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1. INTRODUCTION

Modern set theory formulated (or invented) by a German mathematician George
Cantor (1845-1918) is fundamental and indispensable for the whole of mathemat-
ics. In classical set theory, a set is a well-defined collection of distinct objects. If
repeated occurrences of any object are allowed in a set, then the mathematical
structure is called a multiset. Thus, a multiset differs from a set in the sense
that each element has a multiplicity. A complete account of the development of
multiset theory can be seen in [4, 5, 25, 26]. The concept of fuzzy sets was pro-
posed by Zaded [28] to capture uncertainty in a collection, which was neglected
in crisp set. Fuzzy set theory has grown stupendously over the years giving birth
to fuzzy groups introduced in [18]. Several works have been done on fuzzy groups
since inception; some could be found in [7, 19]. Recently, Shinoj et al. [20] in-
troduced a non-classical group called fuzzy multigroup, which generalized fuzzy
group. In 1983, Atanassov [3, 2] introduced the concept of intuitionistic fuzzy
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sets. The concepts of intuitionistic fuzzy multiset and intuitionistic fuzzy multi-
group are introduced in [22, 23], which have applications in medical diagnosis and
robotics. The author by using norms, investigated some properties of fuzzy alge-
braic structures [8-17]. The author [11] defined fuzzy multigroups under t-norms
and explored some of their properties and got the related results. In this paper, we
introduce intuitionistic fuzzy multigroups under norms (t-norm 7" and ¢t-conorm C')
as IFMSN(G) and study some of their algebraic properties. Also, we introduce
the inverse, product, intersection and sum of them and prove that the inverse,
product, intersection and sum of any A, B € IFMSN(G). We investigated and
discussed their properties, too. Finally, under group homomorphisms, image and
pre image of them are introduced and investigated.

2. PRELIMINARIES

Definition 1. (/24]) Let X = {x1,22,...,%n, ...} be a set. A multiset A over X
is a cardinal-valued function, that is, C4 : X — N such that x € Dom(A) implies
A(z) is a cardinal and A(z) = Cx(x) > 0, where C4(x), denotes the number of
times an object x occur in A. Whenever Cy(x) = 0, implies © ¢ Dom(A). The set
X is called the ground or generic set of the class of all multisets (for short, msets)
containing objects from X.

A multiset A = [a,a,b,b,c,c,c] can be represented as A = [a,b,c]a 23 or A =

[a%,b%,c®] or {g, 2 g} Difierent forms of representing multiset exist other than
this. See [10, 20, 30] for details. We denote the set of all multisets by MS(X).

Definition 2. (/27]) Let A and B be two multisets over X, then A is called a
submultiset of B written as A C B if Ca(z) < Cp(x) for all z € X. Also, if
A C B and A # B, then A is called a proper submultiset of B and denoted as
A C B. Note that a multiset is called the parent in relation to its submultiset. Also
two multisets A and B over X are comparable to each other if AC B or B C A.

Definition 3. ( [2]) For sets X,Y and Z, f = (f1,f2) : X = Y X Z is called a
complex mapping if f1 : X =Y and fo: X — Z are mappings.

Definition 4. ([2]) Let X be a nonempty set. A complex mapping A = (pa,va) :
X — [0,1] x [0,1] 4s called an intuitionistic fuzzy set (in short, IFS) in X if
wa +va <1 where the mappings pa : X — [0,1] and v4 : X — [0,1] denote the
degree of membership (namely pa(x)) and the degree of non-membership (namely
va(z)) for each © € X to A, respectively. In particular §x and Ux denote the
intuitionistic fuzzy empty set and intuitionistic fuzzy whole set in X defined by
Ox(xz) = (0,1) and Ux(z) = (1,0), respectively. We will denote the set of all
IFSs in X as IFS(X).

Definition 5. ( [2]) Let X be a nonempty set and let A = (ua,va) and B =
(up,vp) be IFSs in X. Then

(1) Inclusion: AC B iff pa < up and va > vp.

(2) Equality:A = B iff AC B and B C A.
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Definition 6. (/6, 21]) Let X be a set. An intuitionistic fuzzy multiset A =
(CMy,CNy) : X — [0,1] x [0,1] of X is characterized by a count membership
function CM 4 : X — [0,1] and count non-membership function CN4 : X — [0,1]
of which the values are multisets of the unit interval I =1[0,1]. That is,

CMa(z) = {pYy, 1%, s %, .} and CNa(z) = {v},v35, ..., v, ...} Vo€ X,

where ply, p2, oo 1%, ... € [0,1] and v, VA, ... v%, ... € [0,1] such that 0 < py (z) +
vi(x) <1 for all z € X. We arrange the membership sequence in decreasing order
as

1 2
[T Ty R 1) e
but the corresponding non membership sequence may not be in decreasing or in-
creasing order. Whenever the intuitionistic fuzzy multiset is finite, we write

CMa(x) = {uly, 2, ... n%} and CNa(x) = {v},vi, ..., v%}
where pl, p?, ..., 1"y € [0,1] and v, V4, ...,v% € [0,1] such that
T =Ty Ty §
or stmply 4 4
CMa(z) ={p4a} and CNa(z)={viy}
for uy €[0,1] and v € [0,1] withi =1,2,...,n
Now, an intuitiom’stic fuzzy multiset A is given as

The set of all mtmtzomstzc fuzzy multisets of X is depicted by IFMS(X).

Example 7. Assume that X = {a,b,c} is a set. Define
0.9,0.6,0.4 0.8,0.5 1,0.9,0.3

M ={ a b c }
and
0.1,0.4,0.6 0.2,0.5 0,0.1,0.7
~{ e
then
A= (CM4z,CNy)
({09 0a6 04708b05 1,0.9, 03} {01 0.4, 06,02b05,00107})€IFMS(X).

