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Abstract: In this paper, a novel method to solve Fully Fuzzy Mixed Integer Linear
Programming (FFMILP) problems is presented. Our method is based on the definition
of membership function and a fuzzy interactive technique for solving the classical multi-
objective programming. It is worthwhile to note that this is the first time that the fully
fuzzy mixed integer linear programming problem is discussed and a solving method is
presented. To illustrate the steps of the proposed method, some numerical examples are
solved and the results are compared with other methods in the literature. Computational
results present the application of the method.
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1. INTRODUCTION

Linear programming (LP) problem is mostly used in different fields of science
and engineering for modeling real world problems [1]. In such cases, using fuzzy
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set theory the vagueness of data are modeled in mathematical form. That is, some
of the LP parameters are represented by fuzzy numbers rather than crisp numbers
in many applications. Therefore, developing mathematical models and numeri-
cal procedures for the fuzzy LP would be of interest of many researchers. Fuzzy
set theory is studied by many researchers in the field of optimization [2, 3, 4, 5].
Also, this concept is adopted for solving fuzzy linear programming problems, but
less attention has focused on formulation of Fully Fuzzy Linear Programming
(FFLP). Fuzzy linear programming (FLP) problem is first considered by Bell-
man and Zadeh [6]. A new method to solve FFLP when the constraints are all
inequality is proposed by Kumar et al. [7]. A method for solving linear pro-
gramming problem where all the coefficients are fuzzy numbers is presented by
Mariano Jimenez et al. [8]. A new method to solve FFLP problems is proposed
by Nasseri et al. [9]. In their method, the definition of membership function
and the convenient techniques for solving the classical multi-objective program-
ming is used. After that, FFLP problems is studied by Allahviranloo et al. [10]
and a new method based on ranking function is presented. FFLP problems with
all parameters and variables as triangular fuzzy numbers is discussed by Lotfi et
al. [11]. It is pointed out by Kumar et al. [12] that there is no method in lit-
erature to find the exact fuzzy optimal solution of FFLP problems and a new
method is proposed to find the fuzzy optimal solution of FFLP problems with
equality constraints having non-negative fuzzy variables and unrestricted fuzzy
coefficients. To find the exact fuzzy optimal solution of FFLP problems with
equality constraints having non-negative fuzzy coefficients and unrestricted fuzzy
variables, a method is presented by Kaur and Kumar [13]. Also, their method is
used to solve the FFLP problems with equality constraints having non-negative
fuzzy variables and unrestricted fuzzy coefficients. Linear programming problems
in a fully fuzzy environment is studied by Ullah Khanet al. [14] and a technique is
proposed for solving it. An algorithm for solving fuzzy linear programming prob-
lems with trapezoidal fuzzy numbers is presented by Stanojevic using a penalty
method [15]. Some Multi-choice linear programming (MCLP) problems where the
alternative values of the multi-choice parameters are fuzzy numbers is considered
by Pradhan and Biswal and a defuzzication method based on incenter point of a
triangle is presented to solve it [16]. An algorithm to solve the FFLP problem
based on a new lexicographic ordering on triangular fuzzy numbers is suggested
by Ezzati et al. [17]. An efficient method to solve FFLP is introduced by Das et
al. [18]. Some well-known approaches for solving FLP problems is reviewed by
Skandari and Ghaznavi [19] and some of their difficulties is shown by some numer-
ical examples. Also, in this paper, it is shown that some of these methods are not
able to solve all the given FLP problems correctly. Thereafter, a new crisp linear
programming (CLP) problem is considered and it is presented that its optimal
solution is also an optimal solution for Zimmermann and Werner’s approaches.
Also, another new CLP problem is suggested by them and it is proved that its
optimal solutions are efficient. Integer linear programming problem (ILP) is an
LP in which some or all of the variables are required to be non-negative integers.
ILP is a frequently applied method in optimization [20]. The fuzzy integer linear
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programming problem is solved by Allahviranloo et al. [21] based on reducing it
into a crisp integer linear programming problem. Some models for dealing with
fuzzy integer linear programming problems, which have a certain lack of precision
of a vague nature in their formulation is studied by Herrera and Verdegay [22] and
some methods are presented to solve them with either fuzzy constraints or fuzzy
numbers defining the set of constraints. The method is implemented in a num-
ber of research studies, as well as in industrial applications. An example of such
an application is found in the process of investment portfolio optimization [23].
ILP problem is successfully applied as a supply chain management alternative to
traditional ERP systems. Developed mathematical models enable optimization of
all supply chain resources, including subcontractors realizing delivery orders in a
multi-level structure [23, 24]. High applicability of ILP problem is furthermore
confirmed by the results of a study devoted to scheduling in a river transporta-
tion system model [25]. Moreover, ILP problem is also used in the development
of sequential algorithms carrying out packaging optimization tasks [26]. is more,
ILP problem is successfully employed in optimization of Intensity-Modulated Ra-
diotherapy. Since the problem is NP-hard, there exists no simplified method that
would enable solving it and therefore an iterative method must be applied [27].
Recall that, in a mixed ILP problem, some variables are required to be integers
and others are allowed to be either integers or non-integers. A new method to solve
single objective FFMILP problem is presented by Khalili Goodarzi et al. [28] and
the method is implemented to open shop scheduling problem. In this paper, a
kind of MILP problems whose parameters, coefficients and decision variables are
all fuzzy numbers is concentrated. A mixed integer linear programing formulation
with a moderate number of variables and constraints is used by Bogdanovi et al.
for low discrepancy consecutive k-sums permutation problem [29]. A fuzzy mixed-
integer linear programming model is proposed by Ubando et al., for the optimal
design of a polygene ration plant with cyclic loads [30]. A fuzzy mixed-integer lin-
ear programming model is proposed by Ubando et al for the optimal operational
adjustment of an off-grid micro-hydropower-based polygene ration plant seeking
to maximize the satisfaction levels of the community utility demands, which are
represented as fuzzy constraints [31]. A modeling framework for minimax mixed
binary fuzzy linear problems is presented by Arana-Jiménez and Blanco and it
is proved that the considered problem can be equivalently formulated as a crisp
multiple objective mixed integer programming problem [32]. The modeling and
design of a modular energy management system is presented by Luna et al. and
its integration to a grid-connected battery-based micro grid [33]. A new method
namely, decomposition method is proposed by Pandian and Jayalakshmi for solv-
ing integer linear programming problems with fuzzy variables by using classical
integer linear programming [34].

