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Abstract: This research implements the impact of an advance payment policy on in-
ventory management while incorporating preservation technology to mitigate product de-
terioration. In a real scenario, the sum of the membership and non-membership degrees
of uncertain parameters is greater than one. Hence, the primary objective is to optimize
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cycle time, selling price and maximum profit by utilizing an advanced payment policy,
hybrid price-dependent demand rate under interval-valued Pythagorean fuzzy numbers
to handle imprecise parameters. Two inventory models are developed: one incorporating
preservation technology and another without it. Then, the corresponding fuzzy models are
obtained under interval-valued Pythagorean fuzzy environment. A novel ranking method
is employed to defuzzify the models and then the defuzzified models are solved by using
analytic solution method of maximization problem. The models are validated through
numerical examples by assuming hypothetical data, and the results are compared across
crisp, Pythagorean fuzzy, and intuitionistic fuzzy frameworks. Key findings indicate that
adopting preservation technology significantly improves profitability and reduces deteri-
oration losses. Moreover, the Pythagorean fuzzy approach proves to be more effective in
capturing uncertainty compared to intuitionistic fuzzy sets. These findings suggest that
businesses can enhance inventory decision-making by leveraging advanced fuzzy tech-
niques to optimize financial and operational outcomes.

Keywords: Inventory model, hybrid price- and stock-dependent demand, preservation
technology, advance payment, discount facility, interval-valued Pythagorean fuzzy num-
ber.
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1. INTRODUCTION

A large collection of items exhibited in a supermarket often creates huge sales due
to its variety. For these causes, demand can be considered stock-dependent demand in
the inventory model. In the real market, the demand doesn’t only depend on the price
of the item but also depends on the stock in the inventory systems. Sometimes, demand
is linearly dependent on selling price for a season, and again, it is dependent on selling
price in non-linear form for another season (Mishra et al. [1]). Thus, many researchers
or decision makers (DMs) take the demand rate as a hybrid form of price. Hence, it
is considered that demand depends on a hybrid form of selling price and stock level of
products in this proposed model.

Nowadays, with the development of the global economy, deteriorating products are
performing a vital role. When retailers sell perishable products, then retailers can incur
lower profits due to lost sales of deteriorated products. Therefore, retailers need an effec-
tive inventory strategy that handles the decay of products to obtain maximum profit. To
reduce the deterioration rate of perishable products, the retailers often use preservation
technology (PT).

While PT is applied to reduce the loss of perishable products, the investment in PT
will also result in additional costs. So the application of PT is also an important factor
in the model. Das et al. [2] developed an economic order quantity (EOQ) model for
deteriorating products, and also they utilized the effect of PT investment to reduce the
deterioration rate. Barman et al. [3] developed a production model for deteriorating
products with PT investment to decline the deterioration rate. Hence, PT investment for
reducing the deterioration rate is applied in this proposed model.

In this present market scenario, the policy of advance payment is observed as a promi-
nent practice. The manufacturers or suppliers may ask the retailer to pay a portion of the
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entire purchase price in advance. Both sides gain from this early payment plan in differ-
ent ways. By accepting prepayments, the manufacturers or suppliers lower their chance
of having to cancel orders. Conversely, the retailer expeditiously makes the advance pay-
ment to guarantee prompt delivery. To encourage business, suppliers and manufacturers
may provide various price breaks, credit options, or other types of facilities in exchange
for the advance payment (Khan et al. [4]). It is seen that a wholesaler of some merchan-
dises asks retailers for some payments in part or in full before delivery of the ordered
quantity. It is also noticed that the wholesaler allows a certain percentage of discount on
the total purchase cost for that particular order. Further, there are situations in which if
a retailer gives an extra advance payment, he (or she) may get some price discount dur-
ing the final payment. On the other hand, the retailer loses the interest on the amount of
money that is paid as an advance payment for a period of time from the placing of the
order till the supply of the order. Thus, we see that the advance payment is a real-life
phenomenon, and the decision regarding the amount of advance payment to be made has
a crucial impact on the total profit and inventory decisions. Paul et al. [5] developed a
production model with multiple prepayment strategies. Furthermore, delivery lead time
between a manufacturer and a retailer is not always constant. It may be a variable param-
eter. Hence, an advanced payment scheme along with an uncertain delivery lead time is
implemented in the proposed work.

In the competitive market, the EOQ models get more challenges from various aspects
for which the deterministic models are unable to solve the complexities of the problem.
Generally, these complexities occur due to the imprecise nature of inventory parameters,
the lack of pieces of evidence, the existence of some restricted information, etc. For such
reasons, many researchers have developed various uncertain environments such as fuzzy,
stochastic, interval fuzzy, randomness, roughness, and robustness (as discussed by Goli
[6]) and Goli et al. [7], etc. Furthermore, Goli [8] discussed the robustness analysis for
making product portfolio design in a closed-loop supply chain management. Bellman and
Zadeh [9] introduced a decision-making problem using fuzzy set (FS) theory to tackle a
non-random uncertainty situation. After a generalization of FS, Atanassov [10] defined
an intuitionistic fuzzy set (IFS) in which the uncertainty was handled by a membership
degree and non-membership degree, and the sum of membership and non-membership
degrees has to be in the interval [0, 1]. But, when people independently assign the mem-
bership and non-membership degrees to the same parameter in the actual decision-making
process, then sometimes the sum of membership and non-membership degrees is greater
than the number 1, while the sum of their squares does not exceed the number 1. Hence,
Yager [11] extended the IFS into a Pythagorean fuzzy set (PFS) so that DMs could charac-
terize fuzzy information. more effectively. Recently, Yang and Chang [12] introduced an
interval-valued Pythagorean fuzzy (IVPF) set for solving multi-attribute decision-making
problems. In an inventory system, due to a lack of evidence, demand rate, deteriora-
tion rate, holding cost, delivery lead-time, the discount rate on purchased cost, etc., are
imprecise. Hence, in this proposed study, the inventory parameters are taken under an
interval-valued triangular Pythagorean fuzzy (IVTPF) environment to make more accu-
rate decisions for maximizing the average profit.

