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1. INTRODUCTION

The mathematical programming problems with equilibrium constraints could
be served in reformulating many problems from economic equilibria, multilevel
games [18], industrial engineering [2], healthcare management [16]. Among many
other interesting research, optimality conditions and duality for mathematical pro-
gramming problems with equilibrium constraints have been considered numerously
by many researchers (see, e.g., [3, 6, 9, 11, 15, 22, 24, 26] and the references
therein). On the other hand, a simultaneous minimization of a finite number of
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objective functions over an infinite number of constraints is called a multiobjective
semi-infinite programming problem. Due to semi-infinite programming problems
having application in many fields [7], they have attracted a lot of attention from
many authors (see, e.g., [4, 5, 8, 12, 13, 14, 27, 28, 29, 30, 31, 32] and the ref-
erences therein). Recently, semi-infinite programming problems with equilibrium
constraints have been presented and investigated. In [21], strong Karush-Kuhn-
Tucker (KKT) type sufficient optimality conditions for nonsmooth multiobjective
semi-infinite mathematical programming problems with equilibrium constraints
were established via Clarke subdifferentials. By using convexificators, the paper
[20] established necessary and sufficient optimality conditions and derived weak
and strong duality theorems relating to the semi-infinite mathematical program-
ming problems with equilibrium constraints. The Lagrange type dual model and
saddle point optimality criteria of semi-infinite mathematical programming prob-
lems with equilibrium constraints were discussed in [25]. However, KKT necessary
optimality conditions for multiobjective semi-infinite programming problems with
equilibrium constraints have not yet been considered in [21]. Moreover, to the
best of our knowledge, there is no paper dealing with duality for multiobjective
semi-infinite programming problems with equilibrium constraints.

Inspired by the above observations, we concentrate on studying Karush-Kuhn-
Tucker optimality conditions and duality results for the multiobjective semi-infinite
programming with equilibrium constraints. The organization of this paper is as fol-
lows. In Section 2, some basic concepts and preliminaries are recollected. Section
3 is a discussion of the KKT necessary and sufficient optimality conditions for the
multiobjective semi-infinite programming problems with equilibrium constraints.
Then, we explore Mond-Weir and Wolfe dual problems of the multiobjective semi-
infinite programming problems with equilibrium constraints in Section 4. Some
examples are given to illuminate the results of the paper.

2. PRELIMINARIES

The following notations and definitions will be used throughout the paper. Let
R™ be a finite-dimensional Euclidean space. The notation (-,-) is used to denote
the inner product. By B(x,d) we indicate the open ball centered at z with radius
d > 0. For a given Z, U(Z) is the system of the neighborhoods of Z. For A C R",
intA, clA, affA, spanA and coA stand for its interior, closure, affine hull, linear hull,
convex hull of A, respectively (resp). The cone and the convex cone (containing
the origin) generated by A are denoted resp by coneA, posA. It should be noted
that, for the given sets A7, As in R™,

span(A4; U Ag) = spanA; + spands and pos(A; U Ay) = posA; + posAs.

The negative polar cone, the strictly negative polar cone and the orthogonal com-
plement of A are defined resp by

A” = {z" e R"|(z*,2) <0, Vo € A},
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A = {z" e R"|{z",z) <0, Vx € A\ {0}},
At = {2* e R"|(z*,z) =0, Vx € A}.
It is easy to check that A* C A~ and if A% # () then clA® = A~. Moreover, the

bipolar theorem, see e.g. [1], states that A=~ = cl posA. For a given nonempty
subset A of R™, the contingent cone [1] of A at T € clA is

T(A,z):={zeR" | I 1 0,3z = x, Yk € N, T + T,z € A}.

Note that if A is a convex set then T(A,Z) = clcone(A — z). If (z*,z) > 0 for
all z* € A* where A* is a subset of the dual space of R™, we write (A*,x) > 0.
The notion o(7*), for 7 > 0 and k € N, designates a moving point such that
o(t%) /% — 0 as 7 — 0. The cardinality of the index set I is denoted by |I|. For
an index subset I C {1,...,n}, 2y = 0(zr > 0) stands for 2; = 0 (z; > 0, resp) for
all i € I.

In the line of [21], we consider the following multiobjective semi-infinite pro-
gramming with equilibrium constraints (P):

RT_min f(l’ = (fl(x)v’fm(w))
s.t. gi(x) <0,teT,
hz(.’L‘) = O,i = 1, ey q,
Gl(l‘) > O,i = 1, ...,l,
Hi(z)>0,i=1,...,1,
GZ(CE)HZ(ZL’) O,Z = ]., ceey l,

—

where f;(i = 1,...,m), ¢(t € T), hi(i = 1,...,q) and G;, H;(i = 1,...,]) are con-
tinuously differentiable functions from R™ to R. The index set 7' is an arbitrary
nonempty set, not necessary finite. Let us denote I := {1,...,m}, I, :== {1,...,q}
and I; := {1, ...,1}. The feasible solution set of (P) is

Qi={zeR" | g(x) <Ot eT) hi(x) =00 € Ip),
Gi(w) > 0, Hi(z) > 0, Gi(2) Hy(x) = 0(i € 1)}

Recall some types of efficient solutions, see e.g. [17], of the multiobjective semi-
infinite programming as follows.

Definition 1. Let Z € ).
(i) T is a locally (Pareto) efficient solution of (P), denoted by T € locE(P), if
there exists a neighborhood U € U(Z) such that
flx) = f(z) & R\ {0},Vz e QNT.
(ii) T is a locally weakly efficient solution of (P), denoted by T € locWE(P), if
there exists a neighborhood U € U(T) such that
f(x) — f(z) & —intR}", V2 € QN U..