Definition 8. (/6, 21]) Let A,B € IFMS( ) as

A= (CMA,CNA) = (/U'ilvﬂih "'alu'ﬁvy}byiv "'vljﬁ)
and

B = (CMB>CNB) = (Mlelj'sz"w/jJ%vVéaV%v ""Vg)'
Then A is called an intuitionistic fuzzy submultiset of B written as A C B if
ph(x) < wy(z) and vi(z) > vi(z) for allz € X and i = 1,2,...,n. Also, if
A C B and A # B, then A is called a proper fuzzy submultiset of B and denoted
as A C B.
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Definition 9. (1]) A t-norm T is a function T : [0,1] x [0,1] — [0,1] having the
following four properties:

(T1) T(x,1) = x (neutral element)

(T2) T(x,y) < T(z,z) if y < z (monotonicity)

(T3) T(x,y) =T (y,x) (commutativity)

(T4) T(x,T(y,2)) =T(T(x,y),2) (associativity),
for all x,y,z € [0,1].

Definition 10. (/1)) A t-conorm C' is a function C : [0,1] x [0,1] — [0, 1] having
the following four properties:

(C1) C(z,0) ==

(C2) C(z,y) < C(x,2) ify <z

(C3) C(z,y) = C(y, )

(C4) Clz,Cly, 2)) = C(C(x,9), 2) ,

for all x,y,z € [0,1].

Recall that t-norm T'( t-conorm C') is idempotent if for all € [0, 1], T'(z,z) =
z(C(z,z) = ).

Lemma 11. ([1]) Let T be a t-norm and C be a t-conorm. Then
T(T(z,y),T(w,2)) = T(T(x,w),T(y, 2)),

and

C(C(l‘7 y)7 C(w, z)) = C(C(l‘7 w)7 Cl(y, Z))7

for all x,y,w, z € [0, 1].
3. INTUITIONISTIC FUZZY MULTIGROUPS UNDER NORMS

Definition 12. Let A = (CMs,CN4) € IFMS(G). Then A is said to be an
intuitionistic fuzzy multigroup of G under norms( t-norm T and t-conorm C) if it
satisfies the following conditions:

(1) CMA(CCZ/) > T(CMa(x), CMa(y)),

(2) CMa(z™1) = CMa(),

(3) CNA(wy) < C(CNa(z), CNa(y)),

(4) CNa(z~1) < CNA(w),

forallxz,y € G.

The set of all intuitionistic fuzzy multigroups of G under norms( t-norm T and
t-conorm C) is depicted by IFMSN(G).

Example 13. Let G = Z3 = {0, 1,2} be a group with respect to addition and let

0.9,0.7,0.3 0.9,0.6,0.4 0.9,0.6,0.4
OMa = {7,

T
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and
0.1,0.3,0.7 0.1,0.4,0.6 0.1,0.4,0.6

0 ’ 1 ’ 2 }
Then A € IFMS(G). Let T be an algebraic product t-norm T(z,y) = Tp(z,y) =

zy and C be an algebraic sum t-conorm C(z,y) = Cp(z,y) = v +y — zy for all
x,y € [0,1]. Now

ONA={

CM4(0+0) = CM4(0) = 0.9,0.7,0.3 > T(CMa(0), CMA(0)) = 0.81,0.49, 0.09

CMA(0+1) =CM4u(1) =0.9,0.6,0.4 > T(CM4(0),CM4(1)) = 0.81,0.42,0.12

CM4(0+2) = CM4(2) =0.9,0.6,0.4 > T(CMa(0),CMa(2)) = 0.81,0.42,0.12

CM4(1+2)=CM4(0) =0.9,0.7,0.3 > T(CMa(1),CMa(2)) = 0.81,0.36,0.16

CMs(1+1)=CM4(2) =0.9,0.6,0.4 > T(CMa(1),CMa(1)) = 0.81,0.36,0.16

CM4(2+2)=CM4(1) =0.9,0.6,0.4 > T(CMa(2),CMa(2)) = 0.81,0.36,0.16
CMA((0)™Y) = CM4(0) =0.9,0.7,0.3

CMA((1)™') = CM4(2) =0.9,0.6,0.4 > 0.9,0.6,0.4 = CM4(1)

CMa((2)™') =CMa(1) =0.9,0.6,0.4 > 0.9,0.6,0.4 = CM4(2).
Also
CNA(0+0)=CN4(0) =0.1,0.3,0.7 < C(CN4(0),CN4(0)) = 0.19,0.51,0.91
ONA(0+ 1) = CN4(1) = 0.1,0.4,0.6 < C(CNA(0),CN4(1)) = 0.19,0.58,0.88
CNA(0+2) = CNa(2) =0.1,0.4,0.6 < C(CN4(0),CN4(2)) = 0.19,0.58,0.88
CNa(1+2) = CN4(0) =0.2,0.3,0.7 < C(CNa(1),CN4(2)) = 0.19,0.64,.084
CNA(1+1)=CN4(2) =0.1,0.4,0.6 < C(CNA(1),CN4(1)) = 0.19,0.64,.084
ONA(2+2) = CN4(1) =0.1,0.4,0.6 < C(CNA(2),CN4(2)) = 0.19,0.64, .084

