (1) mutates a uniformly chosen single bit from z?, so for the
next iteration z**!, the probability to increment the number of ones is 2(1/n). Finally,
Pr(z'ot" € A,,) = Q(1/n"). Then an (r — 1)-fold application of Theorem 1 implies that
Pr(Piy4r(1) € A,) = Q(1/n7) as well.

Now we can consider a sequence of series of the EA iterations, where the length of
each series is 2Cn +n? /(2K ) iterations. In each series, following the first 2C'n iterations
of a series, there are % = (n?) stages of r iterations in each stage. As it was shown in
the beginning of the proof, with probability 1/4 each stage starts with oA individuals on
the plateau. Suppose, D;, j = 1,2,..., denotes an event of absence of the optimal indi-
viduals in the EA population throughout the jth stage. In view of the above consideration,
the probability of each event D;, j = 1,2,...,isatmost 1 —§(1/n"), so the probability
to reach the optimum for the first time in more than j stages is at most (1 — C’/n")? for
some constant C”.
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Let Y denote the random variable equal to the number of the first stage when the
optimal solution is obtained. By the properties of expectation, see e.g. [32],

E[Y] = iPr(Y >j) = 1—|—§:Pr(D1&. ..&Dj) < 1+§:(1—C’/nr)j =0(n").
§=0

j=1 j=1
(7)

Since each series contains 2C'n iterations to reach the plateau and n? /(2K) iterations that
cover % stages, so the total number of iterations till finding the optimum differs from
the total length of all stages that count till finding the optimum by the factor of 1+ O(1/n),
so by (7) the expected runtime, measured in fitness evaluations, is O (An"). O

Note that the runtime bound of Theorem 8 is by a factor n tighter than the bound from
Theorem 2 [24], besides that, the proof of Theorem 2 in [24] contained an error.

The following theorem shows that the requirement of a positive constant lower bound
on probability to mutate none of the bits Pr(§ = 0) = Q(1) may be avoided at the expense
of very high selection pressure and a factor of A\r longer runtime.

Theorem 10. Let the EA from Algorithm 1 be applied to Plateau,., r = O (1) , using

1) anunbiased mutation with Pr(§ = 1) = Q(1), where £ is the random variable equal
to the number of bits flipped in mutation, and

2) a k-tournament selection, k > c\ with a population of size X > % for
some ¢ > 0, or (u, \)-selection with \/p > nP(rl(Z:f)L)'

Then the expected runtime of the EA is O (Azn”‘l).

Proof. The proof is analogous to that of Theorem 8, but now by the means of Theo-
rem 6 we only ensure that with probability at least 1/e, at least one individual from A,
will be present in the EA population after at most n — r iterations at the beginning of each
series. Suppose this event has happened in some iteration P;. The probability to choose a
parent from A,,, for constructing P, is lower-bounded only by 1/ because the best-fit
individual in tournament and in (1, A)-selection mechanisms is chosen with probability at
least 1/\. Then any offspring in the population P, with the probability Q(1/(nX)) will
have at least n —  + 1 ones. So, by the inductive argument, analogous to that in the proof
of Theorem 8, we conclude that Pr (f(Psy,(1)) = f*|P, N A, # 0) = Q(1/(n"N)).

Consider a sequence of series of the EA iterations, where the length of each series is n
iterations. Suppose that D;, 5 = 1,2,..., denotes an event of absence of the optimal
individuals in the population throughout the jth series. Let Y denote the random variable
equal to the number of the first series when the optimal solution is obtained. In view of the
above consideration, the probability of eachevent D;, j =1,2,...,is 1-Q(1/(n" X)), so
the probability to reach the optimum in at most j series is lower bounded by (1 —C” /n")’
for some constant C”/, and E [Y] = O (n" ). The length of each series is n iterations, so
the total runtime is O (A2n"*1) . O
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We see two main reasons for the difference of the runtime bounds obtained in Theo-
rem 8 and Theorem 10 by the factor of nA:

(1) In Theorem 8, we rely on r consecutive successes of the (1,1) EA (there is no selec-
tion here), while in Theorem 10 the proof relies on  consecutive successes involv-
ing the selection step of the EA, which imposes an extra factor of A. It is not clear
how to relate the non-elitist EA from Theorem 10 to the (1,1) EA because based on
the assumptions of the latter theorem we can only assign pg := 0, which does not
allow to define a suitable mutation operator mutateg for (1,1) EA.