The roots of the present paper lie in the following sections: In Section 2, we
state some basic notations and definitions of fuzzy sets theory. In Section 3, after
introducing the classical FFMILP problem, we present a new algorithm for solving
this kind of problems. Section 4 provides a numerical example to illustrate the
theory and the solution algorithm. Finally, Section 5 contains the conclusions.
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2. PRELIMINARIES

In this section, some basic definitions, arithmetic operations and notations of
fuzzy numbers are presented [35, 36].

2.1. Basic definitions

Definition 1. Let X denote a universal set. Then a fuzzy subset Ã of X is defined
by membership functionµÃ : X → [0, 1] which assigns to each element x ∈ X a real
number µÃ(x) in the interval [0, 1], where the value of µÃ(x) at x represents the
grade of membership of x in A. Thus, the nearer the value of µÃ(x) is unity, the
higher the grade of membership of x in A.A fuzzy subset A can be characterized as
a set of ordered pairs of element x and grade µÃ(x) and is often written

Ã = {(x, µÃ(x))|x ∈ X}.

Definition 2. The support of a fuzzy set Ã on X, denoted by supp(A), is the set
of points x in X at which µÃ (x) > 0, i.e.,

supp (A) = {x ∈ X | µÃ (x) > 0} .

Definition 3. The height of a fuzzy set Ã on X, denoted by hgt (Ã ), is the least
upper bound of µÃ (x), i.e.,

hgt
(
Ã
)

= sup
x∈X µÃ (x) .

Definition 4. A fuzzy set Ã on X is said to be normal if its height is unity, i.e.,if
there is x ∈ X such that µÃ (x) = 1. If it is not normal, a fuzzy set is said to be
subnormal.

Definition 5. The α–cut or α–level set of a fuzzy set is a certain set defined as
follow:

Ãα = {x ∈ R|µÃ (x) > α} .

Definition 6. A fuzzy set Ã of universe set X is convex if and only if for any
x1, x2 ∈ X and λ ∈ [0, 1], we have:

µÃ (λx1 + (1− λ)x2) ≥ min {µÃ (x1) , µÃ (x2)} .

Definition 7. A fuzzy number is a convex normalized fuzzy set of the real line R
whosemembership function is piecewise continuous.

Definition 8. A triangular fuzzy number Ã = (a, b, c) is a fuzzy number on R
with a membership function µÃ defined by:
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µÃ (x) =



x− a
b− a

, x ∈ [a, b] ,

x− c
b− c

, x ∈ [b, c] ,

0, o.w.