CNA((0)™1) = CN4(0) = 0.1,0.3,0.7
CN4((1)7h) = CN4(2) =0.1,0.4,0.6 < 0.1,0.4,0.6 = CN4(1)
CMA((3)™) = CM4(I) = 0.1,0.4,0.6 < 0.1,0.4,0.6 = CM4(2).
Thus A = (CMa,CN,) € IFMSN(G).
Lemma 14. Let A = (CM4,CN4) € IFMS(G) and G be a finite group such

that T and C be idempotent. If A satisfies conditions (1) and (8) of Definition 20,
then A € IFMSN(G).
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Proof. Let x € G,z # e. As G is finite, so x has finite order, as n > 1. Then
2" =e and 27 = 2"~ 1. Now by using conditions (1) and (3) repeatedly, we have
that

CMa(z™') = OM4s(2" 1) = CMa (2" %2)

> T(CMa(z"2),CMa(x)) > T(CMa(z),CMa(z),...,CMa(z))

n

= CMA(.I)

and
CNa(z™') = CNa(2" ') = CNa(2" 22)

< C(CN4(2"%),CONa(x)) < C(CNa(z),CN4(2), ..., CN4(x))

n

= CNA(QS)
Then A € IFMSN(G). O

Theorem 15. Let A = (CMy,CNy) € IFMSN(G) and T,C be idempotent.
Then

(1) A(e) D A(z) for all z € G.

(2) A(z™) D A(z) for allz € G and n > 1.

(3) A(z) = A(z™1) for allz € G.

Proof. (1) Let « € G then
CMa(e) = CMa(zz™") > T(CMa(z), CMa(z™1))

>T(CMa(x),CMa(x)) = CMy(x)

and so
CMa(e) > CMy(z) (a).
Also
CN4(e) = ONa(zz™) < C(CNa(x),CNa(z™h))
< C(CNg(x),CNy(x)) = CNy(x)
and then

CNy(e) §CNA(3;‘) (b).
Now from (a) and (b) we get that

A(e) = (CMa(e),CN(e)) D (CMa(z),CNa(z)) = A(z).
(2) Let x € G and n > 1. Then

CMu(z™) = CMa(zz..x) > T(CMa(x),CMa(2),...., CMa(x)) = CMa(x) (a)

n

n
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and

CNy(2") = CNa(zz...x) < C(CNy(x),CNg(x),...,CNy(x)) = CNy(x). (b)

n

n

Thus from (a) and (b) we will have that
A(z™) = (CMa(z"),CNa(z")) 2D (CMa(z),CNa(x)) = A(x).
(3) If z € G, then

CMj(z) = CMA((J‘_l))_l > CMA(Z‘_l) > CMa(x)

and then
CMa(x) =CMa(z™") (a)
and
CNa(zx) = ONA((xil))il < ONA(Iil) < CNy(x)
and so

CNa(x) = CNa(z™h).  (b)
Now (a) and (b) give us

A(x) = (CMa(z),CN4(z)) = (CM4s(z™"),CNa(z™Y)) = A(z™1).
O

Proposition 16. LetT and C be idempotent. Then A = (CMa,CN4) € IFMSN(G)
if and only if

A(zy™") 2 (T(CMa(x), CMa(y)), C(CMa(x),CMa(y)))

forall x,y € G.
Proof. Let z,y € G. It A= (CMa,CN,) € IFMSN(G), then

CMa(zy™) 2 T(CMa(x), CMa(y™")) = T(CMa(x),CMa(y)) (a)
and

CNa(zy™') < C(CNa(x),CNa(y™")) < C(CNa(x), CNa(y))- (b)
Then (a) and (b) give us that
Azy™) = (CMa(zy™"),CNa(zy ™)) 2 (T(CMa(x), CMa(y)), C(CMa(x), CMa(y)))-
Conversely, let

Alwy™") = (CMa(zy™"), CNa(zy ™)) 2 (T(CMa(x), CMa(y)), C(CMa(w), CMa(y)))
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for all z,y € G. As CMa(zy~1) > T(CMa(z), CMa(y)) so
CMu(z™Y) = CMa(ex™) > T(CMy(e), CMy(x))
> T(CMa(z),CMu(z)) = CMa(x). (Theorem 23 (part 1))
Also
CMa(wy) = CMa(x(y~")™") = T(CMa(x),CMa(y™")) = T(CMa(x), CMa(y))-
Since CNa(zy™1) < C(CMa(z),CM4(y)) so
CNa(z™') = CNa(ex™) < C(CNa(e),CNa(x))
< C(CNa(z),CNa(z)) = CNa(x) (Theorem 23 (part 1))
and
CNa(zy) = CNa(z(y~")™") < C(CNa(x),CNa(y™")) < C(CNa(z),CNa(y)).
Therefore A = (CMa,CN4) € IFMSN(G). O

Proposition 17. Let A = (CM4,CN4) € IFMSN(G) and x € G. If T and C
be idempotent, then A(zy) = A(y) for all y € G if and only if A(x) = A(e).

Proof. Let A(xy) = A(y) for all y € G and we let y = e, then we get that
A(z) = A(e).

Conversely,let A(x) = A(e) and using Theorem 23 we obtain that A(x) O A(xy)
and A(x) 2O A(y) which mean that CM4(z) > CMy(xy) and CM(z) > CMa(y)
and CNa(z) < CNa(zy) and CN4(x) < CN4(y). Then for all y € G

CMy(zy) > T(CMa(z), CMa(y)) > T(CMa(y), CMa(y))

= CMu(y) = CMu(z " zy) > T(CMa(x), CMa(zy))
> T(CMa(zy), CMa(zy)) = CMa(zy)

and thus
CMa(zy) = CMa(y). (a)
Also
CNa(zy) < C(CNa(x),CNa(y)) < C(CNa(y), CNa(y))
= CNa(y) = CNa(z " zy) < C(CNa(z), CNa(zy))
< C(CNa(zy),CNa(zy)) = CNa(zy)
thus

CNa(zy) = CNa(y). (b)
Therefore from (a) and (b) we will have that

A(zy) = (CMa(zy), CNa(zy)) = (CMa(y), CNa(y)) = A(y).
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Proposition 18. Let A = (CMa,CNy) € IFMSN(G) and T,C be idempotent.
If A(zy=t) = A(e), then A(x) = A(y) for all 7,y € G.

