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The author of the article "Optimality Conditions and Duality for Multiobjective Semi-
Infinite Programming with Data Uncertainity via Mordukhovich Subdifferential”, Thanh-Hung
Pham has informed the Editor about necessary corrections of the paper, as follows:

The whole paragraphs, or the parts, starting with Example 13 should be replaced by
the text:

Example 13. Let f: B — R be defined by

Fz) = % ifz >0,
o ., ifx <.

By simple computation, we have

1
M ey ot
MfO) = {3.1}.

It is easy to see that [ is e—psendo-conver of type IT but not c—pseudo-conver
of type I at z = 0. We fisrt prove that [ is e—pseudo-conver of type IT at x = (.

1
Indeed, take y= —1,£ = 1 = u:')”fl_rﬂ;: = -{I 1} and = = 1 Clearly,

. - 1 L P
f'x.‘)’\.'—\fcw—-i __l_E__EJD_f'*”'

which implies
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We now prove that [ is not c—pseudo-conver of type I at x = 0. Indeed, take

= _1 M 1 1
y=-—-1,£= 1 cd f{ﬂ}—{d,I} ands—_i. Clearly,
1 1
However,
€y —x) ~.|y—;r|_—1 3512

Next, we can derive the following sufficient condition for a quasi s—solution of

(RSIP).

Theorem 14. Let = = 0 and £ be conver set. Assume that (2, X,,7,) € Fx Rg} *
V: satisfies the robust approrimate KKT condition with respect to =. If f(.) is
Mordukhovich =— pseudo-conver of type I at T and g¢(.,0¢),t € T is Mordukhovich
quasi-conver at T, then T € F is a quasi =—solution of (RSIP).

Proof. Let (z,A, %) € F x Rf} « Vi be satisfied regarding the robust approxi-
mate KKT condition with respect to =. Therefore, there exist & € M f (Z),& €
oMg(z,1,),vt € T with w € NM(z;0Q) and b € B, such that

b0+ Ao +w+ VEb=0. (5)

teT
Since be B,w £ N""f{:f;ﬂj and € is convex set, it follows that, for any = € F,
{w,;r - j:' < D-. {'E"'«I - j:' < ||'T - f||

From (5), we have

<lfu + leﬁl-.l' —-‘T> + ve||z — Z|| = 0,

teT



which means that

ﬂﬁn,I—-’f}-l-v?llI—fHE’—<ZLE¢.~-T—53>~ (6)

teT

Moreover, if t € T'(A), then g(%, 7;) = 0. Note that for any x € F, then g(z,7;) <
0 for any t € T. It follows that g¢(z, 0¢) < g¢(Z, ;) for any x € F and t € T(A). By
the Mordukhovich quasi-convexity of g,(.,7,) at ¥ and &, € 8™ g,(z, 7,), we obtain

(L.x —x) <0, (7)

Combining (6) and (7), we obtain

(€0, — E) + v5||z — Z|| = 0.

Since f(.,d) is Mordukhovich £—pseudo-convex of type I at z, it follows from
Definition 11 that

f(z) + Vellz — 2| = f(2).

Therefore, T is a quasi =—solution of (RSIP). This completes the proof. O

Now, we present an example to show the importance of the Mordukhovich
s—pseudo-convexity of type I in Theorem 14 (function f(.) is given in [27] page
87).

Example 15. Letz € Rt € T = [0,1],02 = [0, +oc) and v, € Vi = [2— 1,2 + 1]
foranyteT. Let f B <R and g: K = Vi = & be defined by

f(z) = { ;rzsin%, if @ #0,
0, if r =0,

and
gg[x.. Ut] =tr® — Q.

Then, F = [0,2] and NM(£;,0) = NM(2;[0, 4+o0)) = (—o0,0]. Let us consider
z=0,A =0 and 5y =2 —t. Note that f(.) is locally Lipschitz at T and g:(., )
is conver at . We have,

M f(z) = [—1,1]( see [27] page 87) and M g, (F,7,) = {2(t — 2)}.

We prove that f(.) is not Mordukhovich e—pseudo-conver of type I at . Indeed,
take §j = 3—..{-: =0cdMf(z)=[-1,1] and 0 < E < 32 Clearly,
T T

&7 — %)+ Velg—z| =Velg— 2| 2 0.