We also denote the set of all triangular fuzzy numbers with K(R).
As examples of membership functions for a fuzzy number M̃ , such as approximately
m, a triangular membership function

µM̃ (x) = max(0, 1− |x−m|
a

) a > 0.

Definition 9. A triangular fuzzy number (a, b, c) is said to be non-negative trian-
gular fuzzy number, iff a ≥ 0.

2.2. Arithmetic on fuzzy numbers

Let Ã = (a, b, c) and B̃ = (d, e, f) be two triangular fuzzy numbers. Then,
arithmetic operation on these fuzzy numbers can be defined as follows:

1. Addition: Ã⊕ B̃ = (a+ d, b+ e, c+ f) .

2. Symmetry: −Ã = (−c,−b,−a) .

3. Subtraction:Ã� B̃ = (a− f, b− e, c− d) .

4. Equality: Ã = B̃ iff a = d, b = e, c = f.

5. Multiplication: Suppose Ã be any triangular fuzzy number and B̃ be non-
negative triangular fuzzy number, then we define:

Ã⊗ B̃ '


(ad, be, cf), a ≥ 0,

(af, be, cf), a < 0, c ≥ 0,

(af, be, cd), c < 0.

3. FFMILP PROBLEMS AND A NOVEL SOLUTION METHOD

The general form of linear programming problem is as follows:

Max (Min)

n∑
j=1

cjxj

s.t.


n∑
j=1

aijxj ≤ bi, ∀i = 1, . . . ,m,

xj ≥ 0, j = 1, . . . , n.
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In contrast to conventional linear programming problem, fuzzy linear program-
ming problems was first introduced in 1976 by Zimmermann. He considered the
LP problems with fuzzy goal and constraints. He proposed to soften the rigid
requirements of the decision maker to strictly optimize the objective function and
strictly satisfy the constraints. By considering the imprecision or fuzziness of the
Decision Makers judgment, he softened the usual linear programming problem into
the following fuzzy version: 

cx 4 z0,

Ax 4 b,

x < 0.

Where the symbol “4” explains the fuzzy version of the ordinary inequality “≤”.
These fuzzy inequalities representing in the DM’s fuzzy goal and fuzzy constraints
mean that “the objective function cx should be essentially smaller than or equal
to an aspiration level z0 of the DM” and “the constraints Ax should be essentially
smaller than or equal to b”, respectively.
A FFMILP problem with m fuzzy constraints and n variables is formulated as
follows:

Max (Min)

n∑
j=1

c̃j ⊗ x̃j (3.1)

s.t.



n∑
j=1

ãij ⊗ x̃j 4,=,< b̃i, ∀i = 1, . . . ,m,

x̃j <0, j = 1, . . . , p,

x̃j <0, x̃j ∈ Z, j = p+ 1, . . . , n.

Where C̃T = [c̃j ]1×n, X̃ = [x̃j ]n×1, Ã = [ãij ]m×n, b̃ = [b̃i]m×1and ãij , c̃j , x̃j , b̃i ∈
K(R). According to this definition, the steps of our solution algorithm are as
follows:
Initialization Step: Let all c̃j , x̃j , ãij and b̃i are represented by triangular fuzzy
numbers (pj , qj , rj), (aij , bij , cij), (bi, gi, hi) and (xj , yj , zj) respectively. Then, by
substituting these values the FFMILP problem, obtained in (3.1), is written as
follows:

Max (Min)

n∑
j=1

(pj , qj , rj),⊗(xj , yj , zj) (3.2)

s.t.



n∑
j=1

(aij , bij , cij)⊗ (xj , yj , zj) 4,=,< (bi, gi, hi), ∀i = 1, . . . ,m,

(xj , yj , zj) ≥ 0, j = 1, . . . , p,

(xj , xj , xj) ≥ 0, xj ∈ Z, j = p+ 1, . . . , n.
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Step 2: By arithmetic operations defined in subsection 2.2, the fuzzy linear pro-
gramming problem of Step 1, is converted into the following equivalent problem:

Max (Min)

n∑
j=1

(pj , qj , rj)⊗(xj , yj , zj) =

n∑
j=1

(αj , βj , γj)

s.t.



n∑
j=1

mij ≤=≥ bi, ∀i = 1, . . . ,m,

n∑
j=1

nij ≤=≥ gi, ∀i = 1, . . . ,m,

n∑
j=1

oij ≤=≥ hi, ∀i = 1, . . . ,m,

(xj , yj , zj) ≥ 0, j = 1, . . . , p,

xj ≥ 0 , xj ∈ Z, j = p+ 1, . . . , n.