(i) Lemma 9 can not be applied either in the proof of Theorem 10 because this lemma
requires a positive lower bound pg (condition M2), which is not relevant in the case
of Theorem 10. But Lemma 9 is used in Theorem 8 to avoid complete restarts
from the first level whenever the EA has failed to reach the global optimum on its
journey through the plateau. This leads to an extra factor of n in the runtime bound
of Theorem 10.

The assumptions of Theorem 10 require very high selection pressure, so it is likely that
the runtime bound in this case may be significantly improved, relying on the similarity with
the (1+1) EA.

3.2. Fitness-Proportionate Selection and Low Mutation Rate

In this subsection, we analyse the use of the fitness proportionate selection. This se-
lection mechanism, also known as roulette-wheel selection, was the main selection used
in the early development of genetic algorithms (GA) and their applications [33]. Unlike
the rank-based selection mechanisms considered above, this selection is sensitive to the
absolute values of fitness function f(x). This is often seen as a weakness from the the-
oretical view point, but at the same time there exists a large body of literature reporting
successful applications of the the fitness proportionate selection.

The results of [22], [25] and [19] make use of the level-based analysis for proving
polynomial upper bounds on the expected optimisation time on the OneMax, given small
mutation rate p,,,; = O(n~2). In Theorem 11 we will employ this technique for the case
of Plateau.

Theorem 11. The expected runtime of the EA from Algorithm 1 on Plateau,., r = O (1),
using

1) fitness-proportionate selection,

2) bitwise mutation with mutation probability x /n, x = (1 — ¢)/n, for any constant
ce(0,1)

3) population size X\ > ¢'n*In(n), A = O (nK) , where ¢’ and K are positive suffi-
ciently large constants

is O (An?logn + n?" 1) .
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Proof. We will apply Theorem 5. To this end, we use a partition of X intom =n+1
subsets, where 4; := {z : x| =i — 1}, i € [m — 1], A, := {2 : |z| = n}.

Let us choose the lower bounds s; that satisfy (M1). Givenx € A; forany j < m—1,
among the first j + 1 bits, there must be at least one 0-bit, thus it suffices to flip the first
0-bit on the left while keeping all the other bits unchanged to produce a search point at a
higher level. The probability of this event is

n—1 N\t 1_
5(1—5) >X<1—> >S5 jelm—2),
n n n n en

For s,,,_; we have s, := S,,,_1 = (%) (1 — 7) = Q(n=2r).

To satisfy (M2), we pick pg := (1 — x/n)", i.e., the probability of not flipping any
bit position by mutation.

In (M3), we choose o := ¢/4 and for any v < 7o, let f, be the fitness of the [yA]-
ranked individual of any given P € X*. Thus there are at least & > [y\] > 7\ in-
dividuals with fitness at least f, and let s > kf, > yAf, be their sum of fitness. We
can pessimistically assume that individuals with fitness less than f, have fitness f, — 1,
therefore

S S

PO P) 2 G, — D)~ st 0 - D)
S YA Sy _ gl
S VAN WPy AT Rl Ry gy ¥

v (1=c/0)/f"
> > e
1—(1—c/4)/f*

where f* := n and in the last line we apply the inequality e™* > 1 — x. Note that
po = (1 —x/n)"* > e X/(1=) for any constant ¢ € (0,1) and sufficiently large n.
Indeed, by Taylor theorem, e=* = 1 — z + za(z), where a(z) — 0 as z — 0. So
given any € > 0, for all sufficiently small z > 0 it holds that e=* < 1 — (1 — ¢)z. For
any ¢ € (0,1) we can assume that z = x/(n(1 — €)), then for all sufficiently large n it
holds that (1 — y/n)™ > e~*" = ¢~ x/(1=2) /S0 we conclude that

L= c/4—xf*/(1 —e>>
IE '

Now xf* = xn =1 — ¢, thus choosing & := 1 — & o3 € (0,1) implies x f*/(1 —¢) <
1 — ¢/2. Condition (M3) then holds for § := ¢/(4n) because

ﬁ(V,P)pozv(1+1_0/4}*(1_0/2)) 27(1+£).