IfU = R", the word “locally” is omitted. In this case, the efficient solution sets/the
weakly efficient solution sets are denoted by E(P)/W E(P). It is straightforward
that E(P) C WE(P).
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The notation RlJrTl represents the collection of all the functions A : T' — R taking
values A\;’s positive only at finitely many points of T', and equal to zero at the
other points. For a given Z € Q, we signify by [,(Z) := {t € T|g:(Z) = 0} the
index set of all active constraints at Z. The set of active constraint multipliers at
zeNis
A@) = {r e R\ g,(2) = 0,vt € T

Notice that A € A(Z) if there exists a finite index set J C I4(Z) such that A\, > 0
forallt € Jand A, =0 for all t € T\ J. For each Z € , let us define

Lio(@) = {i € I, | Gs(2) > 0, Hi(7) = 0},
Too(%) = {i € I, | G4(&) = 0, Hy(7) = 0},
IOJr(j) = {’L el | Gz(i') = O,Hi(if) > 0}

Definition 2. The point T € Q is called a strong stationary point of (P) iff there

ewists (o, A9, A", A9 NT) € R x A(Z) x R X R X R with AT | oy =0, AF | 0y >0,
+o(x 00(Z)

)‘Ioo(a:) >0 and /\ @ =0 such that

Zaini(.f)-l-Z MVgi(2)+ Y MNVhi(z) =Y AVGi(2) =) AVH;(z) =0.

el teT ielp iel; i€l;

For z € Q and (A, A", AC, AH) € RITT 5 R x R! x R, we define
IF () = {t € I,(z) | \{ > 0},

LE@) ={i eIy |\l >0}, 1, () :={i € I, | \I < 0},

It () := {i € Ino(2) | AY > 0, > 0},
I5 (2) = {i € Io4 () | A] > 0}, 15, (%) == {i € Loy () | A¥ < 0},
I55(z) = {i € Too(Z) | AY > 0, A =0}, I55(Z) := {i € Loo(Z) | A < 0,A]" =0},

IH0(@) = {i € Lio(@) | AT > 0}, I50(2) = {i € Lo(z) | AT < 0},
Ig5(7) == {i € Ino(7) | A = 0, \T > 0}, I5y(7) == {i € Ioo() | \E =0, " < 0}.

Definition 3. [25] Let X C R™ be an open convex set and ¢ : R™ — R be differ-
entiable at T € X.
(i) ¢ is convex at T if p(AT+(1—N)x) < Ap(Z)+(1—N)p(z),Vx € X,V € [0, 1].
(i) ¢ is strictly conver at T if

AT+ (1= Nz) < Ap(Z) + (1 = Np(z),Vx € X \ {Z},VX € (0,1).

(iii) ¢ is quasiconvexr at T if o(AZ + (1 — N)z) < max{p(Z), p(x)}, Vo € X,V €
[0,1].
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(iv) ¢ is pseudoconvex at T if, for all z € X,
p(x) < p(z) = (Vo(z),z — 7) <0.
(v) @ is strictly pseudoconvex at T if, for all x € X \ {z},
p(x) < () = (Vp(2),z — ) <O0.

(vi) ¢ is convex on X if ¢ is convex on each point of X. Other concepts here
introduced can be defined on a set in a similar way.

Remark 4. [23] Let X C R™ be an open convex set and ¢ : R™ — R be differen-
tiable at T € X.

(i) If ¢ is convex at T, then
(Vo(Z),z — ) < p(x) — o(T), for allz € X.
(ii) If ¢ is quasiconvez at T, then, for all x € X,
p(x) < () = (Vp(z),z — ) <0.

(iii) If ¢ is convex at T then ¢ is pseudoconver at T. If ¢ is pseudoconver al T
then ¢ s quasiconver at X.

Lemma 5. [23] Let {Cy|t € T'} be an arbitrary collection of nonempty convez sets

in R™ and K = pos | |J C; |. Then, every nonzero vector of K can be expressed
tel’
as a non-negative linear combination of n or fewer linear independent vectors, each

belonging to a different Cy.

Lemma 6. [7] Suppose that S,T, P are arbitrary (possibly infinite) index sets,
as = a(s) = (a1(s),...,an(s)) maps S onto R”, and so do a; and a,. Suppose
that the set co{as,s € S} + pos{a,,t € T} + span{a,,p € P} is closed. Then the
following statements are equivalent:

(as, ) <0,5€ S,S#0
I: (at,z) <0,t €T has no solution x € R™;
(ap,x) =0,p € P

IT: 0¢€cofas,s €S} +pos{a,t €T} +span{a,,p € P}.
Lemma 7. [10] If A is a nonempty compact subset of R™, then,

(i) coA is a compact set;
(i) if 0 & coA, then posA is a closed cone.
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3. KARUSH-KUHN-TUCKER OPTIMALITY CONDITIONS

In this section, we write the index set I, instead of I,(Z) for the sake of con-
venience. The other index sets are expressed similarly.

Definition 8. The linearized cone of (P) at T € Q is
L(z) :={d e R" | (Vg(Z),d) <0(t € 1), (Vhi(Z),
dy =00 € I),(VGi(Z),d) = 0(i € Ipy),
<VGl(.f‘),d> > O(’L S Ioo), <VH1(.’Z‘),CZ> > 0(2 S 100), <VH1(.’Z‘),d> = O(Z S I+0)}'

By the proof similar to the proof of Lemma 4 in [6], we can prove that L(Z) is the
linearized cone of (P) in the sense of nonlinear programming.

Remark 9. We can check that
L) = (|J Vau(@) n (| V@) n( | VGi@)*

tel, i€l i€lp4
N =VvGi@) n(J (-VHi@) n(|J VHi@)"
i€lpo i€1po i€lyo

Now, we establish the KKT necessary optimality condition for locally weakly effi-
cient solutions of (P) under the following constraint qualification:

(ACQ) : L(z) CT(Q2, ).

Proposition 10. Let T € locWE(P). If (ACQ) holds at T and the set

A :=pos U Vg (z)U U (=VG;(2))U—-VH;(Z))

tel, i€loo

+span | | V(@)U | VGi@) U | VHi(z)

i€l i€1o i€1 40
is closed, then T is a strong stationary point of (P).