Where

(aij , bij , cij)⊗ (xj , yj , zj) = (mij , nij , oij), (3.3)

(pj , qj , rj)⊗ (xj , yj , zj) = (αj , βj , γj) .

Step 3: Suppose the problem is in minimizing form, (we can easily expand
the problem to the minimizing form), then we convert the objective function into
three objectives as follows:

Z1 = Max

n∑
j=1

βj − αj

Z2 = Min

n∑
j=1

βj (3.4)

Z3 = Min

n∑
j=1

γj − βj

s.t.



n∑
j=1

mij ≤=≥ bi, ∀i = 1, . . . ,m,

n∑
j=1

nij ≤=≥ gi, ∀i = 1, . . . ,m,

n∑
j=1

oij ≤=≥ hi, ∀i = 1, . . . ,m,

(xj , yj , zj) ≥ 0, j = 1, . . . , p,

xj ≥ 0 , xj ∈ Z, j = p+ 1, . . . , n.
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Where (pj , qj , rj), (aij , bij , cij), (bi, gi, hi) and (xj , yj , zj) are triangular fuzzy

numbers represent c̃j , ãij , b̃i and x̃j respectively.
Step 4: Determine the Positive Ideal Solution (PIS) and Negative Ideal So-

lution (NIS) for each objective function by solving the corresponding model as
follows:

Z1
PIS = Max

n∑
j=1

βj − αj x ∈ F

Z1
NIS = Min

n∑
j=1

βj − αj x ∈ F

Z2
PIS = Min

n∑
j=1

βj x ∈ F

Z2
NIS = Max

n∑
j=1

βj x ∈ F

Z3
PIS = Min

n∑
j=1

γj − βj x ∈ F

Z3
NIS = Max

n∑
j=1

γj − βj x ∈ F

Assumming, F be the set of all constraints, for reducing the computational
time, the negative ideal solutions can be estimated as follows. Let v∗h and Zh(v∗h)
denote the decision vector associated with the PIS of hth objective function and
the corresponding value of hth objective function, respectively.

ZNIS1 = Mink=1,2,3{Z1(v∗k)}.

ZNISh = Maxk=1,2,3Zh(v∗k), h = 2, 3.

Step 5: Determine a linear membership function for each objective function
according to positive and negative ideal points. In practice, µi (v) ; i = 1, 2, 3
presents the satisfaction level of ith objective function for the given solution vector
v. The graphs of these membership functions are represented in Figures 1 and 2.
See also [37].
Step 6: Convert the auxiliary MILP model into an equivalent single-objective
MILP problem by using the following auxiliary crisp formulation:

Max W = γλ + (1− γ)

3∑
i=1

θiµi(v)

s.t.


0 ≤ λ, γ ≤ 1,

λ ≤ µi(v),

v ∈ F (v) .

i = 1, 2, 3,
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Figure 1: Linear membership function for Z1

Figure 2: Linear membership function for Z2(Z3)

where µi(v); i = 1, 2, 3 presents the satisfaction level of ith objective function for
the given solution vector v and λ denote the minimum satisfaction degree of all
objectives. This formulation has a new achievement function defined as a con-
vex combination of the lower bound for satisfaction degree of objectives (λ), and
the weighted sum of satisfaction degree of all objectives to ensure yielding an
adaptively balanced compromise solution. Moreover, θi and γ indicate the rela-
tive importance of the ith objective function and the coefficient of compensation,
respectively. The selection of θi depends to the aims and opinion of decision
maker and proportional with the importance of each objective in a proper interval
(θi ∈ [0, 1] and

∑
i θi = 1). The main aim in this problem is to find the maximum

of minimum satisfaction degree of all objectives in order to find a better solution
for the primal FFLP problem.

Step 7: After solving the last problem, the solutions must be put into the
objective function of primal FFLP problem in order to find the fuzzy objective
value of problem.

4. NUMERICAL EXAMPLES

Here, we give an example to explain the main steps of our solving algorithm. Also,
by solving some numerical examples a comparison is presented.



80 F. Khalili Goudarzi, et al. / A New Interactive Approach for Solving Fully Fuzzy

Example 4.1 Consider the following FFMLP problem.