Proof. As A(xy™!) = A(e) so CMa(zy~') = CMa(e) and CNa(zy~!) = CNa(e)
for all z,y € G. Now

CMa(x) = CMa(zy~'y) > T(CMa(zy ™), CMa(y))
=T(CMa(e),CMa(y)) = T(CMa(y), CMa(y)) = CMa(y)
= COMa(y™') = CMa(ztay™!) > T(CMa(z™"),CMa(zy ™))
= T(CMA(xil),CMA(e)) > CMA(LIZil) = CMA(x)

and then
CMa(z) =CMa(y). (a)
Also
CNa(z) = CNa(zy~'y) < C(CNa(zy™"),CNaly))
= C(CNa(e),CNa(y)) < C(CNa(y),CNa(y)) = CNal(y)
=CONa(y ™) = CNa(z toy™") < C(CNa(z™Y),CNa(zy™))

= C(CNA(x_l),CNA(e)) < CNA(.%‘_l) = CNx(x)

which means that
CNa() = CNa). (0

Thus (a) and (b) give us that
A(z) = (CMa(z), CNa(x)) = (CMa(y), CNa(y)) = A(y).
U

Proposition 19. Let A= (CM4,CN4y) € IFMSN(G) and A(x) # A(y) for all
z,y € G. Then

A(zy) = (T(CMa(z), CMa(y)), C(CMa(z), CMa(y)))-

Proof. Let A(x) D A(y) for all z,y € G. Then we get that CMa(z) > CMa(y)
and then CMa(z) > CMa(zy) which give us

CMa(y) =T(CMa(x),CMa(y))

and
CMu(zy) =T(CMa(zx), CMa(zy)).

Now
CMa(zy) > T(CMa(z),CMa(y)) = CMa(y)

= CMy(z  ay) > T(CMA(m_l), CMa(zy))
— T(CMa(x), CMa(zy)) = CMa(ay)
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and then
CMy(zy) = CMa(y) = T(CMa(z),CMa(y)). (a)

Also as A(x) D A(y) for all z,y € G. Then we get that CNa(z) < CN4(y) and
then CN4(xz) < CN4(xy) so

CNa(y) = C(CNa(z),CNa(y))

and
CNa(zy) = C(CNa(x),CNa(zy)).
Then
CNa(zy) < C(CNa(z), CNa(y)) = CNal(y)
= CONa(z tay) < C(CNa(z™1),CN4(zy))
= C(CNy(x),CNa(zy)) = CNa(zy)
and then

CNa(zy) = CNa(y) = C(CNa(x),CNa(y)).  (b)
Now from (a) and (b) we obtain that

A(zy) = (CMa(zy), CNa(zy)) = (T(CMa(z), CMa(y)), C(CMa(z), CMa(y))).
0

Proposition 20. Let A= (CMy,CNy) € IFMSN(G). Then
(1) If T, C be idempotent, then A* = {x € G : A(z) = A(e)} is a subgroup of G.
(2) If T, C be idempotent, then

Al ={zeG: A®@) 2 (o, 8)}

is a subgroup of G for all o, 8 € [0, 1].
Proof. Let z,y € G.

(1) If z,y € A*, then A(x) = A(y) = A(e) which means that CMy(x) =
CMa(y) = CMy(e) and CNg(z) = CNa(y) = CNy(e). Thus

CMa(zy™") = T(CMa(z),CMa(y™")) = T(CMa(x), CMa(y))

=T(CMa(e),CMy(e)) = CMa(e) = CMa(xy ‘yx)
> T(CMa(wy™"), CMa(ya™")) = T(CMa(zy™"), CMa(zy™") ™)
> T(CMa(xy™"),CMa(zy™")) = CMa(zy™")
then
CMa(zy™') = CMu(e). (a)
Also
CNa(zy™") < C(CNa(z),CNa(y™")) < C(CNa(z),CNa(y))
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= C(CNa(e),CN4(e)) = CN4(e) = CNa(zy 'yz™)
< C(CNa(zy™"),CNa(yz™")) = C(CNa(zy™"),CNa(zy™ ) ™)
< C(CNa(zy™"),CNa(zy™")) = CNa(zy™")

CNa(zy™ ') =CNale). (b)

Therefore using (a) and (b) we obtain that
Azy™) = (CM(zy™"),CNs(zy™")) = (CM4(e),CNa(e)) = Ale)

and then zy~! € A* and we get that A* is a subgroup of G.
(2) Let z,y € A%g]] then A(z) D (a,8) and A(y) 2 («, ) which mean that
CMy(z) > o and CM4(y) > a. Now

CMu(zy™t) > T(CMa(x),CMa(y™))

>T(CMa(z),CMa(y)) > T(a,a) =«

and then
CMa(zy™) >a. (a)

Also as A(x) 2 (a, B) and A(y) D (o, B) so CNa(z) < g and CNa(y) < 8. Now
CNa(zy™") < C(CNa(z),CNa(y™))

< C(CNa(z),CNa(y)) <C(B,8) =8

and so
CNa(zy™") < 8. (b)

Therefore from (a) and (b) we will have taht
A(zy™) = (CMa(wy™"),ONa(zy™)) 2 (o, B)
and so zy~ ! € A% and thus A%g]] is a subgroup of G. [

4. INVERSE, PRODUCT, INTERSECTION AND SUM OF
IFMSN(G)

Definition 21. Let A= (CM4,CN4) € IFMSN(G). Then A=t = (CMy-1,CNy-1)
is called inverse of A= (CMa,CNy) and defined as

A7N2) = (CMa-1(2),CNg-1(2)) = (CM4(z™1),CN4(z™h)
forallx € G.