However,

4

G2

F(@) + VT — | = —gog + Vo <0 = £(2).

Now, take an arbitrarily 0 < /5 < i Then, (£, A, 7)) € F x ]RFE"] = V; satisfies
T

the robust approrimate KKT conditions with respect to =. Indeed, let us select

VE = %,f =0,7A=0,5, =2 —t and B = [-1,1]. Then,

0e (—m.. ;] — 9Mf(z) + 3 MO g, (2,5,) + NM(2:R) + /7B,
=T
and Mg(E,7,) = 0.

However, ¥ = 0 is not a quasi s—solution of (RSIP). In order to see this, let

2 1
ME&&EI=EEFG,RJ‘E=§. Then,

(@) + VEw — 7| = —g= + 5= < 0 = f(2).

In the special case when V; 1s a singleton, we can obtain the following result.

Corollary 16. Consider problem (SIP). Let = = ) and () be conver sef. Assume

that (£,M) € F x Rf} satisfies approrimate KKT condition with respect to =. If
f is Mordukhovich s—pseudo-conver of type I at T and g¢.t € T is Mordukhovich

quasi-conver at T, then T € F is a quasi =—solution of (SIP).

In the following theorem, we give another sufficient optimality condition for
robust s—quasi-minimum of (RSIP).

Theorem 17. Let = = 0 and £ be conver set. Assume that [i.,ir,.,ﬁtj e Fx ]REE"} *
V: satisfies the robust approrimate KKT condition with respect to =. If f(.) is
Mordukhovich s —pseudo-conver of type IT at T and g;(., 7).t € T is Mordukhovich
s—quasi-conver at T, then T € F is a quasi =—solution of (RSIP).

Proof. Similarly to the proof of Theorem 14, there exist & e M f(z), & <
OMg(z,9,),¥t € T with w € NM(z;Q) and b € B, such that

{ﬁn,x—i}z—ﬁﬂ.’r—fﬂ—<Zit.§hx—i~>. (8)

teT

On the other hand, if t € T'(A), then g(z.7:) = 0. Note that for any = € F,
gz, 7)) = 0 for any t € T. It follows that g,(x,7;) < g(Z,7) for any r € F
and t € T(A). By the Mordukhovich e—quasi-convexity of g(.,%;) at = and & <
Mg, (z,7,), we ohtain

(607 —2) + VE|lz — 2| < 0. (©)
Combining (8) and (9), we obtain

{‘ED:I _f} = 0.



Since f(..1) 18 Mordukhovich z—pseudo-convex of type II at . it follow from
Definition 11 that

f(x) + Vel — 2| = f(=).
Therefore, T is a quasi e—solution of (RSIP). This completes the proof. O

Now, we present an example to show the importance of the Mordukhovich
c—pseudo-convexity of type I in Theorem 17.

Example 18. Let f.g;,t € T,Q) and V; be defined as in Erample 15. Then, F =
[0,2] and NM(z;0) = NM(z;[0,+00)) = (—00,0]. Let us consider z =0, A =0,
and 0; = 2—t. Note that f(.) is locally Lipschitz at T and g(.,7;) is conver at I.
We have,

M f(z) = [-1,1] and M gi(z,75:) = {2(t — 2)} .
We prove that f(.. 1) is not Mordukhovich e— pseudo-conver of type IT at . Indeed,
2
take j = 3—.{ =0 € Mf(z)=[-1,1] and 0 < \E < 5 Clearly,

(£, §—F =020

However,

f(7) +Velg—z| = ——+u”_—*~‘iﬂ f(Z).

2
Now, take an arbitrarily 0 < /= < 7 From Erample 15, (T, A, ) € F x IR{T]

V: satisfies the robust approrimate KKT conditions with respect to =. By virtue of
Ezxample 15, £ =0 is not a quasi =—solution of (RSIP).

In the special case when V; is a singleton, we can obtain the following result.

Corollary 19. Consider problem (SIF). Let = = 0 and £} be conver set. Assume
that (£,A¢) € F = ]Rﬂ'_r}I satisfies approrimate KKT condition with respect to =. If
[ is Mordukhovich ¢ —pseudo-conver of type IT at T and g,.t € T is Mordukhovich
s—qguasi-conver at T, then T € F is an s—guasi-minimum of (SIF).