Min Z = (1, 2, 3)⊗ x̃1 ⊕ (2, 3, 4)⊗ x̃2 ⊕ (0, 1, 2)⊗ x̃3

s.t.


(0, 1, 2)⊗ x̃1 ⊕ (1, 2, 3)⊗ x̃2 ⊕ (2, 3, 4)⊗ x̃3 4 (1, 10, 27),

(1, 2, 3)⊗ x̃1 ⊕ (2, 3, 4)⊗ x̃2 ⊕ (0, 1, 2)⊗ x̃3 < (2, 11, 28),

(3, 4, 5)⊗ x̃1 ⊕ (0, 1, 2)⊗ x̃2 ⊕ (2, 3, 4)⊗ x̃3 4 (13, 17, 28),

x̃1, x̃2, x̃3 < 0 , x̃3 ∈ Z.

Based on our proposed method this problem is solved as follows:
Step 1: The problem changes as following:

Min Z = (1, 2, 3)⊗ x̃1 ⊕ (2, 3, 4)⊗ x̃2 ⊕ (0, 1, 2)⊗ x̃3

s.t.


(0, 1, 2)⊗ (x1, y1, z1)⊕ (1, 2, 3)⊗ (x2, y2, z2)⊕ (2, 3, 4)⊗ (x3, y3, z3) 4 (1, 10, 27),

(1, 2, 3)⊗ (x1, y1, z1)⊕ (2, 3, 4)⊗ (x2, y2, z2)⊕ (0, 1, 2)⊗ (x3, y3, z3) < (2, 11, 28),

(3, 4, 5)⊗ (x1, y1, z1)⊕ (0, 1, 2)⊗ (x2, y2, z2)⊕ (2, 3, 4)⊗ (x3, y3, z3)4(13, 17, 28),

(x1, y1, z1) , (x2, y2, z2) , (x3, x3, x3) < 0 (x3, x3, x3) ∈ Z.

Step 2: Using arithmetic operations, the fuzzy linear programming problem
of Step 1, converted into the following equivalent problem:

Min Z = (x1 + 2x2 , 2y1 + 3y2 + y3, 3z1 + 4z2 + 2z3)

s.t.



x2 + 2x3 ≤ 1,

y1 + 2y2 + 3x3 ≤ 10,

2z1 + 3z2 + 4x3 ≤ 27,

x1 + 2x2 ≥ 2,

2y1 + 3y2 + x3 ≥ 11,

3z1 + 4z2 + 2x3 ≥ 28,

3x1 + 4z2x3 ≤ 13,

4y1 + y2 + 3x3 ≤ 17,

5z1 + 2z2 + 4x3 ≤ 28,

(x1, y1, z1), (x2, y2, z2),

(x3, x3, x3) < 0 , (x3, x3, x3) ∈ Z.

Step 3: The objective function is converted into three following objective func-
tions:

U1 = Max(2y1 + 3y2 + y3 − x1 − 2x2),

U2 = Min(2y1 + 3y2 + y3),

U3 = Min(3z1 + 4z2 + z3 − 2y1 − 3y2).
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Table 1: The positive and negative ideal points

i UPIS
i UNIS

i

1 14.714 9
2 11 16.714
3 11.286 17.002

Step 4: The positive and negative ideal points for each objective is determined
as follows:
Step 5: Based on ZIP and NIS, membership functions for each objective is
determined as follows:

µ1 (v) =



1, U1 > 14.714,

9− U1

9− 14.714
, 9 ≤ U1 ≤ 14.714,

0, U1 < 9.

µ2 (v) =



1, U2 < 11,

16.714− U2

16.714− 11
, 11 ≤ U2 ≤ 16.714,

0, 16.714 < U2.

µ3 (v) =



1, U3 < 11.286,

17.002− U3

17.002− 11.286
, 11.286 ≤ U3 ≤ 17.002,

0, U3 > 17.002.

Step 6: Convert the auxiliary LP model into an equivalent single-objective LP
problem by using the following auxiliary crisp formulation.

Max W = γλ + (1− γ)

3∑
i=1

θiµi (v)

s.t,

 0 ≤ λ, γ ≤ 1,
λ ≤ µi(v),
v ∈ F (v).

i = 1, 2, 3,
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The optimal solution for γ = 0, θ1 = θ3 = 1
6 , θ2 = 4

6 is obtained as follows:

λ = 00.274, U1 = 9, U2 = 11, U3 = 17,

x̃∗1 = (x∗1, y
∗
1 , z
∗
1) = (0, 0, 4),

x̃∗2 = (x∗2, y
∗
2 , z
∗
2)= ( 1, 3.666, 4),

x̃∗3 = (x∗3, x
∗
3, x
∗
3) = (0, 0, 0).