Proposition 22. A= (CMs,CN,) € IFMSN(G) if and only if A= = (CM4-1,CN 1) €
IFMSN(G).
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Proof. Let z,y € G. If A= (CM4,CN4) € IFMSN(G), then

(1)
CMy—(zy) = CMa(zy) ™" = CMa(y~ 'z

> T(CMa(y™"),CMa(z™")) = T(CMa-1(y), CMa- ()
=T(CM4-1(2), CMa-1(y))-

CMAfl(.Til) = CMA($71)71 > CMA(Iil) e OMA—I([E).

CNy-1(zy) = CNa(zy) ™' = CNA(y ta™ 1)
< C(CNA(y™1),CN4s(z™1)) = C(CN4-1(y), CN 41 ()
= C(CNa-1(z), CN4-1(y)).

(4)
CNA—1($_1) = CNA(l'_l)_l < CNA(.%‘_I) = CNj-1(z).

Thus A~' = (CMa-1,CN4-1) € IFMSN(G).
Conversely, let A=t = (CMy-1,CNy-1) € IFMSN(G). Then

(1)
CMa(zy) = CMa((zy) ™)™ = CMa-1 ((2y) ")

=CMaa(y 'a™!) 2 T(CMa-1(y™1),CMa-1(z71))
=T(CMa(y), CMa(x)) = T(CMa(x), CMa(y)).
(2)
CMa(z™") =CMy1(x) = CMy1(z )P > CMy1(z7h) = OMa(z).

3)
CNa(ay) = ONa((zy)™) ™ = CNa-((ay) ™)

=CNpa(y 'a™) SCO(CNa-1(y™1),ONa-1 (27))
= C(CNa(y), CNa(z)) = C(CNa(z),CNa(y))-
(4)
CNa(z™') = CNy-i(2) = CNy-i (@7 )7H S CNga (a71) = CNa().
Therefore A = (CMa,CN4) € IFMSN(G). O

Definition 23. Let A = (CM4,CN4),B = (CMp,CNg) € IFMSN(G). Then
the product of A and B denoted as

AoB = (CMA,CNA)O(CMB,CNB) = (CMAOCMBycNAOCNB) = (CMAoB7CNAOB>
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is governed by

_ Supx:yz T(CMA(y)v CMB (Z)) fo =Yz
CMaop(r) = { 0 otherwise
and
_J info—y. C(CNa(y),CNp(2)) ifx=yz
CNaop(x) = { 0 otherwise.
Note that

CMyop(x) = sugT(CMA(yLCMB(y_lx)) = sugT(CMA(xy_l),CMB(y))
ye IS

and

CNaop(z) = inf C(ONa(y), CNp(y 'z)) = inf C(CNa(zy™"),CNp(y))

and if x = yz we can say that

(Ao B)(z) = (sup T(CMa(y), CMp(2)), inf C(CNa(y), CN5(2)))-

T=yz

Definition 24. Let A = (CM4,CN4),B = (CMp,CNg) € IFMSN(G). Then
the intersection of A and B denoted as

ANB = (CM4,CNA)N(CMp,CNp) = (CMANCMp,CNANCNg) = (CManp,CNanp)
is governed by

(ANB)(z) = (CManp(x), CNanp(z)) = (T(CMa(x), CMp(x)), C(CNa(x), CNp(x)))
forallx € G.

Proposition 25. Let A

= (CM4,CN4),B = (CMp,CNg) € IFMSN(G).
Then AN B € IFMSN(G).

Proof. Let z,y € G.
(1)
CMang(zy) = T(CMa(zy), CMp(zy))

> T(T(CMa(x),CMa(y)), T(CMp(x), CMp(y)))
=T(T(CMa(x),CMp(z)), T(CMa(y),CMg(y))) (Lemma 15)
=T(CManp(x), CManp(y)).

CManp(z™!) = T(CMs(z™),CMp(z™1))
Z T(CMA(.Z’),CMB(LE» = CMAQB(JJ).
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CNang(zy) = C(CNa(zy), CNp(zy))
< C(C(CNa(x),CNa(y)), C(CNg(x), CNp(y)))
= C(C(CNa(x),CNp(z)), C(CNa(y),CNp(y))) (Lemma 11)
= C(CNanp(x),CNanp(y)).

(4)
CNanp(z™') = C(CNa(z™"),CNp(z 7))

< C(CNa(x),CNp(x)) = CNanp(x).
Therefore ANB € IFMSN(G). O

Corollary 26. Let I, = {1,2,...n}. If {A; | i € I,} CIFMSN(G), Then A =
Nicr, Ai € IFMSN(G).

Proposition 27. Let A = (CM4,CNy),B = (CMp,CNp) € IFMSN(G).
Then the following assertions hold:

(1) (A)~1 = A.

(2) If AC B, then A= C B~%.