Proof. Since T € locWE(P), there exists U € U(Z) such that there isno z € QNU
satisfying

fi(z) < fi(Z),Vie Il (1)

First, we justify that
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On the contrary, assume that there exists d € (U Vfi(x)) NT(Q,Z). Then, it
i€l
is straightforward that
(Vfi(z),d) <0,Viel.

By d € T(Q,z), there exist 7 | 0 and d — d such that Z + 7,d, € Q for all k.
As f;(i € I) is continuously differentiable at Z, one has

fi(@ + di) = fi(Z) + Te(V fi(Z), di) + o(Ti||dk|), Vi € 1.
In consequence, for all i € I,

Ndi|| = (Vfi(Z),d) < 0, when k — oo.
- A ldill = (V fi(Z),d)

[i(® + dy) — fi(Z)
Tk

all k > k;. Setting k := max{k; | i € I}, we guarantee the existence of k > k large

enough such that z + 7di, € QN U and

< 0, for

Hence, for each i € I, there exists k; > 0 such that

Ji(@ + mdy) < fi(Z), Vi€,
which contradicts (1). Therefore, the fulfillment of (2) follows. We get from (2)
and (ACQ) that

(UVvr@)n( va@) n(lJ V@) n(J VGi@)*

i€l tel, i€l i€loy

(Y (-VGi@) n(|J ~VH@) n(|J VHi(x)" =0.

i€loo i€loo i€l

This implies that there is no d € R™ such that

(Vfi(z),d)y <0, Viel,
<v9t('f)7d> < 07 vt € Iga
<Vh7,(f),d> =0, Vi € I,
<VG1(j)a d> =0, Vi € Ioy,
<—VG1("E),d> <0, Vi € Iyo,
<—VHZ 7),d> <0, Viely,
(VHy(%),d) =0, Vi€ I

In addition, it follows from Lemma 7 that co{|J Vf;(Z)} is a compact set, which
i€l

in turn implies co{ | Vf;(Z)} + A is closed. According to Lemma 6, one has
i€l

0€col JV£i@) +pos | | Va@ U | (-VGi(x) U-VH;(z))

iel tel, i€loo
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+span | | J V(@)U | VGi@) U | VHi(z)

i€l i€lo4 1€14o
This leads that
OECOUVf( —|—posUVgt —|—spanUVh —l—posU

el tel, i€l i€1p0
+span U VG;(Z) + pos U )) + span U VH;(z).
i€yt i€loo i€l

By Lemma 5, we know that there exists (c, A9, A", \¢, A\ € R x A(z) x R? x
R! x R! with )‘IG+0 =0, )\IG(;O >0, )\floo > (0 and )\}LIOJr = 0 such that

S aVH@+Y A Va(@)+ > MVhi(z) - AIVGi(2) - Y M VH(z)
el teT icly, i€l i€l
So, T is a strong-stationary point of (P). O

Proposition 11. Let €  be a strong stationary point of (P). Suppose that
Ig, Ul =0 and gt € 1), hi(i € L), —hi(i € I,)),—G;(i € I, U I U
1650, —Hi(i € Iy U fio U It) are quasiconvez at 7.

(i) If f;(i € I) is pseudoconver at T, then T is a weakly efficient solution of (P).
(ii) If fi(i € I) is strictly pseudoconvez at T, then T is an efficient solution of

(P).

Proof. Since 7 is a strong stationary point of (P), there exists (a, A%, A", \¢, A\ ) €
R7* x Rl % R? xR x R!, where J is a finite subset of I,, with )\G =0, )\%0 >0,
)\Ioo >0 and )\I“é+ = 0 such that

iel teJ i€lp, i€lp4+Ulgo i€looUl o
3)

For an arbitrary = € Q, one gets that g,(x) < 0 = ¢+(Z) for each t € I,. Therefore,
by the quasiconvexity at z of g¢(t € I,), we have

(Vgi(z),x —2) <0Vt € J,
which in turn together with \% € ]ler” derives that

<ZAngt(x),x—m> <0. (4)

teJ
We deduce from x,z € Q that h;(x) = h;(Z) = 0,Vi € I}, and hence,
hl(.I) < hl(f),VZ € I;z_ and — hz(x) < 7h(ﬂ'_§),VZ S Ih_
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The above inequalities together with the quasiconvexity at T of h;(i € I h+ ) and
—h;i(i € I, ) ensures that

(Vhi(Z),r —z) <0,Vi € I,] and (—Vhi(z),z —z) <0,Vi€ I, .

This, taking into account the definitions of I 2‘ I, , gives us

<Z MNeVhi(z), 2 — ;z> <0. (5)

i€lp

Again, we derive from x € Q that —G;(z) < 0,¥i € [;, and thus, —G;(z) <
—Gi(z)(i € I U Iy U Ig;"). Therefore, by the quasiconvexity of —G;(i € I U
I UIST) at Z, one yields that

(=VG;(Z),x —z) <0,Vi e I, UIj U I,

which, along with the definitions of I, U Iy U Ij;t, leads that

_ < S XVGi(@) - :z> <0 (6)

i€l UTHUIT

Similarly, we can justify that

_< 3 )\fVHi(gE),x—i> <0. (7)

e it Uit Uttt
1€l Ul Ul

As Iy, U I:O = (), we infer from (3) - (7) that

<Z oV fi(T),x — x>

i€l

= - <Z NV (T) + D MVhi(E) =Y AVGi(T) =Y AIVH (%), 2 — x> >0,

teT i€l i€l i€l

for all z € Q.
(i) Suppose, to the contrary, that T is not a weakly efficient solution of (P). This
leads to the existence of a feasible point & € ) satisfying

fi(@) < fi(z),Vie 1.

The fact on f;(Z) < f;(Z) for each i and the pseudoconvexity of f;(i € I) give us
the inclusions
(Vfi(Z),2—T) <0, €.
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Combining this with o € R and ) ;" | a; = 1, we arrive at

<Z V[ (Z), & — :z> <0,

icl
contradicting with (8).