By these values, the objective value of the problem is as follows:

Z∗ = (x∗1 + 2x∗2 , 2y∗1 + 3y∗2 + x∗3, 3z
∗
1 + 4z∗2 + 2x∗3) = (2, 11, 28).

The optimal solution of our proposed method is Z∗ = (2, 11, 28).

Example 4.2 Because there is no example in the literature for FFMILP to
evaluate the method, we compare it in partial form of FFLP with other similar
one in literature. Consider the following FFLP problem:

Min Z = (1, 6, 9)⊗ x̃1 ⊕ (2, 2, 8)⊗ x̃2

s.t.



(0, 1, 1)⊗ x̃1 ⊕ (2, 2, 3)⊗ x̃2 < (4, 7, 14),

(2, 2, 3)⊗ x̃1 ⊕ (−1, 4, 4)⊗ x̃2 4 (−4, 14, 22),

(2, 3, 4)⊗ x̃1 	 (1, 2, 3)⊗ x̃2 4 (−12,−3, 6).

x̃1 and x̃2 are non-negative triangular fuzzy numbers.

By considering x̃1 = (x1, y1, z1) and x̃2 = (x2, y2, z2), the original FFLP prob-
lem changes as follows:

MinZ = (1, 6, 9)⊗ (x1, y1, z1)⊕ (2, 2, 8)⊗ (x2, y2, z2)

s.t.



(0, 1, 1)⊗ (x1, y1, z1)⊕ (2, 2, 3)⊗ (x2, y2, z2) < (4, 7, 14),

(2, 2, 3)⊗ (x1, y1, z1)⊕ (−1, 4, 4)⊗ (x2, y2, z2) 4 (−4, 14, 22),

(2, 3, 4)⊗ (x1, y1, z1)	 (1, 2, 3)⊗ (x2, y2, z2) 4 (−12,−3, 6).

All variables are non-negative triangular fuzzy numbers.

According to our new presented algorithm, this problem is converted to the
following equivalent crisp single-objective LP:
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Max W = λ γ + (1− γ)

3∑
I=1

θiµi(v)

s.t



5λ− Z1 ≤ −3,

5λ+ Z2 ≤ 12,

17.6667λ+ Z3≤43,

2x2 ≥ 4,

y1 + 2y2 ≥ 7,

z1 + 3z2 ≥ 14,

2x1 − z2 ≤ −4,

2y1 + 4y2 ≤ 14,

3x1 + 4z2 ≤ 22,

2x1 − 3z2 ≤ −12,

3y1 − 2y2 ≤ −3,

4z1 − x2 ≤ 6,

y1 − x1 ≥ 0, y2 − x2 ≥ 0,

z1 − y1 ≥ 0, z2 − y2 ≥ 0.

This problem is a conventional linear programming problem. The optimal so-
lution of this problem for γ = 0.5, θ1 = 1, θ2 = 4 and θ3 = 1 is obtained as
follows:

x̃1 = (x1, y1, z1) = (0, 0, 0) , x̃2 = (x2, y2, z2) = (2, 3.5, 4, 6667).

Then, the objective value of the problem is as follows:

Z∗ = (1, 2, 3)⊗ (0, 0, 0)⊕ (2, 3, 4)⊗ (2, 3.5, 4, 6667) = (4, 7, 37.333).

By solving this problem with the proposed method by [12], the optimal solution
is Z0 = (4, 7, 37.333). In comparison with Z0, our solution for this problem is
equal with the solution achieving in [12].

Example 4.3 Consider the problem with non-negative variables as follows.

Max Z = (2, 5, 8)⊗ x̃1 ⊕ (3,
37

6
, 10)⊗ x̃2 ⊕ (5,

34

3
, 15)⊗ x̃3

s.t.