(3) (AoB)"t =B to AL

(4) (AnB)~'=A"tnB~L

Proof. Let x,y,z € G. Then

(1)
CM(A71)71(JJ) = CMA—l(l‘il) = OMA((Z‘il)il) = CMA(.I)

and
CN(A—l)—l(x) = CNA—l(:L‘_l) = CNA((.QS_l)_l) = CNA(QT)

then
(A_l)_l(.’L‘) = (CM(A—l)—l(.’E),CN(A—l)—l(,T)) = (CMA(LE),CNA(!E)) = A(SL’)

then (A=1)~1 = A.
(2) As AC Bso CMu(z7t) < CMp(z~?t) and CNa(z~ 1) > CNp(z~!). Then

CMy-(x) = OMA(Jiil) < OMB(xil) =CMp-1(x)

and
CNy1(x) =CNa(z™') > CNp(xz™) = CNg-1 ()

which mean that
AN (z) = (CM 41 (2),CN 1 (x)) € (CMp-1(x),CNg-1(x)) = B~ (x)

and then A=1 C B~L.

(3)
CMaop)-1(z) = CMopy(z™") =  sup T(CMa(y™'),CMp(z""))

z—l=y—lz-1
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= sup T(CMa(y™'),CMp(z7)= sup T(CMp(z~'),CMas(y™))

z—1=(zy)~ ! zt=(zy)"!

= sup T(CMp-1(2),CM4-1(y)) = CM(p-10a-1)(2)

=2y
and then
CM(AOB)—l(.’E) = CM(B—1OA—1)((E). (a)
Also
CN(aop)-1(x) = CN(AQB)(x_l) = rl:ilr}flfl C(CNA(y™h),CNp(z™h)
= i?f) C(CNs(y™"),CNp(z71)) = ir(lf : C(CNp(z™1),CNs(y™))
r—1=(zy) 1 = 1=(zy)1
= wlilzfy C(CNp-1(2), CNa-1(y)) = CN(p-10a-1)(2)
and then

CN(aop)-1(x) = CN(p-104-1)(z). (D)
Now from (a) and (b) we get that

(A © B)_l(x) = (C(]\4(AOB)*1 (Qf), C’ZV(AOB)*1 (J?))

= (CM(Bf1OA71)(£C),CN(Bf1oA71)(CE)) = (371 ¢} Ail)(;x)
and thus (Ao B)"! =B toA~L

(4)
CManp)-1(z) = CManp)(z~") = T(CMa(z™"),CMp(z™"))
= T(CMy-+(2), CMp-1(2)) = CM(4-10p1)(a)
and so
CM(AQB)”(CU) = CM(AflﬁBfl)(x)' (a)
Also
CNanp)-1(z) = CNianp)(z™") = C(CNa(z™"),CNg(z™"))
= C(CNA-+ (), CNp-1(2)) = CN(a 1151 (@)
and then

CNan)-1(z) = CNa-1np-1y(z). (D)
Using (a) and (b) give us

(AN B)~!(z) = (CM(anp)-1(2), CN(anp)-1 (2))

= (CMg-1np-1)(2),CNg-1np-1)(T)) = (A"'n B Y)(z)
and therefore (AN B)™' = A=1n B~ O
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Proposition 28. A = (CMy,CNy) € IFMSN(G) if and only if A satisfies the
following conditions:

(1) AD Ao A

(2) A=t = A.

Proof. Let x,y,z € G such that t = yz. If A= (CMa,CNy) € IFMSN(G), then

(1)
CMy(x) = CMa(yz) > T(CMa(y),CMa(z)) = CMaoa(x)

and
CNa(z) = CNa(yz) < C(CNa(y),CNa(z)) = CNaoa(x)

and so
A(z) = (CMa(x),CNa(z)) 2 (CMaoa(x),CNaoca(z)) = (Ao A)(z)

which means that A D Ao A.
(2) As
CMy-1(x) = CMa(z™') = OMy(2)

and
CNy-1(z) = CNa(z™') = CN4(2)

A(z) = (CMa(z), ONA(2)) = (CMa-1(z), CN 41 (z)) = A~ ()

and then A~ = A.
Conversely, let £ € G. As AD Ao A so

A(Z‘) = (CMA(JT),CNA(.I)) D) (AOA)(J}) = (CMAOA(x),CNAOA(l‘))
$0 OMua(x) > CMaoa(x) and CNa(x) < CNagoa(x). Now

CMa(yz) = CMa(z) = (CMaoa)(x) = sup T(CMa(y), CMa(z)) 2 T(CMa(y), CMa(z))

T=yz

and

CNa(yz) = CNyg(z) < (CNgoa)(z) = inf C(CNa(y),CNa(z)) < C(CNa(y),CNa(2)).

T=yz
Also since A™' = A so
CMA(QL‘_l) =CMy-1(x) = CMy(x)

and
CNa(z7') = CNy-1(2) = CNa(2).

Therefore A = (CM4,CN4) € IFMSN(G). O

Proposition 29. Let A= (CMy,CNy) € IFMSN(QG). Then (AoB) € IFMSN(G)
if and only if Ao B= Bo A.
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Proof. Let A, B € TFMS(G) then from Proposition 28 we get that Ao A C A
and BoBC Band A~' = A and B~! = B.
If (Ao B) € TFMS(G), then from Proposition 28 and Proposition 29 we get that

BoA=B'0A'=(AoB) ' =A40B.

Conversely, let Ao B = Bo A. As
(1)
(AoB)o(AoB)=Ao(BoA)oB
=Ao(AoB)oB=(AoA)o(BoB)C AoB

and

(2)
(AOB)_lzB_loA_lzBoA:AoB

so Proposition 28 gives us that (Ao B) € IFMSN(G). O

Proposition 30. Let A = (CM4,CNy),B = (CMp,CNp) € IFMSN(G) and
T,C be idempotent. Then A(e) C B(e) if and only if AC Ao B.