(ii) Reasoning by contraposition, assume that Z is not an efficient solution. Then
there exists a feasible point  and at least iy € I fulfilling

{ fi(@) < fi(x),  Viel\{io},
flo(i') < fio(a_:)7

and hence, Z # Z. It follows from the fact that f;(i € I) are strictly pseudoconvex
and x # ¥, one has
(Vfi,z —%) <0, Viel.

Using this with o € R and Y- | a; = 1 tells us that

<Z OZZVfZ(.’E),{f - i’> < 0,

iel
which contradicts (8). O

Example 12. Let m =2, n=2 and l = 1. Let us consider the following (P):
Ri —min  f(z) = (fi(z), f2(2)) = (2 + a3 + 221, 27 + 223),
st gi(x)=tx; <0,teT=N={1,2,..},

Gi(z) =z >0,

Hl(.’L‘) =x1+x9 >0,

G1($)H1($) = .1‘1(561 + .562) =0.
Then, Q = {zx € R? | z; = 0,29 > 0}. For z = (0,0) € Q, direct calculations give
us that

T z) =, V(@) ={(2,0},Vf(z) = {(030)}7‘[9 =T=N,

Vg (z) ={(t,0)},t € T, ( U V(7)™ = {x € R? | z; <0},

tel,
Iiog = I+ = 0,100 = {1}, VGi(z) ={(1,0)}, VH:(z) = {(1,1)},
(| (~VH(®)™ = {z € B | 21425 > 0}, (| ~VGi(@)™ = {z € R | 2y > 0},

i1€1o0 1€1oo

(U ve@) n( | (-VH(@)) " n(| VGi(®)” ={z e R* |z = 0,2, > 0}.
tely 1€1o0 i€1oo

Hence,

(U V@) n (| -va@) n(|J -VH@) c T(2),

tel, i€loo ieloo
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leading that (ACQ) holds at . Moreover,

A=pos | |JVa@u | (-VG@)u | (-VHi2) | = {z € R* | 2, <0}

tel, 1€l i€loo

is closed. Due to the fact f(z) — f(z) ¢ —R% \ {0},Vz € Q, we conclude that
z € WE(P). Thus, all assumptions in Proposition 10 are fulfilled. Now, let
o =ay =22 =2, M =0 and 9 : T — R be defined by

1, ift=1
g _ ) )
A(t) = { 0, otherwise.
Then,
1 1

teT

which means that T is a strong stationary point of (P). Notice that, for the above
7 and (AN, M\ 0T, one has

Ioo = Ioo = Iy = o = 0, I, = {1}.

Furthermore, we can check that gi(t € I,), —G1(1 € 1) are convex at T and
fili € I) are strictly convex at . Hence, all assumptions in Proposition 11 (ii)
are satisfied. Then, it follows Proposition 11 (ii) that T is an efficient solution of

(P).
4. DUALITY

In this section, we consider the Wolfe [33] and Mond-Weir [19] duality schemes
for (P). For & € , the index sets with respect to Z are denoted identically to
Section 3. In what follows, for u,v € R™, we use the notations:

u=<v<su <v; foralli € I, u A& vis the negation of u < v,

u; <wv;, foralliel,

. u A v is the negation of u < v.
u; < v;, for at least one iy € I, # & -

ujv@{

Note that Z € locE(P) (Z € locW E(P)) if there exists U € U(Z) such that there
isno x € QNU satisfying f(z) < f(Z) (f(z) < f(T)).

4.1. The Wolfe type duality
For an arbitrary & € Q, (u,a, A9, A", A%, A7) € R" x R™ x RITI x R7 x R x R!

: _ e _ G o H _
with iezlai =1, /\I+0(:i) =0, )\Ioo(i) >0, /\Ioo(:i) >0 and AIH@ =0, we define
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N (z M) + 3 Ahi(a) - S ASGH ) — Afﬂxu)) ‘

teT = i€l i€l

where e := (1,...,1) € R™. In this paper, we consider the Wolfe type dual problem
as follows:
(Dw (z)): RT — max L(u, a, A9, A", X9 A
s> @V i)+ MV (w)+ Y NVhi(u)=> AV (u)=> M VH;(u)
el teT i€lp iel; i€l;
Yo =1A¢ = 0,07 0 20N >0, =0,

Toy (3
el
(u, 0, A9, AP NG A ) € R™ x R x RITT 5 R x RE x RE
The feasible set of (D (Z)) is defined by

Qw (Z) == {(u,a,Ag,AhJ\G,)\H) eR" xR x RIT x RY x R! x R! |

_ a _ a H H —
D i =LA @) = 0 A @) 2 0, M@ 2 0, Mg ) = 0,
icl

> aiVfi(u) + Y M Vg(u)+ > NVhi(u) = > AEVGi(u) = > N VH; (u)
el teT il i€l i€l
Definition 13. Let z € Q.

(i) (w,a, 9, X" XC M) e Qu () is a locally efficient solution of (Dw(z)),
denoted by (@, a, N9, N NG \H) € locE(Dw (%)), if there exists U € N(u
such that there is no (u, a, N9, A" NG A € Qu(2) N U satisfying

L(a,a, N9, M NG N < Lu, a, A9, X, 0G0\,

(it) (@, A9, A" X X)) € Qu () is a locally weakly efficient solution of (Dw (Z)),
denoted by (u a, A, N NG N € locW E(Dyw (z)), if there exists U € N ()
such that there is no (u,a, N NNG N € Qu (2) N U fulfilling

L(a,a, X9, M NG M) < Lu, a, N9, N 0G0,
If U =R", the word “locally” is omitted.
Remark 14. When m = 1 and f1, ¢:(t € T), hi(i = ,q) and G, H;(i =

1,.
1,...,1) are continuously differentiable functions, Dy (Z) becomes the Wolfe type
dual model WDSIMPEC(Z) in [20].

The following proposition describes weak duality relations between (P) and the
dual problem (Dy (Z)).