Therefore, each item described above has an important role to formulate the proposed
model. The motivation of this study is to see how hybrid-price-stock-dependent demand,



454 H. Barman et al. /Pythagorean Fuzzy EOQ Model with Advanced Payment

advance payment schemes, and PT investment affect an EOQ problem under an IVTPF
environment. The objective is to find an optimum order quantity, cycle time, PT invest-
ment and number of advance payment instalments by maximizing the average profit per
unit time, and to discuss a comparative study between crisp and IVTPF models.

According to our best knowledge, only a few researchers have combined advanced
payment policies, hybrid price-dependent demand, and PT to develop EOQ models of
perishable products. However, none of the researchers who examined inventory models
in the literature did so by taking into account IVTPF inventory parameters with hybrid
price- and stock-dependent demand using PT and an advance payment scheme. Hence,
the research objectives and aims of this study are to find the answers to the following
research questions:

* How advanced payment policy is incorporated in an inventory management and
how it affects the profit of a retailer?

* How do retailers utilize a PT, and what is the effect of PT on increasing retailers’
profit?

* How hybrid-price and stock-dependent demand rate affects EOQ models?

* What is the effect of IVTPE in an EOQ model to handle uncertain parameters?

Hence, this study develops two EOQ models that integrate hybrid price-stock depen-
dent demand with an advanced payment policy under an IVTPF environment to enhance
decision-making and maximize profitability in uncertain and dynamic market conditions.
Also, PT is applied to reduce the deterioration rate of products. The proposed EOQ mod-
els under the IVTPF environment are converted into two deterministic models by using
the linear ranking index method defined in Definition 6. Thereafter, the deterministic
models are solved by the analytical definition of the non-linear maximization problem.
The overall research methodology for this study is demonstrated in Figure 2.

The outline of the remaining part of this study is depicted as follows: A literature
review, research gaps, and contributions of this study are described in Section 2. Sec-
tion 3 reflects some preliminaries about FS, IFS, PES, and IVTPF numbers together with
some basic operators. Section 4 contains notations, assumptions, and the formulations of
crisp and IVTPF models under two subcases. Solution methodology for solving the cor-
responding formulated models is provided in Section 5. Some application examples for
validating the proposed models are investigated in Section 6, whereas the results of these
application examples are discussed in Section 7. Sensitivity analysis along with some
managerial insights for some practitioners is explained in Section 8. Finally, the paper
comes to an end with a conclusion along with some future research directions which are
referred to in Section 9.

2. LITERATURE REVIEW

Herein, a brief literature is reviewed towards four main directions: (i) Inventory prob-
lem with variable demand rate, (ii) Inventory problem with PT for perishable products,
(iii) Inventory problem with different payment policies, and (iv) Inventory problem under
uncertain circumstance.
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2.1. Inventory problem with variable demand rate

Because of product’s variety, the massive display of products in a supermarket fre-
quently generates a lot of sales. When a retailer has a high stock of a product, demand
for that retailer rises; when there is a low stock of products, demand falls. For these
reasons, in an inventory model, demand may be correlated with product stock levels. Fur-
thermore, in the real market, demand doesn’t only depend on product’s stock level, it
is also highly affected by product’s selling price in an inventory system. Das et al. [13]
and Khedlekar et al. [14] investigated an inventory model for deteriorating products under
price-dependent demand function. They introduced PT investment in their work to reduce
product’s deterioration. Pervin et al. [15] developed inventory models by taking price-
and stock-dependent demand rates. Meisam et al. [16] integrated price sensitive demands
and disposal decision in a disassembly EOQ problem to maximize the profit of disas-
sembly systems. Abdul Halim et al. [17] studied a production inventory model whose
goal was to discuss the model for deteriorating items under linear stock and non-linear
price-dependent demand consideration. They also investigated continuous and overtime
production systems in their model. A two-warehouse inventory model was developed
by Tiwari et al. [18] where stock-dependent demand was assumed under inflationary
conditions. In the real situation, demand rate is a hybrid form of the selling price, i.e.,
it is changing both linearly and non-linearly with the selling price. A few researchers
such as Mishra et al.[1] investigated a hybrid-price and stock dependent demand in their
proposed work. Gharaei et al. [19] and Dadashi [20] analyzed an economic production
quantity model by considering stochastic demand rate and stochastic procurement cost.

2.2. Inventory problem with PT for perishable products

In the development of inventory management problems for perishable products, dete-
rioration is a vital issue for getting optimal decisions. Products’ deterioration is affected
by various common factors like as, time, temperature, humidity, impreciseness, etc. Paul
et al.[21] examined the effect of price-sensitive dependent demand and default risk on
optimal trade credit period for a deteriorating inventory model in which constant deteri-
oration rate was considered. Over the past decades, many researchers recommended to
use PT for reducing the reckless deterioration rate. Mashud et al.[22] used PT to curb
the deterioration rate for a sustainable inventory model. Shah et al.[23] analysed inven-
tory control system through preservation technology. A mathematical inventory model
for decaying items has been presented by Kumar et al. [24] under PT with the present
COVID-19 epidemic environment.

2.3. Inventory problem with different payment policies

In addition, the classical EOQ model was developed by ignoring the various types
of payment policies. But, there are several payment options such as advance payment,
payment in delay, etc. between a supplier and a retailer. Khan et al. [25] considered an
advance payment scheme which was made by equal n instalments before receiving the
products. Also, Shaikh et al. [26] incorporated a two-warehouse inventory system under
an advance payment policy where it was assumed that the retailer’s ordered is placed by
providing a fixed portion of the total purchased cost in advance. A sustainable inventory
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model was developed by Mashud et al. [27] with advanced payment policy. They also
considered price dependent demand and concluded that advanced payment policy is a
more effective policy to run a business. Thereafter, Mashud et al. [28] established a
resilient hybrid payment supply chain inventory model for post Covid-19 recovery by
composing multiple prepayments and a delay in payment options. Recently, Mondal et
al. [29] discussed pricing strategies and advance payment-based inventory model with
partially backlogged shortages under interval uncertainty.