(2, 5, 8)⊗ x̃1 ⊕ (3,

41

6
, 10)⊗ x̃2 ⊕ (5,

31

3
, 18)⊗ x̃3 4 (6,

50

3
, 30),

(4,
32

3
, 12)⊗ x̃1 ⊕ (5,

73

6
, 20)⊗ x̃2(7,

105

6
, 30)⊗ x̃3 4 (10, 30, 50),

(3, 5, 7)⊗ x̃1 ⊕ (5, 15, 20)⊗ x̃2(5, 10, 15)⊗ x̃3 4 (2,
145

6
, 30).

x̃1 , x̃2 and x̃3 are non-negative triangular fuzzy numbers.
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Based on our new algorithm, for γ = 0.5, θ1 = 1
6 , θ2 = 4

6 and θ3 = 1
6 , the

optimal solution of this problem is obtained as follows:

x̃1 = (x1, y1, z1) = (0, 0, 0.1209677), x̃2 = (x2, y2, z2) = (0, 0, 0),

x̃3 = (x3, y3, z3) = (0.4, 1.612903, 1.612903).

The objective value of the problem is Z∗ = (2, 18.27957, 25.16129). The opti-
mal solution of the proposed method is Z∗ = (2, 18.27957, 25.16129). By solv-
ing this example with proposed method by [12] the optimal solution is Z0 =
(2, 14.21701 , 30). In comparison with Z0, our solution for this problem is better
than the solution achieving in [12].

Example 4.4 Consider the following FILP problem.

Max Z̃ = 4x̃1 + 3x̃2

s.t.


x̃1 + 2x̃2 < (4, 8, 12),

2x̃1 + x̃2 4 (6, 9, 12),

x̃1, x̃2 < 0 and integers.

The comparison in Table 2 illustrates that our proposed method acheives more
effective solution than other previous methods. Accordingly, the obtained optimal
solutions of these three methods are depicted in Fig. 3.

Table 2: Comparative results of the example

Methods x̃1 x̃2 Z̃

Pandian and Jayalakshmi [34] (3, 4, 5) (0, 1, 2) (12, 19, 26)

Sudhagar and Ganesan [38] (4, 4, 4) (0, 1, 3) (16, 19, 25)

New Method (4, 4, 4) (1, 1, 1) (19, 19, 19)

5. APPLICATION OF THE PROPOSED METHOD IN REAL LIFE
PROBLEMS

In this section, in order to illustrate the application of the proposed method,
two real case studies from Gandhi Cloth and Stockco Companies are solved. The
obtained results demonstrate the validity and efficient performance of the proposed
method.

Example 5.1 Gandhi Cloth Company is capable of manufacturing cloth and
shirt. For manufacturing each of these products the amounts of string and labor
is required which is shown in Table 3. Each week, 150 hours of labor and 160 sq
yd of string are available. The selling price for cloth and shirt are shown in Table
4. Formulate an MIP whose solution will maximize Gandhi’s weekly profits.

Solution. Let x1 and x2 are the amount of cloths and shirts to beproduced.
Then, the above problem is formulated as:
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Figure 3: Membership function of the new method vs existing methods

Table 3: Resource Requirements for Gandhi

Products Labor (Hours) String(Square Yards)

Shirt 3 4

cloth 2 3

Max Z=5̃⊗x̃1⊕4̃⊗x̃2

s.t.

 3̃⊗x̃1⊕2̃⊗x̃24 ˜150,
4̃⊗x̃1⊕3̃⊗x̃24 ˜160,
x̃1<0, x̃2 ∈ Z.

Now we take the coefficients of variables as follows respectively:

5̃ = (5, 6, 8), 4̃=(4, 4, 4), 3̃=(2, 3, 5), 2̃ = (2, 2, 2), ˜150=(140, 150, 150),

4̃ = (4, 4, 7), 3̃ = (2, 3, 4), ˜160 = (155, 160, 165).

Now, the problem can be written as:

Max Z= (5, 6, 8)⊗x̃1⊕(4, 4, 4)⊗x̃2

s.t.


(2, 3, 5)⊗x̃1⊕(2, 2, 2)⊗x̃24(140, 150, 150),

(4, 4, 7)⊗x̃1⊕(2, 3, 4)⊗x̃24(155, 160, 165),

x̃1<0, x̃2 ∈ Z.

x̃1 and x̃2 are non-negative triangular fuzzy numbers.

By considering x̃1 = (x1, y1, z1) and x̃2 = (x2, y2, z2), the original FFLP prob-
lem changes as follows:
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Table 4: Cost Information for Gandhi
Products Sales Price ($)

Shirt 5

cloth 4

Max Z=(5, 6, 8)⊗(x1, y1, z1)⊕(4, 4, 4)⊗(x2, y2, z2)

s.t.