Proposition 15. (weak duality) Let x € Q and (u,a, A9, \", A\ M) € Qu ().
Suppose that I, (z) U1 4(z) =0 and g:(t € T),hi(i € I} (2)),—h(i € I, (z)),
—Gi(i € I§ (Z) UL (2) U It (2)), —H,(i € f_to(i‘) U I (&) U IfT(2)) are convex
at u.
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(i) If fi(i € I) are convex at u, then
f(x) £ Ly, o, N, AP NG ),
(ii) If f;(i € I) are strictly convex at u, then
f(@) £ Llu,a, A9, A" A9 0.
Proof. For x € Q and (u, a, A9, \", A\G \H) € Qu(z), one gets

gi(z) <0t eT),hi(x) =00 € 1Ip),Gi(x) > 0,H;(z) >0,G;(x)H;(x) = 0(i € I),

(9)
and
D @iV +Y M Vg(u)+ > MVhi(u) =Y AVGi(u)—> A VH(u) =0
el teT 1€y 1€1; 1€1;
(10)
with
S i =1A7 5 = 0,05 ) = 0M 5 > 0,07 L =0. (11)

icl

Therefore, we infer from (9), the convexity of gi(t € T),hi(i € LI (z)), —hi(i €
17 (@), ~Gili € I, (2) U I(2) U I (2)), —Hili € 11()
w and the definitions of the index sets that

C
o >
¥
—
&
C
~
(=}
+
4
2
=
&
-+

gt(u) + (Ve (u), x —u) < gi(x) < 0,A) >0,Vt €T,
hi(u) + (Vhi(u),x —u) < hi(z) = 0,\! > 0,Vi € I, (),
—hi(u) + (=Vhi(u),r —u) < —hi(z) = 0,\! < 0,Vi € I, (z),
—Gi(u) + (=VGi(u),z —u) < =Gy(z) <0,A7 > 0,Vi € I, (2) U Ig(2) U I3, (@),
—H;(u)+ (—~VH;(u),z —u) < —H;(z) <0, T >0,Vi e Iio(:f)uf(;)(:f)u%*(:f).

The above inequalities together with I (z) U f;o(;i) = () imply that

D Xege(w) + Y Ahi(u) = Y ACGi(w) = > A H;(u)

teT i€l i€l] i€l]
+ <Z MVgi(u) + > AVhi(u) = > AIVGi(u) = > AIVH;(u), 2 — u> <0.
teT 1€l iel; i€l

It follows from the above inequality and (10) that

(Z a;Vfi(u), x — u)

i€l
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= - <Z XVgi(u) + Y NVhi(u) = Y AVGi(u) = Y ANIVH; (u), 2 — u>

teT iel, i€l icl;
>3 Nge(u) + ) N hi(u) = Y O ACG(u) = YA Hi(u (12)
teT i€l i€l] i€l]

(i) Reasoning ad absurdum, suppose that

f(@) < Lu, a, N9, NP 0G0, (13)

It follows from (13), o € R and Z a; = 1that (a, f(z)—L(u, a, A9, A", NG AT <

0, which is equivalent to

Zaz fi(z)—fil Z (thgt +ZA?hxu)—ZA?Gi(u)—ZA?HAu))<0.

i=1 teT = i€l i€l

m
The above inequality, together with >~ «; = 1, yields

i=1
Zai(fi( fi( <Z Aege(u) + Z )\? Z)\GG Z)\HH ) .
i=1 teT i€l = =
(14)
The convexity of f;(i € I) at u confirms that
<Vfi(u)7x - ’LL> < fz(l') - fZ(U),V’L S Iv
leading to
O @iVfi(u),z —u) <D ailfilx) - fi(w). (15)
i=1 i=1

We verify from (14) and (15) that
(D aiVfi(u),a—u) < <Z Mege(w) + Y Alhi(u) = Y ATGiw) = /\f{Hz'(u)> ;
i=1 teT 1€l 1€l 1€l

contradicting with (12).
(ii) Reasoning by contraposition, assume that

f(ZL') j L(u7a,)‘ga)\h7>\GaAH)a (16)
We claim that = # u. If otherwise, we use (16) and = u to derive that

- <Z Aege(w) + Y Alhi(w) = > AGGi(u) = > AT Hi(u ) e=0. (17)

teT i€l i€l i€l;
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Observe by u = z € Q(Z) and (11) that
gi(w) = gi(z) <0Vt €T, xeRITT,

hi(u) = hi(z) = 0,Vi € I, \I € R,

—Gi(u) = —Gi(x) < 0,Vi € I (Z) UIfH(z) U LT (2), A >0,

T @)UIH (@)U (7) =

—H;(u) = —H;(z) < 0,Vi € IT4(z) U Iy () U I (2), A2, > 0.

I, (@)Ulf @) ULt (z) =

The above inequalities together with I (z) U f;o(f) = () imply that

D> Xegew) + ) Ahi(u) = > MGG (w) = > A Hi(u) <0

teT i€l i€l i€l

Hence, a; > 0,Vi € I, contradicts with (17), which in turn leads to « # u. On the
other hand, we deduce from (16) and o € R™" that (a, f(z)—L(u, o, A9, A", A\, AH)) <
0, in other words,

Zaz fi@)—fil Z (thgt +ZA?hxu)—ZA?Gi(u)—ZA?HAu))so.

i=1 teT = i€l i€l

m
Employing this, together with > a; = 1, bring us the inequality
i=1

S i) filw) < 3 Mgew)+ 37 Nohi(u) =S AEG(w) =S M Hi(u). (18)
1=1 teT i€l i€l i€l
Since f;(i € I) are strictly convex at u and x # u, we have

(Vfilu),z —u) < fi(x) — fi(u),Vi € I,

leading that
<Z%‘Vfi(u)7$—u> < Zai(fi(ﬂf)—fi(u))~ (19)