2.4. Inventory problem under uncertain circumstance

In classical EOQ inventory models, all related parameters have been considered as
crisp values. But, the values are not always crisp in nature. Furthermore, in real-life
situations, those parameters may have slight deviations from their exact values which may
not follow any probability distribution. In such situations, if those parameters are taken as
fuzzy parameters in a model, then the model becomes more realistic. Henceforth, recently,
the concept of fuzzy parameters has been introduced in the inventory problems by several
researchers. Shekarian et al.[30] analyzed an EOQ inventory model by assuming all input
parameters as triangular fuzzy numbers and applied Graded Mean Integration Value for
defuzzification the fuzzy parameters. Later, Barman et al. [31] formulated an economic
production quantity model for deteriorating products in which demand rate, holding cost
and deterioration rate were considered as triangular cloudy fuzzy numbers. Poswal et al.
[32] developed an inventory model with weibull deteriorating rate and variable holding
cost under fuzzy environment. Again, some researchers have paid their attention to the
application of PFS in inventory management problems. Kaur and Priya [33] introduced
PFS to solve an inventory problem under an uncertain situation. De and Mahata [34]
proposed a fuzzy lock leadership game approach for solving an imperfect quality EOQ
model. After then, Nayak et al. [35] proposed an EOQ model for defective items under
the Pythagorean fuzzy (PF) environment. They analyzed score functions with the help of
(o, B) cuts of fuzzy parameters. Rahaman et al. [36] derived a lock fuzzy EPQ model with
selling price-dependent demand rate using PT investment. Mukherjee et al. [37] discussed
a sustainable inventory model under uncertain environment. Furthermore, Tirkolaee et al.
[38] discussed a supply chain model for sustainable development under interval-valued
neutrosophic fuzzy set. Previous studies related to this study are marked in Table 1.

2.5. Research gap and our contribution

Various retailers of perishable products such as fruits, vegetables, milk products, etc.
in a super market use suitable PT to handle products’ freshness. It is seen that prod-
ucts’ demands depend on selling price and stock level. In the existing literature, it is
observed that a lot of research works have been done by considering the price- and stock-
dependent demand rates for deteriorating products. Some researchers have formulated
their works using PT investment and advance payment scheme. But, in the real mar-
ket, sometimes demand decreases linearly with respect to the selling price and sometimes
demand also decreases non-linearly with the increasing of selling price. So, demand
depends on the selling price in hybrid form. In a little few of the existing literature,
hybrid price-dependent demand has been considered. For the highly demandable prod-
ucts, the manufacturers or suppliers sometimes request the retailer to pay a portion of
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the total purchase cost in advance. In this advance payment scheme, both parties are
benefited in different ways. In this way, the suppliers or manufacturers reduce the risk
of cancelling the orders by receiving prepayments. On the other hand, retailer pays the
advance payment with alacrity in order to ensure on-time delivery. In response to the ad-
vance payment, suppliers or manufacturers offer different price discounts or some credit
facilities or some other kinds of facilities in order to promote their business. In the lit-
erature, most of the researchers developed inventory models by assuming crisp inventory
parameters, but practically these parameters are imprecise and ambiguous. Hence, re-
searchers have considered the inventory parameters in fuzzy or IF environments. But, in
real-life, before starting a business, a retailer should know that what the demand rate of
a product is. Hence, the retailer asks to an expert what is his or her opinion about the
statement “demand rate of a product is 90 units per month”. Suppose, an expert declares
that the possibility of the statement is true is ? and the possibility of the statement is
false is 1 between ((0,1). Thus, there occurs a vagueness in the nature of demand rate
and other several parameters. In this type of uncertainty, the sum of membership and
non-membership degrees does not lie in [0,1] whereas the sum of their squares does lie in
[0,1]. The general FS and IFS fail to handle such situation. This situation can be handled
by introducing PFS, and DMs can take decisions without any modification of provided
evidences. A PFS can be defined as an augmented and amplified version of an IFS for
measuring the impreciseness of a real-life complication. In particular, IVPF is important
for inventory management because it makes data more flexible and realistic and allows
membership and non-membership degrees of uncertain parameters to be interval values
instead of fixed numbers, which improves the representation of uncertainty. Additionally,
by taking into account a greater variety of options than FS and IFS, the IVPF set assists
a decision maker in efficiently managing changes in demand, pricing, supplier depend-
ability, etc. To the best of our knowledge, few researchers developed EOQ models by
incorporating hybrid price-dependent demand, advanced payment policy and PT for per-
ishable products. But, none of the researchers in literature studied an inventory model by
considering IVTPF inventory parameters with hybrid price- and stock-dependent demand
using PT and advance payment scheme. Hence, the motivation of this study is to study
an EOQ model with hybrid price- and stock-dependent demand using PT and advance
payment scheme under IVTPF environment is proposed. The main contributions of this
study are listed as:

(1) This research develops two novel crisp EOQ models for products with hybrid sell-
ing price- and stock-dependent demand under an advance payment scheme that
includes a discount facility and PT investment strategy to mitigate the deteriora-
tion rate. The proposed model integrates practical business considerations such as
financial incentives and inventory-dependent pricing, offering a more realistic and
applicable framework for decision-makers.

(2) The study introduces the concept of IVTPF numbers in EOQ modeling for the
first time. This innovation enhances the model’s ability to flexibly express and
compute uncertainty, overcoming limitations of traditional crisp and fuzzy models.
By accommodating a wider degree of vagueness and imprecision, [IVTPF numbers
provide a more robust approach to inventory management under uncertain demand
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conditions.

(3) A linear ranking function is proposed to systematically transform the IVTPF-based
EOQ models into the equivalent deterministic models, ensuring computational fea-
sibility and practical usability while preserving the fuzzy system’s inherent uncer-
tainty representation.

(4) This study conducts a comparative analysis between the crisp and IVTPF models,
demonstrating that the IVTPF approach, as an extension of PFS, offers a broader
membership space and superior capability in handling uncertainty and vagueness.
The findings highlight that IVTPF models provide greater decision-making flexibil-
ity and accuracy compared to traditional fuzzy sets, making them a more effective
tool in complex inventory scenarios.