To verify condition (M4’), we assume C' = 1 and note that

8 Cm 1
log A < 'rn?1
s ( 5 <0g +708*/\)> < d'rn®In(n),

By, P)po 2 7=/ emx/17) > o (1 +
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for some constant ¢’ > 0, since A < n and s* = Q(n~2"). So (M4') holds if ¢’ is large
enough. By Theorem 5, we conclude that on average after at most O(An? logn + n?"*1)
fitness evaluations the EA will produce the optimum. [

In the case of » = 1 (i.e. the OneMax fitness), application of Theorem 11 for A =
©(n?logn) gives E [T] = O (n*(logn)?) , the same as the upper bound in Theorem 4.1
in [30]. A refined analysis of [19] improves the expected runtime bound for this special
case, yielding E[T] = O(An?logn + nlog(n)/pmut), which, given appropriate A =
O(nlogn) turns into O(n3(logn)?). However for 7 > 1 the last term n*" ™! plays the
main role and the approach from [19] loses its advantage.

4. INEFFICIENCY OF FITNESS-PROPORTIONATE SELECTION WITH
STANDARD SETTINGS

In this section, we consider Algorithm 1 with fitness-proportionate selection and the
bitwise mutation, given a constant value of the parameter x > In2. This algorithm turns
out to be inefficient on Plateau,. for any constant 7 > 1. For the proof we will use the Neg-
ative Drift Theorem from [22]. In order to obtain an upper bound on the reproductive rate,
required for this theorem, in Lemma 12 below we modify Lemma 11 of [21], extending
it from the case of ppy = 1/n to the case of arbitrary pyy < 1/2. Here we also extend
Lemma 11 [21] from the case of OneMax to Plateau,., » > 1.

In what follows, we use the standard notion of stochastic domination. For two ran-
dom variables X and Y, it is said that variable Y stochastically dominates X, denoted by
X <Y, ifforallr € Rholds Pr(Y <r) <Pr(X <r).

Lemma 12. Consider a run of Algorithm I with pmy < 1/2, applied to optimize a fitness
function Plateau,., r > 1. Then for each generation t > 0 and each i € [)], we have
Bin(n,1/2) < OneMax(P;(i)).

Lemma 12 is proved using Lemma 13 below. Let us define a supplementary proba-
bility distribution fp(-). Given XA non-negative values f1, ..., f), a random variable v is
distributed according to fp(f1, ..., f1), if in the case that f; > 0 for at least one i € [}\],
we have Pr(v = i) = f;/ Z;‘Zl f; forall i € [A], and otherwise (i.e. if f; = 0 for all
i € [A]), we have Pr(v = i) = 1/A forall i € [A].

Lemma 13. Suppose, Om; := Om(P;(1)), ..., Omy := Om(P;(N)), and
f1 := Plateau,.(P;(1)), ..., fn := Plateau,.(P;())).

Let u € {1,...,\} be uniformly chosen and U = Om,,. Letv ~ fp(fi,..., f») and
V =0m,. ThenU < V.

Lemma 13 is analogous to Lemma 12 in [21], but it has a significant difference because
the proportionate selection probability distribution is now defined according to Plateau,.,
where individuals with different OneMax value may have equal fitness. This adds some
technical issues to the proof.
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Proof of Lemma 13. When f; = 0 for all ¢ € [)\], the claim follows immediately
from the definition of fp(-). In what follows let us assume that f; > 0 for at least one
i1 € [A]. Without loss of generality we assume a lexicographic ordering of the individuals,
such that f; < fo < --- < fy and if the equality f; = f;+1 holds for some ¢ then
Omi < Omi+1. Then

i

1 1
- P < = ot=1,...,\
iZ;fj < A;fj, i=1..A ®)

j=

Leti(1),...,4(K) be the sequence of all points of growth for the sequence f1, fa,..., fx,
defined as the increasing sequence of all such i that f; < f;11. In view of the lexicographic
ordering, this implies that for each & € [K]if f; = f;x)+1 then Om; > Omy(;y4q. In
view of (8), for any point of growth i(k), k € [K — 1] we have

S itk
Pr (Om, < Om;k)41) < Pr(fy < fir+1) =Pr(fo < finy) = Zi\ilfj < Q
j=1JJ

= Pr(fu < fiwy) < Pr(Om, < Omyy)) =Pr(Om, < Om;gy41). (9)

Here the first equality holds because if the number of ones is less than Om; (41 then
the value of Plateau, is less than fj(x)41. (Otherwise for some j with Om; < Omy(;)4q
we would have f; > fi)41 where the inequality can not be strict because by the def-
inition of Plateau this would imply Om; > Omy)41, but if the equality f; = fix)41
holds then Om; > Omj(x)41.) The lastinequality Pr (fu < fi(k)) <Pr (Omu < Omi(k))
holds because if the value of Plateau,. is less or equal to f;(;) then the number of ones is
less or equal to Om; ;). (Otherwise for some j with Plateau,.(P(j)) < f;) we would
have Om(P(j)) > Omy(;, but according to the lexicographical ordering of individuals,
P(i(k)) has the highest number of ones among the individuals with fitness f;(x).)