(2, 3, 5)⊗(x1, y1, z1)⊕(2, 2, 2)⊗(x2, y2, z2)4(140, 150, 150),

(4, 4, 7)⊗(x1, y1, z1)⊕(2, 3, 4)⊗(x2, y2, z2)4(155, 160, 165),

x1, y1, z1<0,x2, y2, z2∈Z.

Using arithmetic operations and Steps 2 and 3, the mentioned FFLP problem
reduced to the following problem:

Z1=Min (6y1+4y2−5x1−4x2)

Z2=Max (6y1+4y2)

Z3=Max (8z1 + 4z2−6y1−4y2)

s.t.



2x1 + 2x2≤140,

3y1 + 2y2≤150,

5z1+2z2≥150,

4x1+2x2≤150,

4y1+3y2≤160,

7z1+2z2≤165,

y1−x1≥0,y2−x2= 0,

z1−y1≥0,z2−y2= 0.

According Step 4, we have:

ZPIS1 = 0, ZNIS1 = 141.426,

ZPIS2 = 222 , ZNIS2 = 141.426,

ZPIS3 = 330, ZNIS3 = −37.712.

The optimal solution of this problem for γ = 0, θ1 = θ3 = 1
6 , θ2 = 4

6 is obtained
as follows:

x̃∗1= (x∗1, y
∗
1 , z
∗
1) = (0.25, 0.25, 8.429),

x̃∗2= (x∗2, y
∗
2 , z
∗
2) = ( 53, 53, 53).

By these values, the objective value is as follows:
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Z∗= (5x∗1+4x∗2 , 6y∗1+4y∗2 , 8z
∗
1+4z∗2) = (213, 213.5, 279.432).

The optimal solution of our proposed method is Z∗ = (213, 213.5, 279.432).
Example 5.2 Stockco is considering four investments. Investment 1 will yield

a net present value (NPV) of $16,000; investment 2, an NPV of $22,000; invest-
ment 3, an NPV of $12,000; and investment 4, an NPV of $8,000. Each investment
requires a certain cash outflow at the present time: investment 1, $5,000; invest-
ment 2, $7,000; investment 3, $4,000; and investment 4, $3,000. Currently, $14,000
is available for investment. Formulate an IP whose solution will tell Stockco how
to maximize the NPV obtained from investments 1–4.
This real world problem is modeled as the following FFMILP problem:

Max Z= (15, 16, 17)⊗ x̃1⊕ (20, 22, 23)⊗ x̃2 ⊕ (12, 12, 12)⊗ x̃3⊕ (8, 9, 9)⊗ x̃4

s.t. 5⊗x̃1⊕7⊗x̃2⊕4⊗x̃3⊕3⊗x̃4414,

x̃i ∈ {0, 1} , ∀i ∈ {1, . . . , 4} .

The optimal solution of this problem for γ= 0, θ1=θ3= 1
6 , θ2= 4

6 is obtained as
follows:

x̃∗1 = (x∗1, y
∗
1 , z
∗
1) = (1, 1, 1),

x̃∗2= (x∗2, y
∗
2, z
∗
2) = (1, 1, 1),

x̃∗3= (x∗3, y
∗
3, z
∗
3) = (0, 0, 0),

x̃∗4= (x∗4, y
∗
4, z
∗
4) = (0, 0, 0).

By these values, the objective value is Z∗= (35, 38, 40).

6. CONCLUSIONS

In this paper, a new method for solving FFMILP is presented. This method
is based on fuzzy interactive method. By using the proposed method, fully fuzzy
optimal solution of FFLP, occurring in a real life situation, can be easily obtained.
Though, as there is no example in the literature for FFMILP to evaluate the
method, we compare it in partial form of FFLP with a similar method in lit-
erature. Computational results and illustrative numerical examples show better
performance of this method in comparison with other existing methods and also
better solutions. In addition, two real-world problems are solved to illustrate the
application of the proposed method.
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ming model applied in barge planning for Omya ”, Operations Research Perspectives, 2
(2015) 150–155.

[27] Fischetti, M., Monaci, M., and Salvagnin, D., “Mixed-integer linear programming heuristics
for the prepack optimization problem”, Discrete Optimization, 22 (2016) 195–205.

[28] Khalili Goodarzi, F., Taghinezhad, N. A., and Nasseri, S. H., “A new fuzzy approach to
solve a novel model of open shop scheduling problem”, University Politehnica of Bucharest,
Scientific Bulletin-Series A-Applied Mathematics and Physics, 76 (3) (2014) 199–210.
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