Table 1: An assessment between the proposed model with some previously published works

Authors Payment’s Demand Dete- PT Discount Trans- Known
type pattern  rioration portation  parameters
cost taken in
environment
Mishra et al. [1] NA HPD & SD Yes NA NA NA Crisp
Das et al. [13] NA LPD Yes DVPT NA NA Crisp
Shaikh et al. [26] PAV LPD Yes NA NA NA v
Barman et al. [31] NA TD Yes NA NA NA Cloudy Fuzzy
Nayak et al. [35] NA LPD Yes NA NA NA PF
De and Sana [39] NA NLPD NA NA NA NA Fuzzy and IF
Garai et al. [40] NA SD NA NA NA NA IF
Pervin et al. [41] NA LPD & SD  Yes CPT NA NA Crisp
Rahman et al. [42] NA v Yes Interval NA NA v
Ali et al. [43] NA Constant  Yes NA NA Yes Triangular Fuzzy
Bardhan et al. [44] NA SD Yes DVPT NA NA Crisp
Mashud et al. [45] PAV LPD Yes NA Yes NA Crisp
This paper PAV  HPD &SD Yes DVPT Yes Yes IVPF

Notes: LPD: Linear price-dependent, NLPD: Non-linear price-dependent, SD: Stock-dependent, PAV:
Partial advance payment policy, CPT: PT investment is considered as a known constant parameter, DVPT:
PT investment is considered as a decision variable, HPD: Hybrid price-dependent, TD: Time-dependent,
PFF: Parabolic-flat Fuzzy, IV: Interval-valued, NA: Not applicable.

3. PRELIMINARIES

At first, Zadeh [46] introduced the FS concept and thereafter, FS theory is evolved as
an important tool to tackle uncertainty and vagueness in many research fields including
inventory management problems also. Atanassov [10] introduced IFS concept which is
a generalization of FS theory. Later, Atanassov and Gargov [47] extended IFS to IVIFS
concept. Yager [11] introduced the concept of PFS by extending IFS theory. For conve-
nience, here, definitions of IVIFS, interval-valued intuitionistic fuzzy number (IVIFN),
PFS and interval-valued Pythagorean fuzzy number (IPFN) are presented.

Definition 1 (Mondal and Roy [48]). LetY be a finite universe of discourse and Intv([0,1])

denote set of all subintervals of the interval [0,1]. An IVIFS is a set of the form S' =
{0, @5 0), g ()y € Y}, where @ (y) 1 Y = [0,1], W5 (v) : ¥+ [0,1] are interval-

valued membership and non-membership functions, respectively, and P (y), ¥ 5 (y) are
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membership and non-membership degrees, respectively, of the elementy € Y in st , given
that Sup <I>S~,(y)+ Sup lI‘S~1(y) =1forally€eY.

Definition 2. An interval-valued triangular intuitionistic fuzzy number (IVTIFN) on the
real axis is defined by

I — L. Ly L U U, Uy U L
AT = [((p*0,m), @5, (), %Y, () )5 ( (07 0,7, 0% (1), PE, ().
L U L U : ;
where {CIDATI (y),CIJﬁ (y)] and [\Pﬁ (y),‘Pﬁl (y)] are the intervals for membership and
non-membership functions, respectively, of IVTPFN A!l. In addition, pV < p* < g < r" <

V. The functions ®=_, ®Y_ WL_ and WY_ are calculated subsequently:
All All All All

0, if y<pt&y>rt,
_pL .
@k (v) = o if pt<y<gq,
i g<y<rh,
0, ify<pl&y>rY
U y*PU lf U< <
Cll’ldq>A~H(y): quU7 P >yY>gq,
T ifa<y<i,
1, if y<p’ & y>rY,
L _ 9=y ; U<y<
WL (v) = s Jp _y_f
g if g<y<r
1, if y<pt&y>r,
and‘PXN”(y): qq:_;u if pt<y<g,
L, if g<y<rh.

Definition 3. LetY be a finite universe of discourse. A PFS SPinY is defined as a set of
ordered triplet SP = {(y, @g;(y),‘l’;,,(y)) |y € Y}. Here, the functions CIDSNP(y) 1Y —[0,1]
and ‘I’S~P(y) 1Y — [0,1] satisfy the condition: 0 < @%F(y) +‘I’§F(y) < 1. The values
(I)g; (y) and ‘PE; (v) are membership and non-membership degrees of an element y € Y to

the set S, respectively. Moreover, there is a degree of hesitation between membership
and non-membership functions which is defined as: 11 (y) = \/ 1— (CI%}; (y)— ‘I—%) ().

Definition 4. A triangular Pythagorean fuzzy number (TPFN) on the real axis is rep-
resented as AP = {((f:8:h);@5(), ¥ 5(0)y € Y}, where @5(y) 20, W5 (y) =0,
0< q)fﬁ (y) —|—‘P§~P~ (y) <1and 0 < f < g <h. The membership function @5 (v) and the

non-membership function ‘I’A~P (), respectively, are determined as follows:
sy y<f&y>h,

=}

=fr
D) = %Tf, if f<y<g
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1, fy<f&y>h,
and' W () = V1= G i f<y<g
1— (3222, if g<y<h.

8

Definition 5. An interval-valued triangular Pythagorean fuzzy number (IVTPFN) on R
is defined by
ATP — L , 1L\ Pl U AU o BUY U L
A - [<(f agvh )7<I> ( ) \PAIP( )>’<(f 7gah )7<I>AAﬁ,(y)7\Pﬁ(y)>:|’

L U L U : :
where [CIDAI (y),®%(y )} and [‘Pglvp(y),‘l’ﬁ(y)] are ﬁe intervals for membership and

AlP
non-membership functions, respectively, of IVTPFN AP, In addition, fU < fL < g <
Wt < hY. The graphical representation of an IVTPFN is shown in Figure 1. The functions
CIDA ‘PL <I>lL and ‘ng are calculated subsequently as:

0, lfy<fL&y>hL,

L _ L<y<
DL (v) = ‘ZLff frr<y< f
W Fesy<h,
1, ify<fU & y>nv,
U
and ¥YE_(y) = 1— (3= fU) if fY<y<g,
AlP

U_

L= (Gr3)% ifg<y<n’
0, if y<fV&y>n',

}‘OQ
<

U
CI)/%?(y): g I [T <y<g,
h lfg<y<hU
1, if y<fl&y>hnt,
_(y=fty2 L
and‘P%F(y): 1 (g fL) iffr<y<g,

1= (=2, if g <y <t

Upper non-membership function

A

————

Lower membership function

=}

fL-’ fL g hb hU y

Figure 1: Graphical presentation of membership and non-membership functions of an IVTPFN.