Now let us prove that Pr(Om, < Om;) < Pr(Om,, < Omy) for the rest of the indices
j=1i(k)+2,...,i(k+1),suchthati(k)+2 < i(k+1) and k < K — 1. Here and below
we assume that 4(0) = 0 and ¢(K) = n. Note that for any such j we have

Pr(Om, < Om;) = Pr(Om, < Om;()) + Pr(Om;(;y < Om, < Omj), (10)

Pr(Om, < Omj) = Pr(Om, < Om;()) + Pr(Om;(;) < Om, < Omy). (1D

Also note that all individuals x, such that Om;(;)41 < |z < Omj(41), have equal fit-
ness f;y), and are equally probable under proportionate selection. Therefore

(] — Z(k‘) — 2) Pr(Omi(k) < Om, < Omi(k_H))

Pr (Om;(;) < Om, < Om;) = h 1) — k) —2

For the uniform selection we also have

(j —i(k) —2) Pr(Omi(k) < Om,, < Omi(k+1))
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Therefore, in view of (10) and (11),
Pr(Om, < Om;) — Pr(Om, < Om;) = Pr(Om, < Om;(;)) — Pr(Om, < Omyy)

(j —i(k) — 2) (Pr(Om;(;) < Om, < Om, k+1)) Pr(Om;(;) < Om, < Om;(j41)))
i(k+1) —i(k)—2

_|_

j—i(k) —2
> (Pr(Om, < Om;(x)) — Pr(Om, < Om,))) (1 D) i) 2) >0. (12)

The first inequality in (12) follows from (10) and (11) with j = i(k + 1). Indeed,
Pr(OmZ—(k) < Om, < Omi(k+1)) — Pr(Omi(k) < Om, < Omi(k:+1))

= Pr(Om,, < Om; (1)) — Pr(Om, < Omy,)

—Pr(Om, < Om; (1)) + Pr(Om, < Omy;,)
> Pr(Om, < Omy(yy) — Pr(Om, < Omy,),

because Pr(Om,, < Om;(;41y) > Pr(Om, < Om;(;41)) according to (9).

The last inequality in (12) also follows from (9), since Pr(Om,, < Om;(;)) = Pr(Om,, <
Om;(1)41) and Pr(Om, < Omy() = Pr(Om, < Om;(xy11).

The required stochastic domination property holds since both U and V' can take only
the values from Om;, Omy, ..., Om) and this whole range is considered. [

The proof of Lemma 12 almost literally coincides with the proof of Lemma 11 in [21],
except that the distribution of the random variable v is now v ~ fp(Plateau,.(P;(1)), ...,
Plateau,.(P;(\)). Extension from x = 1 as it was in [21] to x < m/2 is correct because
Lemma 2 in [21] holds for this whole range of the mutation parameter. Alternatively we
can refer to Proposition 6 in [27], or to Lemma 6.1 in [34] where this property of the stan-
dard mutation was independently proved.

Lemma 14. Suppose Algorithm 1 with population size A = poly(n), proportionate se-
lection, bitwise mutation with mutation probability x/n for a constant x > In2, and
fitness-proportionate selection is applied to Plateau,.(x) with constant r > 1. Then for
any e € (0,1), there exists a constant ¢ > 0 such that during e’n generations with
probability at least 1 — e=2") the following inequality holds

A

Z Plateau,. (P (j)) >

Jj=1

A1l —=¢)(n— T).

Proof. It follows by Lemma 12 that for any ¢ € [\] and any ¢ > 0 the fitness of a par-
ticular solution P;(7) stochastically dominates a sum of n independent random variables,
uniformly distributed on {0, 1}. Hence using the multiplicative form of Chernoff bound,
we see that Om(P;(i)) < (1 — €)n/2 with probability at most exp (—(g)?n/2) for any
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constant ¢ € (0, 1). So with probability at least 1 — Aexp (—(£)?n/2) =1 — e~ "), by
the union bound we have

Om(P(i)) < (1 —e)n/2 forall i € [)]. (13)

Define T to be the smallest ¢ such that 23\21 |P:(5)] < A(n/2)(1—¢). Then forallt > 0,

inview of (13), Pr(T' =t + 1 | T > t) < e~ ™ for a constant ¢ > 0, which by the union
bound implies that Pr (T < ed”) < edm=¢n which is just e (™) for any constant d < ¢’.