Motivated by the definition of generalized convexity due to [8, 9] and [20], we
introduce a new concept of generalized convexity as follows:

Definition 20. Let gr = (gi )ier. 2 = 0.

(i) We say that (f, gr) is Mordukhovich c— quasi generalized conver on F' at T,
if for any x € F,& € oM f(z) and & € Mgy (7, v,), v, € Vit € T, there
erists w € B™ such that

(o, w) + Vellx — Z|| = 0 = f(x) + Vel — 2| = f(T),

ge(z,ve) < ge(ZT,ve) = (&ow) <0, VLT,
and
(b, w) < ||z — ||, Vb € B.



(ii) We say that (f,gr) is Mordukhovich strictly =—quasi generalized conver on
F at z, if for any x € F.&, € oM f(z) and & € dMgy(z,v,),v, e Vit €T,
there erists w € B™ such that

(o, w) + Ve[l — Z[| = 0 = f(x) + VE|lz — Z = f(z),

ge(w,v) < go(T,vp) = (&, w) <O VEET,
and

(b,w) < ||z — z|,¥b € B.

Now, let us provide an example illustrating our Definition 20 (1).

Example 21. Let z € Bt € T = [0,1] and v, € V; = [t — 1, —t] for any
teT,B=[-1,1]. Let f: R -+ R and g : R x Vi =+ R be defined by

flz) = |z| + =* and ge(x,ve) = vez®.

Then F = R. Let us consider ¥ = 0, we have M f(z) = [-1,1] and 8Mg(z,v,) =
{0}. Let us considerr=—1€ F=R,& =0 f(z),& € Mg(z.,v),0<= <
1, by taking w =z = —1, it follows that w € R,

(o,w) + VEle — 3| = vE 2 0= f(z) + VElz — 2| = vE 2 0= f(3).

ge(z,v)) = v S gu(Tve) =0= (&w)=0=<0,teT,

ard

(hyw) = —b < ||z — z|| = 1,¥b e [-1.1].

This shows that ( f, gr ) is Mordukhovich =— quasi genemlized convezon F atx € F.

Next, we give sufficient conditions for a feasible point of problem (RSIP) to be
a quasi e—solution and a quasi weakly s—solution.

Theorem 22. Let = = 0. Assume that {i‘,jq,'ﬁ:,} c F x ]RE'_T:' = Vi satisfies the
robust approrimate KKT conditions with respect to =.

(i) If ( f.gr) is Mordukhovich = —quasi generalized conver on F at T, then T is
a quasi weakly =—solution of (RSIF).

(it} If ( f,gr) is Mordukhovich strictly e—quasi generalized conver on F at T,
then T is a quasi s—solution of (RSIP).

Proof. Since (T, A7) € F x Rf} = Wy satisfies the robust approximate KKT
condition with respect to =, there exists £g B‘I"ff{i'},ﬁt = ﬁfgl[;f, T ), ¥t € T with
w e NM(z;Q) and b € B, such that

fo+ D Mk +w+ VEb =0, gz, 00) =0,
teT

or, equivalent

fo+ Y Mde +VEb= —w. (10)

t=T



We first prove (i). Suppose on contrary that T is not a quasi weakly s—solution of
(RSIF). It then follows that there exists x & F satisfying

flz) + VE||lz — 2| < f(=). (11)

On the other hand, if t € T'(A), then g¢(z,7¢) = 0. Note that for any = € F', then
gz, Ty) < 0 for any ¢ € T. It follows that

9e(x,0c) < ge(T, 7)), for any x € F and ¢ € T'(A). (12)

By the Mordukhovich s—quasi generalized convexity of ( f, gr) on F at T and (11),
(12), there exists d € R™ such that (xr # T)

(o, d) + VE||z — 7| < 0,
{‘Et:d} E Drt = .Ts-

and
(b,d}y < ||z — x|, Wb € B. (13)
Therefore, we have

(€o.d) + > Ae{&,d) + VE||z — 7|| < 0.