Definition 6. LetA™” = [<(ff,g1,hL> B (), 92 () s (Y 81,0, @U (), P ()]

and BIP = [{ (£, 82, h5), @1 (3), WU () )s { (Y g2, 1), 0% (9), ‘P’;:<IP>>] be two

BIP
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IVTPFENs, p > 0 be a real number. Then, the basic operational rules of IVTPFN are
defined as follows:

((F+ g1+ gtk + 1) »‘1>é(y)~,‘f‘¥(y)>:]

(O + 78 1+ g +18) 00,25 0)) |
@00 = [(940) "+ (240 (¢ ) (2 9)’

L)y — @LlU) L(U)
Yo () *lyfm, (Y)-lyl;ﬁ, O)-

I AP gBIP = {

[ <(flszL‘gl-gz.,h]L»hé),<I>ﬁ~<y)~‘1’fé<y)>;}
1. A" @B =

(A g0 1), @), WE () |

LU LU LU
ot (y) = @20 ()20 (),

o201 (o2 ) () () (o)

< (p-f1:p-g1,p-h7) ’(D;ﬁf'(y)'lyg_ﬂf’(y»;}

(st pgrp ) @ (0¥ o)) |

1L p.AlP =
TP

L) (y) = (1) ) LW) (N (@lU) )P
@0 =41 (1-240) andlypmm,(\ym )"

Definition 7. Ranking Index of an IVTPFN:

Let AP = [ ((,8,1), @), () )5 (78, 1), 9L, (3), Wl (0) )| bean IVTPEN

and T € (0,1) be a fixed parameter. Then the lower and upper ranking indices of A™P are
defined subsequently as:

i (<1>L~)2 ()dy+(1—17) [1ry. (‘{%)2 (v)dy

R-(ATF) = o r
S @EL )y + (1 =7) [ WU (y)dy
_La(fh R4 2g) + (1 - 1) (5, + 5k —2¢) )
T4 2—71
v v \? hY L)
N v (L) dy+(1—71) [y (PE) ()dy
and RY (AIP) = i (hUA1P> ( ( )IJZL]/ ( 4 ) !
Ju @%(y)dy—i— (1-1) [ ‘I—‘%I;(y)dy
1T+ nY +2¢) + (1 - 1) (57 +5hY —2g) @

4 2—71

Therefore, the ranking index interval of AP s RI (Xﬁ’ ) = [WE (A‘HD ),RY (A\ﬁ’ )]. Now, the
ranking index of an IVTPFN is defined by

R(AT) — mL(ﬁ));mU(AW))

LT U AR Y+ dg) + (1—T)(SfE+SfY + ShE+ 50U — 4g)
"8 2—1

Here, T is an weight that represents DM’s preference information.

. 3)
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Theorem 8. 1A = [{ (Fg1.hE), @ (), %0, ) ): { (#0.hY), L (), WEL ()]
and B? = [( (f5, g2.15) \@L ()90 00 ( (g2, 1E), @Y(0), Wh ()] be
two IVTPFN, then for two positive real numbers ky and ky, R(k; AP +ky .BIP) = k) SR(ATP) +
ky R(BIP).
Proof. From Definition 6 and Equation (3), it is obtained that

R (k1 AP + ky.BIP)

1 r<k1flL+k2f2L+k1f1U +kofY + kbl + kb + kWY + kahY +4(k gy +k2g2)>

8 2—-1
L (=) (St ko ff) 50 1Y ko f9) 5k + koh) 45+ ko) )
_‘_7
8 2—-1
1 (1—1)(4k1g1 +4kago)
8 2-1
_ Lo+ 7 0+ h +4g0) + (1 =) (SfE+ 547 +5hF +5h] —4g1)
‘8 2—1
o 12(f5 + /5 + 05 +h +4g2) + (1= 1) (5f5 + 575 +5h5 +5h5 —4g))
‘8 2—1
= k1. R(AP) + ko R(BIP). @)

This completes the proof of the Theorem. [

4. MODEL FORMULATION

Before formulating the proposed models, we define problem description, required
notations and assumptions.

4.1. Problem description

In real-world markets, product demand does not always follow a fixed pattern of de-
pendence on selling price; instead, it exhibits hybrid behavior, fluctuating non-linearly
with seasonal changes and stock availability. Traditional EOQ models fail to adequately
capture these dynamic variations, especially under conditions of uncertainty in deteriora-
tion rate, holding cost, and delivery lead-time. Decision-makers struggle to optimize pric-
ing and inventory control due to these imprecise parameters. Hence, this study develops
two EOQ models that integrate hybrid price-stock dependent demand with an advanced
payment policy under an IVTPF environment to enhance decision-making and maximize
profitability in uncertain and dynamic market conditions. Also, PT is applied to reduce
deterioration rate of products. The proposed EOQ models under IVTPF environment are
converted into two deterministic models by using the linear ranking index method de-
fined in Definition 6. Thereafter, the deterministic models are solved analytical definition
of non-linear maximization problem. The overall research methodology for this study is
demonstrated in Figure 2.
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I Defining model with assumptions and notations I
I Describing the problem and formulating the mathematical model I
I Obtaining the inventory levels using appropriate method from differential equations I

Dividing the model in two sub cases (Case I: with PT investment; Case II: without PT investment)

I Incorporating of IVTPF environment to handle uncertain environment in an inventory management I

Obtaining a deterministic equivalent model from IVTPF model using a ing index method

To solve the models solution procedure with some theories 1s discussed only for Case I of
crisp model (To avoid redundancy theoretical derivations for other cases are 1gnored)

To illustrate the proposed models under crisp and uncertain environments some numerical
examples are presented with a real case study

I Two special cases are discussed to show the robustness of the model I

Sensitivity analysis 1s conducted to display the elasticity of the given factors and managerial
insights

Figure 2: Schematic diagram of the proposed study.
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Notations:
The following notations are used to develop this model.
Parameters
A Ordering cost per cycle
D, Original demand rate of customers per unit time
De Unit purchasing cost
d. Unit deteriorating cost
Ao Deterioration rate before usage of PT
h Holding cost per product
Ty Fixed transportation cost
T, Variable transportation cost per product
o Fraction of purchasing cost to be paid as multiple advance payments
a Discount rate on purchasing cost offered by the manufacturer
1, Interest rate per unit time
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Dependent variables