Therefore with probability 1 — e (")
by .
: Om(P(j))(n—r) _ A1 —¢)(n—r)
Plateau, (P4 (7)) > >
; ateau, ( t(J))_; . > 5

during the first e¢’™ iterations for some constant ¢/ > 0. [J

Let us start with a lower bound for the time to reach the optimal solution.

Proposition 15. There exists a constant ¢ > 0 such that Algorithm 1 using population
of size A\ = poly(n), proportionate selection, and the bitwise mutation given a constant
mutation parameter x > In 2, obtains the optimum of Plateau,.(x) during e°™ generations
with probability at most e ("),

Proof. Let us take a sufficiently small constant e such that 2/(1 — ) < eX. It follows
by Lemma 14 that with probability at least 1 — e~2("™) the reproductive rate oy satisfies

An 2n
a0 < — < (14)
> _j—1 Plateau, (P(j)) (I-e)n—r)
during e iterations for some constant ¢ > 0. Thus we can choose & = ¢/2 and

the inequality ap < 2/(1 — ) will be satisfied for all sufficiently large n. Otherwise,
with probability e=2(") we can pessimistically assume that the optimum is found before
iteration e .

Conditioned that the pessimistic scenario does not happen, by Corollary 3, we con-
clude that the probability to optimize a function Plateau,. within e?’n generations is Ae ~2(")
for some constant ¢” > 0. Therefore with ¢ := min{¢’, ¢’}, the proposition follows. (]

In combinatorial optimization, a feasible solution y to a maximization problem is
called a p-approximate solution if it satisfies the inequality f(y) > pf*, where 0 < p < 1
and f* is the optimal objective function value. The main result of this section is Theo-
rem 16 which establishes an exponential lower bound for the expected time till finding an
approximate solution with a constant approximation ratio p specified therein. The proof
of this bound is based on the negative drift theorem for populations [20] (reproduced here
as Theorem 2) and Lemma 12.
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Theorem 16. Suppose that the EA from Algorithm 1 with population size A = poly(n),
using the fitness-proportionate selection and bitwise mutation with any constant parame-
ter x, In2 < x, is applied to Plateau,., given a constant r > 1. Then there exists a constant
C > 0 such that during the first e“™ generations the EA obtains a p-approximate solution
for a constant

1
p > max <0.5exp (X—2X2 + 2xV X2 —X+ln2) ,1— )
X

only with probability e~ (™) |

Proof. Suppose that 7'(n) is defined as in Theorem 2. (The specific function a(n)
for this definition will be chosen below.) Then until the iteration T'(n), all individuals
in the EA population have a fitness less than n — a(n). Now in view of Lemma 14,
with probability at least 1 — e~?(") the reproductive rate oy satisfies the inequality ag <
2(n—a(n))/(1 — €)n during the first min(7'(n), e ") iterations for some constant ¢ > 0.
Otherwise, with probability e ~*(") we pessimistically assume that the optimum is found
before iteration €.

When the pessimistic scenario does not take place, the upper bound o := W
satisfies condition 1) of Theorem 2 for any a(n) and b(n). Note that this « also satisfies
the inequality Inav = In2 + In(1 — a(n)/n) — In(1 —¢) < In2 + In(1 — a(n)/n) + ce
for any € € (0,1/e), which follows from the Taylor expansion of e~* with z = ee.

Condition 2) of Theorem 2 requires that In(c)/x + J < 1 for a constant 6 > 0. This
condition is satisfied, given sufficiently small € and sufficiently small a(n) < n/3 (to be
defined later), such that In(a)/x < (In2 4+ In(1 — a(n)/n) + ce)/x < 1, because x >
In(2).