Proof. Let z,y,z € G and A(e) C B(e) then CMa(e) < CMpg(e) and CNy(e) >
CNg(e). Now
CM a0y (7) = sup T(CMa(y),CMg(2))

T=yz

= sup T(CMa(x), CMp(e)) = sup T(CMa(z), CMa(e))

> T(CMA(CC),CMA(e)) > T(CMA(:L‘),CMA(CL'))
= CMA(.I)

and so
CMaop)(x) > CMy(z). (a)

Also
CN(AOB)(J)) = inf C(CNA(y),CNB(Z))

T=yz

= inf C(CNa(z),CNg(e)) < ziilieC(CNA(J;),CNA(e))

< C(CNA(.”L'),CNA(e)) < C(CNA(,T),CNA(.Z'))
= CNA(QL‘)

and so
CN(AOB)((E) S CNA(ZL') (b)

Now from (a) and (b) we get that

A(z) = (CMa(z), CNa(z)) € (CM(a0p)(2), CN(aop)(2)) = (Ao B)(x)



356 R., Rasuli / Norms on Intuitionistic Fuzzy Multigroups

and thus A C Ao B.
Conversely, let A C AoB.If A(e) D B(e), then CMa(e) > CMp(e) and CNy(e) <
CNB(B). Thus

CMaop)(e) = sup T(CMa(e), CMp(e))

e=ee

< sup T(CMy(e),CMu(e)) =T(CMa(e),CMa(e)) = CMa(e)

e=ee

which means that
CM40py(e) < CMa(e). (a)

Also
CNaopy(e) = eiiltfe C(CNy(e),CNg(e))

> inf C(CNa(e),CNa(e)) = C(CNa(e),CNa(e)) = CNa(e)

then
CNiaopy(e) > CNa(e). (b)
Using (a) and (b) give us
A(e) = (CMa(e),CNa(e)) D (CMaop)(€), CNaon)(€)) = (Ao B)(e)

and then A D A o B and this is a contradiction with A C A o B. Therefore
A(e) C B(e). O
Proposition 31. Let A = (CM4,CNy),B = (CMp,CNg) € IFMSN(G) and
A(e) = B(e) and T, C be idempotent. Then A C Ao B and B C Ao B.

Proof. Let x,y,z € G and A(e) = B(e) then CMy(e) = CMp(e) and CN4(e) =
CNpg(e). Thus
CM4op)(x) = sup T(CMa(y), CMp(z))

> T(CMy(x),CMp(e)) =T(CMa(z),CMa(e))
> T(CMA(IIJ),CMA(IL‘)) = CMA(J,‘)

and then
CM(AoB)(m) 2 CMA(ZE) (a)

Also
CNaop)(z) = wiBnyC(CNA(y), CNg(z))
< C(CNy(x),CNp(e)) = C(CN4(x),CNa(e))
< C(CN4(x),CNa(x)) = CNa(x)

CNiaop) (@) < CNa(z).  (b)

Then from (a) and (b) we will have that

(Ao B)(z) = (CMaop)(x), CN(aop)(z)) 2 (CMa(z), CNa(z)) = A(z)
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that is Ao B D A.
Now as
CM40p)(7) = ISBEZ T(CMa(y), CMp(z))
>T(CMa(e),CMp(x)) =T(CMg(e), CMpg(z))
>T(CMg(z),CMpg(z)) = CMpg(x)
CM(AoB)(:E) Z CMB(.T) (a)
Also
CN(aop)(r) = rignyC(CNA(y),CNB(Z))
< C(CNx(e),CNp(z)) = C(CNg(e), CNp(x))
< C(CNg(z),CNp(x)) = CNg(x)
therefore

CN(AoB)(I) SCNB(JT) (b)

Thus as (a) and (b)

(Ao B)(2) = ((Maop)(@), CNiaon) (@) 2 (CMp(2), CNp(2)) = B(a)

so AcoBDB. O

357

Proposition 32. Let A = (CM4,CN4),B = (CMp,CNg) € IFMSN(G) and
A(e) = B(e) and T,C be idempotent. If Ao B € IFMSN(G), then Ao B is
generated by A and B.

Proof. Suppose that AoB € IFMSN(G). Then we show that Ao B is the smallest
containing A and B. As Proposition 31 we get that A C Ao B and B C Ao B.
Let C = (CM¢g,CN¢g) € IFMSN(G) such that A, B C C and z,y,z € G. Then

CM40p)(7) = sup T(CMa(y), CMp(2))

T=yz

< sup T(CMc(y), CMc(2))

r=yz

= CM(COC) (JU) = CMc(LE)

and
CNaor) (@) = inf C(CNa(y),ONB(2))
> inf C(CN¢(y),CNe(2))
r=yz
= CN(coc)(2) = CNe(z)
and then

(Ao B)(z) = (CM(a0p)(2), CN(aop)(2)) € (CMc (), CNe(z)) = C(z)

and then Ao B C C. Thus A o B is generated by A and B. O
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Definition 33. Let A = (CM4,CNy),B = (CMp,CNg) € IFMS(G). Then
the sum of A and B denoted as

A+B = (C]WA7 CNA)+(CMB, CNB) = (C]WA—FC']MB7 CNA+CNB) = (CMA+B, CNA+B)
is defined by the addition operation in X — [0,1] for crisp multiset. That is,
CMA+B(£L') = CMA(I) + CMB(:C)

and
CNA+B($) = CNA(z) + CNB(I)

for all x € X. The meaning of the addition operation here is not as in the case of
crisp multiset.