It follows from (18) and (19) that

> @V fi(w),e—u) < <Z Ngi(u) + 3 Mhi(u) = 3 AT () — YA Hl-<u>) ,
=1

teT i€l 1€I; 1€1;

contradicting with (12). O
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Proposition 16. (strong duality) Let T € Q be a locally weakly efficient so-
lution of (P). If (ACQ) holds at T and the set A is closed, then there exists

o o|T
(@ N9, A" NG A € R R‘ |« RIxR! x R! wzchEZIozz =1 /\1+0(z) 0, /\IOO(J)

0, )\I o) =0 and)\ (@) = 0 such that (Z, &, NN NE N € Quy (7) and
L(z, @, A9, A" \G N,
0

) =0 and g:(t € T),h;i(i € I; (7)), —hi(i €

f(@) =
Assume further that I, (z) U f o(@
00 (D) UIG5" (7)), —Hi(i € L{o(7) Ugh(z) U IG" (7)) are

I, (2), —Gi(i € Iff, () ULy (z
convex at T.
(i) If fi(i € I) are convex at T, then (T, &, N9, \", XC \H) is a weakly efficient
solution of Dw (T).
(ii) If fi(i € I) are strictly convex at T, then (T,a, A\, N, \¢ A\ is an efficient
solution of Dw (T).

Proof. In view of Proposition 10, there exists (&, A9 ,/\ AEA) € R x A(Z) x
1 1

R? x R* x R" with zezjlal_l )\ @) = =0, )\100(1) 20 Aloo(r) >Oand)\o+ @ = =0

such that

S aVH@+Y AV + D> AVhi(z) =D AFVGi(7) - > AIVH;(z) = 0.

i€l teT i€lp i€l i€l

Since A9 € A(z), one has \/g;(Z) = 0 for all t € T, and thus, Y. M\ g:(z) = 0.

teT
The fact that Z €  ensures that Y A'h;(Z) = 0. Moreover, as )\ﬁo( )y =
i€l
0 and Gy(z) = 0 for all i € Iy (%) U Ioo(T), we know that > A¢G;(z) = 0.
1€l;

Analogously, we observe by Al .y =0 and H;(z) = 0 for all i € Ioo(Z) U L+o(Z)
that > AF H;(z) = 0. Thus, (Z,a&, A9, \", A9 A\H) € Oy (Z) and

i€l]
Do Nge(@) + Y Athi(@) = D AFGi(@) = Y A Hi(z) =0,

teT icly, i€l i€l

which is nothing else but the following equality f(z) = L(Z, &, A9, \", \¢, \fT).

(i) Now, arguing by contradiction, let us suppose that (z, &, A9, \*, \¢, M) is not a
weakly efficient solution of Dy (Z). By definition, there exists (u, c;, A9, A", \&, M) €
Quw (Z) such that

L(#, @, N, A NG N < L(u, o, M9, A NG N,

This shows that
(&) < L(u, o, N9, NP NG N,

which contradicts with Proposition 15 (i). So, (Z, &, A9, A", A9, M) is a weakly
efficient solution to (D (Z)).
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(ii) Reasoning to the contrary, let us assume that (Z, @, A9, \*, A&, M) is not an ef-
ficient solution to Dy (Z). Then, it guarantees the existence of (u, o, A9, A", A& AN €
Quw (Z) such that

(j & 5‘ )‘haS‘G75\H) = L(uya7>\g7>\h7>\G7AH)7

Consequently,
F(@) = L(u, a, M, A" A9 0T,

which contradicts with Proposition 15 (ii). So, (z,a, A9, A", A%, M) is an efficient
solution to (Dw (z)). O

Example 17. Let m =n =2 and l = 1. Consider the following (P):
R3 —min  f(z) = (2} + 23 + 422, 21 — 22),
s.1. ()—t$1<0t€T=N,
Gi(x) =z, >0,
Hi(x) =21 +22 >0,
Gi(x)Hi(z) = z1(21 + 22) = 0.
Then, Q = {x € R? | 21 = 0,22 > 0}. For any T € Q,
(Dyw () : R2 — max L(u, o, A9, A9, A )

= (U3 +ud+4dug, up —uz)+ (E tuy — Afuy — A (uy + uz)) (1,1)
teT

st aq(2uy, 2ug +4) + az(1, —1) + 3 M (t,0) — AF(1,0) — A (1,1) = (0,0),
teT
=0, iflelio(z), eR, iflelio(z),
a; +as =1, )\? >0, ifle Ioo(f), )\{I >0, ifle Ioo(.f‘),
€R, ifle It (2), =0, ifleloi(2),

(u, 0, M, AG M) e R2 x R2 x RITT X R x R.
By taking T = (0,0) € Q, we invoke from Ezample 12 that all hypotheses of
Proposition 16 (i) are fulfilled. Since f(x)—f(Z) = (J:2—|—4x2, —x9) & —intR+,V1: €
Q, one has & € WE(P). Now, if we select &y = ap = 2,0 =0, =3 and

< 1, ift=1
g — ) )
A(t) { 0, otherwise,

then we get

1 _

504+ 5(1,-1) + ) M (£,0) = AF(1,0) = A (1,1) = (0,0),
teT

and,

Io+(z) = Io+(7) = 0, Ioo(7) = {1},

M =1>02¢=0>0,1¢€ Ino(a),
which gives the result (Z,a, A, X, M) € Qw (Z) and f(z) = L(z,a, 9, XF, MT).
Note that, for the above (Z,a, A9, A\, \T),

Igo(@) = {1}, 1o (@) = Ioh (%) = Ip(2) = Lo (7) = 0.
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Moreover, we can verify that fi, fa, g/(t € T),—H;(i € I3(Z)) are convex at .
Hence, Proposition 16 (i) asserts that (T, &, N9, \Y, M) is a weakly efficient solu-
tion to (Dw (Z)).