To verify Condition 3) of Theorem 2, we define ¢ := (In2 + In(1 — a(n)/n) + ce)/x
and consider

M(y) = YR 12(2 &

Now we define a(n) and b(n) sothat 0 < a(n)/n < b(n)/n < min(1/5, M(x)) are some
constants to be defined later. Note that a(n)/n < —In(1 — a(n)/n) and this inequality is
strict because a(n)/n > 0. So it suffices to ensure that — In(1 — a(n)/n) —ee = In2 —
¥x < min(1/5, M(x)) and set e sufficiently small. Using the factthat /1 — z < 1—2/2,
we can bound

1-¢2-9)

T < M), (1s)

so in the case of M (x) < 1/5, it suffices to have In2 — ¢y = %. To ensure

the latter equality we take ¢» = 1 (x) = 1 — 2x + 24/ X2 — x + In2, which implies our
choice

1 1
a(n) = n(]_ _ 5/) min (57 1— ed’l()())(—lﬂQ—fse7 )
X

1
=n(1l —&'/2) min (1 — e¥100x=In2 ) ’
X
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1
b(n) :=n(l —¢'/3)min (1 — e¥10dx—In2 ) ,
X
where &’ is any constant from (0, 1) and the constant ¢ is chosen sufficiently small. Note
that a(n)/n and b(n)/n are constants, independent of n and r, besides that, b(n) < n/x.
Now Condition 3) is satisfied, if ¢ > 0 is small enough.
Application of Theorem 2 implies that there exists a constant ¢ > 0, such that

Pr (T(n) < e -0l — = 8(bm-am),

meaning that during the first e¢(®(™)—a(")) jterations the EA obtains a search point with
less than

! / 1
z(e')==n (1 — 62) min (1 — XX X*=xHin2=In2 X> (16)

zero-bits with probability at most e ~*("). The same applies to finding a (1—w)-approximate

solution with w = z(&’) /n because any (1 — w)-approximate solution « has n — |z| < wn
zeros due to the inequality |z| > Plateau,.(z) > (1 — w)n. To finish the proof, we can de-
fine the constant C' := 0.5¢e’ min(1—e¥*(IX=102 1 /3) implying that e¢(®(")—a(n)) > ¢Cn
(]

For the typical setting of Y = 1 Theorem 16 gives the inapproximability bound with
p > 0.97234. This bound could be slightly improved if instead of the linear upper bound
on v/1 —x in (15) we used the precise expression. In particular, for x = 1 it would
give the inapproximability bound with p > 0.97137. However the expression for p would
become much more cumbersome.

Note that Theorem 16 applies to the fitness function OneMax as a special case of
Plateau, with » = 1. So in the context of OneMax, this proposition extends Theorem 10
from [21] in terms of the range of parameter . Besides that, Theorem 16 has a weaker
population size requirement, compared to Corollary 13 from [22].

5. DISCUSSION

It is shown in [7] that under very general conditions, mentioned in the introduction,
the (1+1) EA easily (in expected O (n logn) time) reaches the plateau and then performs
a random walk on it, quickly approaching to a “nearly-uniform” distribution. A similar
behaviour may be expected from the elitist EAs like (4 A) EA, where the best incumbent,
once having reached the plateau, will travel on it, until the optimum is found. One can
expect that in the case of non-elitist EAs, if the selection is strong enough, the population
will stick to the plateau and spread on it as well. In the present paper, we identify and use
such behaviour only in Theorem 8.

In the case of bitwise mutation, our Theorem 7 relies on a scenario, where the EA
quickly reaches the edge of the plateau and most of the remaining time (with seldom
possible retreats from the plateau) spends on the attempts to hit the optimum by “large”
mutations, inverting up to n — r zero-bits. Theorem 8, applicable to a wider class of
mutation operators, relies on a more graduate scenario, where the search may consist of
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multiple stages, each one starting from an “arbitrary bad” population, then reaches the edge
of the plateau in expected O (nlogn) time and tries to reach the optimum by making r
sequential single-bit mutations, reducing the Hamming distance to the optimum by 1 in
each EA iteration. A quadratic number of such journeys on the plateau are possible with
a constant probability. Theorem 10 is even less demanding to the properties of mutation
operators, but demanding very high selection pressure. It is likely that the runtime bound in
this case may be significantly improved, since with such a high selection pressure the non-
elitist EA becomes close to the (1+1) EA. While Theorems 7—10 deal with the tournament
or (1, A)-selection, Theorem 11 shows that a similar situation may be observed in the case
of fitness proportionate selection, if the mutation probability is reduced to ©(1/n?).