teT

On the other hand, by (13), one has
<Ec- + Z M+ \.Eﬁ,d> < 0,
teT

which contradicts (10).
We now prove (ii). Suppose on contrary that T is not a quasi s—solution of
(RSIP). It then follows that there exists = € F satisfying

f@) + ez — 2| < f(3). (14)

On the other hand, if £ € T'(A), then g;(Z.7;) = 0. Note that for any = £ F, then
gilx, ;) < 0 for any t € T. It follows that

gi(z, U} < gu(T,74), for any z € F and t € T(A). (15)

By the Mordukhovich strictly s—quasi generalized convexity of (f,gr) on F at =
and (14), (15), there exists d € R" such that

(o, d) + VE||lz — z|| < 0,
{‘Ehd} = I]:-t E-T:-

and

(b,d) < ||z — 7||,¥b € B. (16)



Therefore, we have
(o) + > Ae (e d) + VE[|z — 3| < 0.
teT

On the other hand, by (16), one has

<r§u + Z A + u"gb,d> < [,

teT

which contradicts (10). This completes the proof. [J

4. MOND-WEIR TYPE DUALITY IN ROBUST APPROXIMATE
OPTIMIZATION PROBLEM

In this section, we investigate some results for e—Mond-Weir type robust du-
ality for robust optimization problems under Mordukhovich s—quasi generalized
convexity assumptions.

Now, we consider the Mond-Weir type dual problem (RUD) of (RSIP) as given
by

max  f(y)
st 0€Mf(y) +) Md gely,ve) + N¥ (y:Q) + V=B,
(RUD) =
Aege(yve) 2 0,
yeheR 200V tel.

The feasible set of (RUD) is defined by

Frup = {(y. M. ve) € QxR Ve [0€ 0 F(y) + 3 MedM gu(y,v0) + N¥ ()
teT

+VEB, Mge(y, ve) = 0.}

Now, we give the following definition of a robust approximate quasi-solution

for (RUD).

Definition 23. Let = =10,



(i) We say that (§,A,7) € Frun is a quasi e—solution of (RUD) if for any
(¥: A, ve) € Frup,

F@) +VElly -3l = fy).

(ii) We say that (§, A, 0) € Frun is a quasi weakly =—solution of (RUD) if for
any (y, A, ve) € Frup,

@) +Velly -3l = f(y).

Now, we establish the following approximate weak duality theorem, which holds
between (RSIP) and (RUD).

Theorem 24. Let = = 0 and = € F. Suppose that {i‘,it,ﬁr} € Frup.
(i) If (f,gr) is Mordukhovich =—quasi generalized conver on F at T, then

flz) > f(x) — VE[|z — 2.

(it) If (f,gr) is Mordukhovich strictly =—quasi generalized conver on F at I,
then

f(z) z f(z) - Vellz - 2.

Proof. Since (z, At U¢) € Frup, we have T € Q,0; € Vi,h =0,t €T and

0e " f(@)+ ) Mo gz m) + N (2: Q) + VEB, o
teT

From (17), there exist & € 8 f(z),& € 8 g(z,v), ¥t € T with w € NM(z;0)
and b £ B, such that

bo+ ) Ml +VEb=—w. (18)

teT
We first prove (1). Let r € F. Suppose on contrary that
f(z) < f(z) = VE||lz — 7. (19)

Note that for any r € F, g¢(z,7¢) = 0 for any ¢t € T and At = D..ng{i',ﬁg] =
0,0, € V,,t € T. It follows that

gz, 7)) =0 < g2, 7). (20)

By the Mordukhovich s—quasi generalized convexity of (f, gr) on F at T and (19),
(20), there exists d € R" such that (z # T)

(€0, d) + VE[|x — 2| <0,

I:Ei:d} = D:-t S .T:-
(b,d) < ||z — ||, ¥b € B.



Therefore, we hawve

(€o,d) + Y A (€ed) + VE||z — 2| < 0. (21)

teT

Om the other hand, by (18), one has

(o.d) + Y Xe (€e.d) + VElz — 2| = — (w,d) 2 0,

teT
which contradicts (21). Thus,
f(x) > f(z) — VEl||lz — .
We now prove (ii). Let x € F. Suppose on contrary that

flz) < f(z) — Vellz — 2||. (22)

The Author appologizes for the inconveniences he has made to the readers and the
Editors.