D(S,,1(t)) Demand rate of customers per unit time
A(G) Reduced deterioration rate after applying PT
0 Order quantity of retailer

I(t)
T

Inventory level of retailer
Length of time during which the retailer will pay the advance payments

Decision variables

M Number of equally spaced advance payments to be made before receiving
the order
Sp Unit product’s selling price
G PT investment to reduce deterioration rate
T Length of cycle time
Assumptions:
1. Similar to Mishra et al. [1], consumers’ demand for products depends on selling

=~

price in hybrid form and on-hand stock-level of inventory. So, the demand rate for
product is defined as: D(S,,(r)) = D(S,) +cl(t), where ¢ (0 < ¢ < 1) is a stock
dependent consumers’ consumption rate and D(S,) = ¢(D, —aS,) + (1 — @)bS,*
is the hybrid selling price-dependent demand that depends on the selling price in
both linear and non-linear form. For the function D(S ,,), the conditions D,,b > 0,
0< o<, % > S, and k¥ > 1 must hold. When ¢ =1 then D(s;) decreases
linearly with respect to the selling price S,. Furthermore, when 0 < ¢ < 1 then
D(S,) decreases exponentially with respect to increasing of S,,.

. Shortages are not permitted.
. When an order is placed by a retailer to a manufacturer, the manufacturer asks

the retailer to pay 8 (0 < 8 < 1) part of the total purchase cost in advance before
delivering the order quantity (see Mashud et al. [45]).

. The retailer pays the advance amount under multiple instalments with an equal

amount. Furthermore, due to this advance payment, the manufacturer offers the
retailer a discount & (0 < & < 1) on purchasing cost.

. To reduce the product’s deterioration rate the retailer invested capital in PT. The

reduced deterioration rate after applying PT is A(G) = Age4C as discussed by Das
et al. [13]. The function A(G) fulfils the conditions % = —%e’éG < 0 and

2
d MZG ) > 0. Therefore, the function A (G) is a decreasing function of PT investment

G. Here, the deterioration rate Ag lies in (0, 1) and & > 0 is the sensitive coefficient
of G to the deterioration rate.

There is no option to repair or return a deteriorated product.

All known parameters are assumed as constant values for crisp model.

. The lead time, deterioration rate and holding cost are assumed as IVTPFNs for

IVTPF models.

4.2. Formulation of the proposed EOQ model

Here, an EOQ model is made in the consideration of the hypothesis mentioned before.
Retailers may be asked to pay a portion of the entire purchase price before delivering the
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products by manufacturers or suppliers. Both sides gain different benefits from this early
payment plan. By accepting prepayments, suppliers or manufacturers lower the chance of
orders being cancelled. Conversely, the retailer promptly makes the advance payment in
order to guarantee on-time delivery. To promote their business, suppliers and manufactur-
ers may provide various price concessions, credit options, or other services in exchange
for an advance payment. Furthermore, as inflation is increasing for most of the products,
it becomes hard to a retailer for paying the full amount in a single instalment. Keeping
all this in the mind, the manufacturer proposes the retailer a scheme of advance payment.
Figure 3 refers physical situation of the proposed EOQ model where the retailer makes
order Q units of a deteriorating product by prepaying a fraction & of total purchasing cost
(1 — a)p.Q with M instalments at equal intervals % within the lead time 77. The retailer
receives the ordered quantity by completely paying the rest purchasing cost at time r = 0.
After receiving the ordered quantity Q, the retailer’s inventory level I(z) starts to diminish
due to both demand and deterioration. Finally, the inventory level reaches zero at time
t=T.

Inventory
(1-6)1-ap.Q
5(1-a)p.Q [ T
M ; : i | Deterioration with PT investment
! I I |
: [ |
L } [ I(1)
5(1—a)p.Q | I .
P } } t
M i R
(1 —a)p.Q i i ! Deterioration without
M ! | ! PT investment
§(1—a)p.Q o :
- M | | I I ]
—y— [ — T .
'L T T } Time
MM M :
I
I n e

Figure 3: Graphical representation of the proposed model

Throughout the replenishment cycle time [0, T], the inventory level at time t is ob-
tained by solving the subsequent differential equation:

dzi()M( G)I(t)  =—D(Sp (1))

dt
= —(D(Sp) + (1)), )

with the boundary conditions /(0) = Q and I(T) = 0.
By solving Equation (5) under the condition I(T') = 0, the inventory level I(¢) is obtained
as:

A G)+o)(T—1) _q

A(G) +c ©

1(z) = D(Sp)
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Att =0, I(t) = Q. Therefore, from Equation (6), we get

Q — Dgp)

4.2.1. Model with PT investment

In this model, the retailer has a plan to preserve the perishable products for a long
time by using PT. Hence, the retailer needs an extra investment in PT. The components
corresponding to the retailer’s total profit function per cycle are depicted below:

i. Total ordering cost (OC) = A.

ii. Total purchasing cost (PC) = (1 — o) p.Q.

(e®T —1),where B=A(G) +c. 7

iii. Total stock holding cost (HC) is calculated as follows:
HC = h [l I(t)dt = h T 252) (eB<T*f> - 1) dr

=hP (—h o+ o 1) =T (T T 1),

iv. Total deteriorating cost is defined as:
DC = d. x (Total amount of deteriorated products)

= dA(G)Q = dA(G) 258 (8T —1).
v. Total preservation cost PRC = GT for reducing the deterioration rate of products.

vi. Transportation cost: Total transportation cost (7C) is expressed as:
TC = Fixed transportation cost + Qdy, x (Variable transportation cost)

=T+ Qdy T, = Ty + Tydy 252 (BT — 1)

vii. Capital cost: The manufacturer gives an offer to retailer due to pay § part of total
purchased cost in advance. The offer is that o fraction discount on purchasing cost
pc per product. The retailer pays the advance amount with M equal instalments
within 77 months from the time of placing order. When the retailer does not have
enough fund during the time 77, he/she may take a loan from bank at an interest /,
per unit money to pay the advance amount. Therefore, the total interest of taking a
loan is calculated as:

TI:IefS(l—A;C)ch (E)Mﬂf(l —Ajc)ch (E) M- 1)
1,20 %)r0 _Aj)p"Q G}) M —2)+...+1,20 =02 _Aj)p“Q G})
(M—(M—1))

:kW (Z) (M+M—1+M—2+...+1)
:1676(1;z)chTl (M+1).

viii. Total sales revenue: Total sales revenue (7'SR) is calculated as:
D(S,
TSR = S,(Q—A(G)Q) = S, (1— A(G)) 252} (BT —1).
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From the above results, the total relevant profit per cycle for the retailer can be expressed
as: TPF =TSR— OC — PC—HC — DC — PRC — TC — T1; after doing some simplifica-
tion, the following average profit function (APF) per unit time is achieved:

APF = % [s,,(l ~(G)) @ (eBT - 1) —A—GT—Tf]

LIS (H7—TB-1) - 1 D(S,) (7 =1) [(1- @) pe +d:2(G)

7" B T B
6(1—a)pe
+Tvdst+1e7( 2M)P T (M+l)]
BT\ A+T; 1
:Sp(l—/'L(G))D(SP)<1+7)—Tf—hD(Sp)?—G

BT

—D(Sp) (1 + 7) {(1 —a) pe+deA(G) +Wst“e%ﬂ (

M+1)|. @®

4.2.2. Model without PT investment
If the retailer does not apply any PT then there is no any extra cost for PT and the
average profit per unit time is as below.

TSR—OC—-PC—-—HC-DC—-TC-TI

APF = T
=5, (1-20)065,) (145 ) - 252 < his) 1
—D(S)) <1 + %) (1—a)pec—D(Sy) (1 + %) [deAo + Tydy
+Ie%n (M+ 1)} : ©

where the related components TSR, OC, PC, HC, DC, TC and T1 are described in Sub-
section 4.2.1.

4.3. Implication of IVTPF environment in inventory management

Due to the rising complexity of the socio-economic environment and natural intuitive
thinking, various restrictions such as inadequate knowledge, information fission and in-
accurate data sets may occur in decision making process of an inventory management
system. Hence, some inventory parameters such as holding cost, deterioration rate, deliv-
ery lead-time, etc. are not always crisp and are sometimes exposed to ambiguity in the
real-life situations due to unreliability of the data collection. A classical EOQ model in
the crisp environment does not handle this type of uncertain real-life issue appropriately.
As a result, it is very much essential to use the best membership function and a suitable
de-fuzzification method to convert the real-world problems into an appropriate mathe-
matical model. The basic flexibility of a parameter is taken into account in the broad
fuzzy idea without any opposition. Although the IFS opposes the general perspective of
fuzzy notions, but it is limited in its definition. For example, the membership degree 3
and non-membership degree ¥ of an IF number are connected as 8 > yand B +y < 1,
vV B,y € [0,1]. Suppose, B = 0.7 and y = 0.5 satisfying B > 7, but B +y > 1. In an
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inventory management problem, this situation may arise where all the information is not
known. Products’ deterioration rate, holding cost, delivery lead-time vary from time to
time and delivery lead-time for different manufacturers may also be different. This con-
cept is more realistic than an existing IFS and the best fitted fuzzy relaxation could be
accomplished with an IVTPFS.

4.4. Model under IVTPF environment

The formulation of the EOQ model where the delivery lead-time 7} for advance pay-
ment, the deterioration rate Ay and holding cost & are expressed by IVTPFNs seems to
be viable and gives more flexibility to the retailer. Now, the IVTPF parameters of the
proposed model are defined as:

17 = (05 i, T) @, (9, 9400 )s (T Tia T, @40, (0), W )
A0 = [ (i Ao, A5) @l 009 () ( (A8 A A0 @00 (), ¥ )

WP = [{ (Bl o, ), @, (), () s (O o ), @Y (), 9, ().
The required intervals for membership and non-membership functions of the respective

IVTPFNs iﬁ, Ig,; and 1P are calculated accordingly using the Definition 5. Henceforth,
the models in IVTPF environment are defined below.

4.4.1. IVTPF Model with PT
The IVTPF model for deteriorating products under PT is obtained by putting IVTPF

parameters lép , i;ﬁ’ and TIIP instead of Ay, h and T, respectively, in Equation (8) and the
corresponding IVTPF average profit is presented as:

— — BPT\ A+T, —~ 1
APFIP =, (1 — AgPefiG) D(S,) <1 4 ) _Atlr HPD(S,)—

2 T T
BT PG
~G-D(s,) [ 1+ [(l—a)pc—i—dcloe +Tvds,}
BPT\ [, 6(1— ) pe=sp
—D(S)) <1+ 5 )[Ie i " (M+1)|, (10)

where BIP = ig;e’éG +e.

4.4.2. IVTPF Model without PT

The IVTPF model for deteriorating products without PT investment is obtained by
putting AJP, AP and T/? instead of Ay, h and Ti, respectively, in Equation (9) and the
corresponding IVTPF average profit is stated as:
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— — BPT\ A+T, — 1
APFIP =5, (1 —A({Pe*’?G) D(S,) (1 += ) - % —WPD(S,) 5

HIP __
—D(S)) <1+B ) [(1_a)Pc‘ch)LéPeiéG"’Tvdst}
BIPT 8 (1—0)pe 5
DS, <l+ . >[+Ie P iF (v 1) (11

where BIP — QL({P +c.

4.5. Equivalent deterministic model of IVTPF model

We cannot solve directly the IVTPF models. So, we apply a ranking index (defined
in Definition 6) and use Theorem 8 to transform the IVTPF models into equivalent deter-
ministic models.