If the mutation probability is set to x /n, x > In 2, the EA with the fitness proportionate
selection is likely to spend exponential time on the way to the plateau, as it is shown in
Proposition 15. So there remains a significant gap with p,,,; greater than ©(1/n?) but
not more than In 2 where the possibility for expected polynomial runtime is unclear. This
gap is present in the special case of » = 1, i.e. the fitness OneMax, which is also known
from the literature — see the gap between the positive results from Theorem 24 in [19] and
the negative result from Theorem 14 in [22].

6. CONCLUSIONS

This paper demonstrates the results, which are accessible by the available tools of
runtime analysis. It also naturally leads to several questions for further research, some of
which may require to develop principially new tools for EA analysis:

* What are the leading constants in the obtained upper bounds?
* What lower bounds can complement the obtained upper bounds?

» Under what conditions on selection pressure is it possible to transfer the tight results
on (1+1) EA from [7] to the non-elitist EAs?

» How to extend the detailed runtime analysis to the Royal Road and Royal Staircase
fitness functions [10] which have multiple plateaus?

» Would the genetic algorithms, which use the crossover operators, have any advan-
tage over the mutation-based EAs considered in this paper?

Funding: This research was funded by the Mathematical Center in Akademgorodok un-
der the agreement Ne 075-15-2025-349 with the Ministry of Science and Higher Education
of the Russian Federation.
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APPENDIX A

Proof of Theorem 1. The proof consists in comparing the expected number of indi-

viduals of P;; in each cumulative set of levels A>; to the probability of hitting a subset
A ; by the mutant 2!, scaled by the factor \.

Consider the sequence of identically distributed indicator variables I%, I3, ..., T ;\ , where

I} = 1ifthe [-th individual in the population P; belongs to A>;, otherwise I; = 0. Denote

0

= Z;‘zl &}/, i € [m], the proportion of genotypes from A>; in P;. Then

A

A
E {zft)] =S E[5]/A =Y Pr{P(1) € As}/A=Pr{P(1) € As;}.  (17)

=1 =1
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Therefore, in what follows, we can consider the expected proportions of individuals at
certain levels instead of the probabilities of obtaining individuals of these levels in the

population of Algorithm 1, if this is more convenient for us. Also, it will be convenient
for us to define szl)ﬂ :=0and 2 := landz® = (z{", ... 1),
Note that if the current population is described by a vector z(*) = z, then an individual

obtained by selection and mutation would belong to A>; with a conditional probability

Pr{Pri(1) € Asl2® = 2}
= ) Pr(mutate(z) € Ax;) Pr(Py(select(P,)) = x|zl = z). (18)
i=1 z€A;

The alternative mutation operator mutate gives us a family of cumulative transition
probabilities v;; := Pr{mutateo(z) € A>;} forany x € A;, i,j € [m]. Parameters
are well-defined because Pr{mutateq(x) € A>;} is the same for any x € A;, i,j € [m]
due to the monotonicity of the mutation operator mutate.

Expression (18) and the definitions of o, together with the inequality (2), imply for
all j € [m]:

m

Pr{P,1(1) € Az =2} > ) "y Y Pr{Pi(select(P)) = z|z") =z}

=1 x€EA;

m
= Zaij Pr{P,(select(P;)) € A;|zV = z}. (19)
i=1
Note that if operator mutate is identical with mutateq, then (19) holds as equality. This
leads to the equality:

Pr{Py1(1) € Asylz® =2} > 3" i (B — BGE)).
i=1

Here and below, we denote () := (v, P;) to simplify the notation from Equation (1).
Besides that, let us denote the set of all possible population vectors z by

Zy:={ze€{0,1/\2/\, ..., 1}" 2, > zip1,i=1...,m —1}.
Using the total probability formula we bound the unconditional probability

Pr{Piy1(1) € As;} = Y Pr{Piy1(1) € As;[z") = 2} Pr{z") = 2} (20)
VASVAN

> 3 Y (B - ) (e —2) = 3 g [5(0) - (L)
267y i=1 i=1

m

= ay,E [5(25”)} — am;E {5(22)“)} + > (g — i1 5)E [5(250)} . @D

i=1
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where the last equality is obtained by regrouping the summation terms. Equation (17) im-
plies that E {zj(.tﬂ)} = Pr{P;+1(1) € A>,}. Consequently, since ﬂ(zf,ﬂrl) = 3(0) =0
and B(z(gt)) = (1) = 1, we have

Pr{Pi11(1) € A>;} > ag; + Y (ij —ai1;) E {ﬂ(zy))} : (22)

i=1

Again, if mutate is identical with mutate, then (20)-(22) hold as equality.
On one hand, the random offspring 2**! may be considered as a result of one iter-
ation of Algorithm 1 with A = 1 and mutate = mutatey. Clearly, under any se-

lection mechanism, in case of A = 1 we have select(P) = 1, zft) € {0,1}, de-
pending whether 2! € As; or not. By the definition, 3(0) = 0 and 3(1) = 1 so

E [ﬂ(zgt))] =Pr{z' € A>;} and

Pr{xtH S AZj} = Qpj + Z(ai’j — Oéi_17j) Pr(a;t S Azi), (23)
i=1
since Equation 22 holds for any selection mechanism and any .