Example 34. Assume that X = {a,b,c} is a set. Define
A= (CM4s,CNy)

0.9,0.6,0.4 0.8,0.5 1,0.9,0.3 0.1,0.4,0.6 0.2,0.5 0,0.1,0.7
= ({ ) b s }v{ ) b ) })

a Cc a C

and
B = (CMpg,CNg)

0.8,0.5,0.3 0.9,0.6 0.3,0.7,0.6 0.2,0.5,0.7 0.1,0.4 0.7,0.3,0.4
= ({ ’ b }7{ ) b ’ })

a c a c
Then A+ B = (CMa4+p,CNayp) such that

CMA+B = CMA +CMB

_{0.9,0.8,0.670.5,0.470.3 0.9,0.8,0.6,0.5 0.7,0.7,0.4,0.3,0.1,0.0}
- ) b )

a Cc

and
CNA+B = CNA + CNB
__{01,02,04705,067Q7 0.1,0.2,0.4,0.5 03,&3,06,&7,09,10}
- ) b )

a C

Proposition 35. Let A = (CM4,CNy),B = (CMp,CNp) € IFMSN(G).
Then
A+ B=(CMai1p,CNayp) € IFMSN(G).

Proof. Let x,y € G. Then

(1)
CMayp(zy) = CMa(zy) + CMp(xy)

>T(CMa(z),CMa(y)) + T(CMp(x), CMp(y))
=T(CMa(x) + CMgp(z),CMa(y) + CMp(y))
=T(CMayp(r),CMaip(y)).
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CMayp)(z™") = OMa(z™!) + CMp(z™)
> CMa(z)+ CMg(x)
= CMay ) (2).

CNayp)(ry) = CNa(zy) + CNp(zy)
< C(CNa(z),CNa(y)) + C(CNp(z),CNp(y))
= C(CNa(z) + CNp(z),CNa(y) + CMgp(y))
=C(CNayp(x),CNatp(y)).

CN(aypy(z™') = CNa(z™') + CNp(z™?)
< CNa(z) + CNp(z)
=CN(ayp)(2).
Thus A+ B = (CMayp5,CNayp) € IFMSN(G). O
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Remark 36. Let {A;}ic; € IFMSN(G). Then ), ; A € IFMSN(G).

5. GROUP HOMOMORPHISMS OVER IFMSN (G)

Definition 37. Let G and H be groups and f : G — H be a homomorphism. Let
A= (CMy,CNy) € IFMSN(G) and B = (CMp,CNp) € IFMSN(H). Define

f(A) e IFMS(H) as

f(A) = f(CMa,CNa) = (f(CMa), f(CNa)) = (CMj(a), CNg(a))

such that for all h € H

f(CMA)(h> = (CMf(A))(h) = Sup{CMA(g) | ge Gvf(g) = h(})

and

FCNA)B) = (ONya)() = MHONAW) T € G Tlg) =

Note that if f=1(h) # 0, we can write

J(A)(h) = (CMf(ay(h),CNycay(h))

if f7Hh) #0

otherwise

if f7Hh) #0

otherwise.

= (sup{CMu(g) | g € G, f(g) = h},inf{CN4(9) | g € G, f(g) = h}).
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Also define f~Y(B) € IFMS(G) as

f7H(B) = f~1(CMp,CNg) = (f~(CMp), f'(CNB)) = (CMj-1(p), CNy-1(p))
such that for all g € G

F7H(B)(g) = (CMy-1(5)(9), CNy-1(5)(9)) = (CMp(f(9)), CN5(f(9)))-

Proposition 38. Let G and H be groups and f : G — H be an epimorphism. If
A= (CMs,CNa) € IFMSN(G), then f(A) = (CMysay,CNya)) € IFMSN(H).

Proof. Let u,v € H and z,y € G such that v = f(z) and v = f(y) then
(1)
CMyay(uv) = sup{CMa(zy) |u = f(x),v= f(y)}

> sup{T(CMa(x),CMa(y)) | u= f(z),v=f(y)}
= T(sup{CMa(z) [ u = f(x)},sup{CMa(y) | v = f(y)})
=T(CMysay(u), CMysay(v)).

CMjpiay(u™) =sup{CMa(@™") [u™" = fz71)}
=sup{CMa(e™!) |u™t = [~ (2)}
> sup{CMa(z) | u= f(z)} = CMga)(u).

CNy(a)(uww) = mf{CNa(zy) | u = f(z),v = f(y)}
< Inf{C(CNa(x),CNa(y)) | u= f(z),v = f(y)}
= C(nf{CNa(z) | u = f(x)},inf{CMa(y) | v = f(y)})
= C(CNyay(u), CNycay(v)).

CNyay(u™) =inf{CNs(z™") [u™! = f(z™")}
= inf{CNa(z™") [u™! = f7(2)}
< f{CNA(x) 1= f(2)} = ONya(u).
Therefore f(A) = (CMysay, CNya)) € IFMSN(H). O
Proposition 39. Let G and H be groups and f : G — H be a homomorphism.

If B = (CMB,CNB) € IFMSN(H), then fﬁl(B) = (CMf—l(B)7CNf—1(B)) S
IFMSN(G).
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Proof. Let x,y € G. Then

(1)

(2)

3)

(4)

CMy-1(py(vy) = CMp(f(vy)) = CMp(f(z)f(y))
>T(CMgp(f(z)),CMp(f(y))) =T(CMs-1(py(x), CMs-1(y(y))-

CMy-1(py(z~") = CMp(f(z™")) = CMp(f~'(z))
> CMB(f(.’IJ)) = CMf—l(B)(fL').

CNy-1(py(zy) = CMp(f(zy)) = CMp(f(z)f(y))
< C(CMp(f(2)),CMp(f(y)) = C(CNs-1(py(x), CNs-1(5)(y))-

CNj-1 (2 ") = ONp(f(z 1)) = CNp(f ' (2)
< CNg(f(z)) = CNj-1(p)(2).

Thus f_l(B) = (CMf—l(B)7CNf—1(B)) € IFMSN(G) O
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