We can check directly that (z,a, A\, \§, \T) is a weakly efficient solution to
(Dw (Z)) as follows. Firstly, we conclude from T = (0,0) and I+ (T) = Loy (Z) =
(Z),Ioo(.’i‘) = {1} that

Qu () = {(u,a,Ag,Af,A{’) eRZ xRZx R xR xR |a;+as =1,A¢ >0,A >0

o1 (2uy, 2uy +4) + a(1, —1) + Z M (t,0) — AF(1,0) — A (1,1) = (0, 0)} )
teT

Now, for an arbitrary u € Qu (7), the convexity of g;(t € T), —G;(i € Iyy), —H;(i €
If(@)) at w and the definitions of the index sets deduce the inequalities

ge(w) +((t,0),Z —u) < g:(7) <0,A] 2 0,Vt € T,
—G1(u) + (—(1,0),7 —u) < —G1(Z) = 0,\Y > 0,if 1 € Ijy(z) U I,"(2),
—Hy(u) + (—(1,-1),7 —u) < —H(Z) = 0, \F > 0,if 1 € I,(z) U ;" (2).
We deduce from the above inequalities, u € Qy (%) and Igy(Z) = Ioy(Z) = 0 that

(a1 (2u1,2us +4) + ao(1,-1), 7 — ) <Z)\g (t,0) — X9 (1,0) — )\{{(171),:Z—u>
teT

> Nge(u) = D> AFGi(w) = > A H;(u). (20)
teT i€l i€l
Reasoning by contraposition, suppose that (Z,a, N, A, M) is not a weakly ef-
ficient solution to (Dw (Z)). Then there exists (u, o, N9, \G, ) € Qu (%) such
that

L(z,a, X, A7, M) < L(u, a, N A, M.

o 2
This along with f(Z) = L(Z,&, A, ¢, M), a € R and > a; = 1 gives us that

i=1

(o, f(Z) — L(u, a, N9, AG, M) < 0, which is equivalent to

Zaz fi(z) (Z Aege(u) = Y A Gi(u) — ZAin(u)> <0.

teT 1€I; i€l

From the above relation together with (20), we derive

Zal(fz(f) — fi(w)) < {a1(2u1,2us +4) + ax(1,-1),z —u). (21)
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On the other hand, since f1, fo are convexity at w, this yields
((2u1,2uz +4),Z — ) < f1(Z) — fi(u),

<(17 *1)’j - u> < fQ(E) - f2(u)v

which, taking into account o € R, justifies that

2
<a1(2u1,2u2+4)+a2(1 —1 Z fz fz ))

contradicting with (21).

4.2. The Mond-Weir type duality

For an arbitrary z € Q and (u, a, A9, A", \¢ )\H) € Rme”XRL_T‘ xRIxR! xR

G H _
with 3 ai =1 Arr, @) = 00 AL = 0 A o) 2 0 ALy ) 2 0 and Al ) =,
we define

Too(z) =

Lu, o, N9, AP AG AT) = f(u).

Now, we consider the Mond-Weir type dual problem as follows:
(Darw (7)): max L(u, a, A, A A M) = f(u)

s> @V i)+ MV (w)+ Y NVhi(u)=> AV (u)=> M VH;(u)

el teT i€l i€l i€l
ge(u) 2 0(t € Iy(2)), hi(u) = 0(i € In(z)),
G(u) > O(Z S Io+( ) Uloo(.f),H ( ) > O(Z € Ioo( ) UI+0( ))
G H
zez:lal =1 )\T\I (@) — =0, >\I+o(ac) 0’)\100(17’) = O’)\Ioo( ) = 20, )\IO+( ) =0,
(1,0, A, AP AC AH) € R™ x R™ x RITT 5 R7 < R x R
The feasible set of (Dpw (Z)) is defined by

Qo (7) = {(u,a,)\g,)\h,)\GJ\H) eR" xR xRTI xR x R x R! |

D @iV i)+ A Vg(u)+ Y A Vhi(u) =Y AVGi(u)—> A VH;(u) =0,

i€l teT i€l i€1; i€;
gi(u) > 0(t € I,(T)), hi(u) =00 € In(T)),
Gi(u) = 0(i € Io4(2) U Loo(@), H(u) = 0(i € Loo(2) U 110(2))

_ G H
Yo =10 ) = 0T @) = 027 (a) 2 0,AT, ) 2 0,A ) =0, }
el

Definition 18. Let = € Q.
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(i) (@, &, N9, NP X N € Quw (F) is said to be a locally efficient solution to
(Darw (%)), denoted by (u,a, A\, \N* NG N\H) € locE(Dyw (%)), if there ex-
ists U € N(@) such that there is no (u,c, N, \", \¢, \H) € Quw () NU
fulfilling _ B

L(@,a, X9, M X M) < L(u, a, A9, X NG N,

(i) (@, &, N9, A" NG N € Qurw () is called a locally weakly efficient solution
to (Darw (), denoted by (@, &, A9, \", \& A) € loeW E(Dyw (%)), if there
exists U € N(u) such that there is no (u,a, A9, \", \X& \) € Qpw () NU
satisfying

L, e, N, AP NG M) < L(u, a, A9, A 0 A ),
If U =R", the word “locally” is dropped.

Remark 19. When m = 1 and f1, g.(t € T), hi(i = 1,...,q) and G;, H;(i =
1,...,1) are continuously differentiable functions, Dyrw (Z) becomes the Mond- Weir
type dual model MWDSIMEC(Z) in [20].

Proposition 20. (weak duality) Let v € Q and (u, a, N, MNUNG N € Qaw (7).
Suppose that Iy, (2)U1,(Z) = 0 and g(t € T), h(i € I; (T)), —hs(i € I, (%)), —G,(i €
If (2) U I (2) U I T (7)), —H (i € I (@)U Iio(a:) U It (7)) are quasiconver at

u.