On the other hand, for a monotone selection mechanism we have §(y) > + at any
v € [0, 1], besides that, in view of monotonicity of mutation operator mutateq, we have

o ; — oy—1,; > 0 forall 4, j. So substitution of E [ﬁ(zz(f))} by a smaller or equal value

E {zgt)} in Equation (22) gives a valid inequality

PI‘{Pt_H(].) € AZJ} Z Qo + Z(aivj — ai_Lj) E {Zz(f):| . (24)

i=1

%

Equality (17) allows us to replace E [z(t)} by Pr{P;(1) € A>;} in (24). After that, com-
parison of (23) and (24) gives the required inequality for each j € [m]. O

The proof of Theorem 6 Forany ¢t = 0, 1,... letthe event E!,i = 1,..., ), consist
in fulfilment of the following two conditions when the i-th offspring is being produced:

1. The parent x is chosen from the highest level A; occupied by population F;.
2. The mutation operator applied to  produces a genotype in A> ;1.

Let p denote the probability of the union of events Ef, i = 1,..., \. In what follows,
we will construct a lower bound ¢ < p, which holds for any population P;. According to
the outline of the EA, Pr(E?) = --- = Pr(EY%). Let us denote this probability by g. Note
that ¢ is bounded from below by s. 5y, where Sy is a lower bound for the probability of
selecting an individual from the highest level subset A;, occupied by the individuals of a
population P;.
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Given a population P, the events E]ﬂ j=1,...,\ areindependent, sop > 1— (1 —
q)’\ > 1 — e~ 9*. In what follows we shall use the fact that the assumption on A in the
formulation of this theorem implies that

1
A >
~ 5:00

To bound probability p from below, we first note that for any z € [0, 1] holds 1 — 2 > e™*.
Assume z = e~ Then in view of inequality (25), z < 1, and consequently,

> 1/q. (25)

p>exp{—e' "} >exp{—e! TN =0, (26)

In what follows, we will use the right-hand side ¢ defined here as a lower bound for p.

Forany ¢t = 0,1,... let us define the event & := E} + --- + E%. Then the proba-
bility to reach the target level A, in a series of at most m iterations is lower bounded by
Pr(&o& ... &Ep—1) and

m—1
Pr(E0& ... &Em_1) = Pr(&) [ Pr(&il€o& ... &Er—1) > €™ = exp {—me' >P0A}
t=1

27

In the case of (u, A)-selection, it is easy to see that Sy = 1/p is a valid lower bound
for the probability of selecting an individual from the highest level subset A;, occupied
by the individuals of a population P;. In this case we have 1 — s, oA < — Inm as follows
from the assumption on population size.

In the case of tournament selection with & > ¢, the probability of selecting an individ-
ual from the highest level subset A;, occupied by the individuals of a population F; is not
lessthan1—(1 — 1/A)" > 1—(1—1/A)** > 1—¢ . Sowecanassume By = 1 — ¢ . In
this case again we have 1 — s, Sp A < — Inm as follows from the assumption on population
size A > (1 +1Inm)/(s.(1 —e9)).

Therefore, for both selection mechanisms we have

Pr(Eo& ... &Ep_1) > exp{—me """} =1/e. O (28)

APPENDIX B

This appendix contains formulations of two technical results from the literature, which
are used in the paper.

Lemma 17. (Lemma 3 in [31]) Foranye € (0,1) and x > 0, if n > (x +¢)(x/¢) then

X n
(1—g)le X< (1 — 7) <e X,
n
Lemma 18. (Lemma 5 in [22]) The reproductive rate of k-tournament selection is at
most k. If k > (14 A)/po for any constants py € (0,1) and A > 0, then there ex-
ist constants ~o,6 > 0 such that pofS(y, P) > vo(1 + 0) for any v € (0,79] and any
Pe(x).