(i) If fi(i € I) are pseudoconvex at u, then
F(@) £ Llu, M, N XG0,
(ii) If f;(i € I) are strictly pseudoconvez at u, then
Fl@) 2 L(u, A9 A" X9 A,
Proof. For x € Q and (u, a, A9, A", A\¢ A7) € Qprp(Z), we have

gu(x) < O(t € T), hy() = 0(i € L), Gi() > 0, Hy() > 0, Gi(w) i) = 0(i € ),

(22)
N Vi) + Y ANV (w)+ > N Vhi(u) = ST AGVG(u) Y AV H (u)
el teT i€lp i€l; i€l;
(23)
and

with Zaz—l /\T\I @ =0, ¢

= Iio(@) = 7 "oo(2)
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It follows from the above inequalities that
gi(z) <0 < ge(u),Vt € Iy(z),
hi(z) = hi(u) = 0,¥i € I (z) U I, ( )
—Gi(x) <0< =Gi(u),Vi € I§, (7) U I55(7) U Iy (),
—Hi(z) <0< —H;(u),Vi € Igh(z) UIT(z) U 1(;#(:3).

Therefore, we deduce from the quasiconvexity of g;(t € T), h;(i € I,/ (z)), —hs(i €
I (%)), —Gi(i € If, () U I (z) U Iyt (x)), —Hy(i € Igh(T) U Ifo () U If" (7)) at
u and the definitions of the index sets that

(Vgi(u),z —u) <0,\) >0,Vi € I,(),

(Vhi(u),z —u) < 0,\! > 0,Vi € I, (),
(=Vhi(u),z —u) <0,\" <0,Vi € I, (z),

(=VGi(u),z —u) <0,AF > 0,Vi € I (T) U Igh(z) U I (7)

(z

)

)u
(=VH;(u),x —u) <0,\T >0,Vi € Ij(z) UT(z) U It (7).
It follows from the above inequalities, I, (Z) U I7(z) = 0, A%,
that

(>_ a;Vfi(u),z —u)

i€l

41, (z) = 0 and (23)

=— < > MVgi(u)+ Y ANIVhi(u) = Y AIVGi(u) = > AV H;(u), 2 — u>

tel,(x) i€l = iel;

- <Z MVgi(u) + > AIVhi(u) = > AIVGi(u) = > AIVH;(u),z — u> > 0.

teT 1€y 1€} i€l;
(i) Suppose by contradiction that

f(@) < L(u,a, A9, A", XE ),

equivalently,
fi(x) < fi(u),Vi € I.

The above inequalities and the pseudoconvexity of f;(i € I) at u tell us that

(Vfi(u),z —u) <0,Vi eI,
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which, along with > «; = 1, lead to
i€l

m

Z%sz ,x —u) <0,

contradicting with (25).
(ii) Assume by contradiction that

f@) = Ly, a, A9, A" 290,
This is equivalent to saying that

{ fi(x) < fi(u), Viel,

fio(x) < fio(u), for at least one ig € I,

which imply x # u. Granting this, we can deduce from the strictly pseudoconvexity
of fi(i € I) at u that
(Vfi(u),z —u) < 0,Vi € I.

This, taking into account Y «a; = 1, yields
=

ZalVfZ ,x —u) <0,

contradicting with (25). O

Proposition 21. (strong duality) Let T € Q be a local weakly efficient solution to
(P). If (ACQ) holds at T and the set A is closed, then there exist (@, A9, N, A\ N €

R™ x R 5 RY x R x R with 3 a; = 1, X = 0,0 o = 0.AG ) >
iel

0, 5\ oo(z) = 0 and )\ 0 (@) = =0 such that (z,a, A9, A" AG A) € Quw (T). Assume
further that Iy, (z )UI_H)( z) =0 and g:(t € T),h;i(i € I (7)), —hi(i € I, (7)),
~Gi(i € I (2) U () U I (&), —Hili € Fo(@) U Igh(@) U Ig5" (2)) are quasi-
convex at m
(i) If fi(i € I) is pseudoconvex at T, then (Z,a, 9, \", N X)) is a weakly
efficient solution to Dyrw ().
(i5) If f;(i € I) is strictly pseudoconver at T, then (Z,a, A9, \N", \¢ M) is an
efficient solution to Dprw (T).

T\I,(z) —

Proof. By invoking Proposition 10, there exist (@, A9, A", A9 A) € R x A(Z) x

R? x R x R! with >~ a&; = 1,\¢ O,Xgo(m) 0/\ >0and)\ P =0

= Iyo(z) — = Too (@)

such that

S OVE@) + Y MVa(@) + > MVhi(z) - Y AVGi(z) - > AVH(z) =0.

el teT i€l i€l i€l;
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Since 7 € Q and A9 € A(Z), one has \;g¢(Z) = 0 and g;(Z) < 0 for all ¢ € T. Hence,
g(Z) =0forallt € I,(Z) and ¢¢(Z) < 0 for all ¢t € T'\ I,(Z), which in turn implies
that ;\%\Iq(i) = 0. Again, the fact that T € Q guarantees that h;(Z) = 0,Vi €
I,(Z). In addition, we get from G (&) = 0 for all i € Io, (Z) U Ioo(Z) that G;(Z) > 0
for all ¢ € Iy (Z) U Ino(Z). Similarly, we have H;(Z) > 0 for all i € I1o(Z) U Ino(Z).
Thus, (Z,a, A, A", G M) € Quw (2) and f(Z) = L(z, @, A9, AP, XG, 2.

(i) Arguing by contradiction, suppose that (z,a, A9, A", A% AH) is not a weakly
efficient solution to Dy (Z). By denotation, there exists (u, a, A9, A", \&¢, \H) €
Qprw (Z) such that

F(@) = L(&, N, N AG N < Llu, M9, A0 XG A,

which contradicts with Proposition 20 (i), and thus, completes the proof.
(ii) Suppose to the contrary that (z,a, A9, A", A& A is not an efficient solution
to Darw (Z). In other words, there exists (u,a, A9, A", A\, M) € Quw () such
that

f(f) = L(j? S‘Qa ;‘ha XGv S‘H) = L(u7 )\97 >‘h7 >‘Ga A11)7

which contradicts with Proposition 20 (ii). So, we arrive at the conclusion. O
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