4.5.1. Deterministic model with PT

By taking the ranking indices of A/”, 1P and i’? using Definition 6, and putting these
indices in Equation (10) the deterministic model with PT is obtained as:

R (m)

=Sp (1—9%(1(57’)e*56)1)(5,,) (1+%(B;P)T> _A;Tf _G

Y (ﬁ’) D(S,) ~D(Sy) (1 + m(i[P)T) [(1 — Q) pe+dR (ﬁ) e*ﬁﬂ

—D(S,) <1+ MB:)T) {Tvdﬁ +1€W9}. (7i7) v+ 1)] 7 (12)

where R (éﬁ’) =R (Igf) e 50t

4.5.2. Deterministic model without PT

By taking the ranking indices of AOIP , BIP and Tll P using Definition 6, and putting these
indices in Equation (11) the deterministic model without PT is obtained as:

% (APFIP)
=S, (1 -R (fom)) D(Sp) (1 + " <B:> T) - A;Tf

() oty (1225 1=
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~D(S,) <1+%<BZIP>T) {Tvds,ﬂeWm (777) (M+l)}, (13)

where R (éﬁ’) =R (1;1?) +c.

5. SOLUTION METHODOLOGY

To reduce the length of the paper, in this section, the analytical method is discussed
only for solving the above presented crisp model.

5.1. Solution procedure for Model 4.2.1

In this described model, there are four decision variables T, S, G and M. Among
these M is a positive integer. So analytic methods are not applicable to solve the proposed
models. The necessary and sufficient conditions can be used for proving unique optimum
solutions T, S, and G by considering M as constant and then using Mathematica software,
the solution for mixed integer problem is obtained.

5.1.1. Necessary conditions for optimum solutions
Theorem 9. When S,, M and G are constant, the average profit APF is concave with
respect to cycle time T.

Proof. The first and second order partial derivatives with respect to T of the average profit
APF (given in Equation (8)) are

‘93# - % [2(A+Tf+hD(s,,)) +S,,(1 —/l(G))D(S,,)BTZ}
fD(Sp)B[(l fa)Pc+dL-l(G)+Tvdsr+IeWTl (M+1)], (14)

J*APF _ 2(A+T;+hD(S)))

dT? T3 ' (13)
Therefore, for optimum solution, ‘9‘3# = 0 which gives
JAPF 1 5
=5 [2 (A + Ty +hD(Sp)) +5, (1 - /I(G))D(S,,)BT }
5(1— »
—D(S,,)B[(l — ) pe +deA(G) + Tydy, -I—Ie%ﬂ (M + 1)] -0 (16)

92APF

and %575

< 0as D(S,) > 0. Hence, APF is concave with respect to 7. [J

Theorem 10. When T, M and G are constant, the average profit APF is concave with
respect to cycle time S),.

Proof. The first and second order partial derivatives with respect to S, of the average
profit APF (given in Equation (8)) are

a;‘;;‘” = (1-2@)(1+ %) (D) +8,0/(5,)) ~ D/(5,) (1 + %) (1—a) pe
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=) pey (M+1)](1+£>,

M 2 a7

—D(sy) [dC;L (G)+Tydyy +1,

82APF

BT
28,2 )

{(1 7)L(G)) (1 + —) (2D(S,) +5,D"(S,)) +D'(S,) (1 +=

1 —a)pc
(1= ) pe 4D (8)[de(G) + Ty + 1,21

(1+E)] . (18)

T (M+1)]

2

Therefore, for optimum solution, ‘93% =0and aag‘PzF <0asD(Sy),D'(S,) and D"(S),) >

0. Hence, APF is concave with respectto S,. []

Theorem 11. When T, M and S, are constant, the average profit APF is concave with
respect to cycle time G.

Proof. The first and second order partial derivatives with respect to G of the average profit
APF (given in Equation (8)) are

e = &haD(sy) (14 5) (5, +d)e 01 a9
T =) (1) (3 )

Therefore, for optimum solution, %\ZF —0and & a”gZF < 0as D(S,) > 0. Hence, APF is
concave with respectto G. [J

5.1.2. Sufficient conditions for optimum solutions

The concavity of the average profit APF (given in Equation (8)) is shown with respect
to T, G and S,. In order to satisfy the necessary conditions for maximizing the average
profit APF, the first order partial derivatives of APF with respect to T, G and S, are
equating to zero. After taking the partial derivatives and rearranging the terms, we get:

WP L (a1 4(5,) +5,(1-2(6)) D5,

or a1
~D($,)B[ (1 —(Z)Pc-i-dc/’L(G)-i-Rds,—i-Ie%Tl mren] =0, e
aAPF —é‘ﬂoD(Sp)( 2T)<Sp+dc>e_5G—1:O, 22)
8:94;F (1-26) (1+¥) (D(Sp)+8,0/(5,)) = D' (S, )(1+%) (1—a)pe
/(5 [dcA(6) + Ty +1. 2B a4 1)) (14 50) <o o)

On solving Equations (21), (22) and (23) simultaneously, the optimal values of T, G and
Sp (say Tiar), G(am)sSp(m)) are obtained for a given value of M. Solution of the simultane-
ous Equations (21), (22) and (23) are difficult as the expressions are highly non-linear. So,
the optimal solutions are obtained numerically by using Mathematica software in Section

6.
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Theorem 12. The average profit APF presented in Equation (8) is concave with respect
toT, G and S, for a given value of M. Hence, the average profit APF attains the
global maximum value at the point (T, Gy, Spm) ), and the point (T, Gy, Spm))
is unique.

Proof. The theorem is proved by examining the first principle minor H«; of the Hessian
matrix H of APF is negative while, the second principle minor H, > of H is positive and
the third principle minor H3 3 of H is negative. The Hessian matrix H of APF (Equation
(8)) is as follows:

92APF 02APF 92APF
212 ITaG aTas,
H— 92APF 92APF 92APF
= JdGIT 0G? JGas,
0%APF 02APF 92APF

3S,0T 35,0G 952

Now, the first principle minor Hix; = ‘92‘;? = f% (A+Tf+hD(Sp)) <0 at (T(M),

Gy, Sp( M)) , for all parameters because concerning all parameters are positive. The ex-

JT? dG? dTIG
pression of third principle minor H3x3 i.e., the determinant of the matrix H are highly

non-linear. Due to these complicated expressions, positivity of H>., and negativity of

2
. o . 2 2 A
pression of second principle minor Hy» = (a APF) (‘9 APF) — (3 PF) and the ex-

Hi.3 at (T(M), G(M),SP(M)) are verified numerically by using Mathematica software in
Section 6. Hence, the average profit APF (shown in Equation (8)) is concave at the point

(T(M), G(M),S P(M)> , and the point is unique. This completes the proof. [

Next, the following Algorithm 1 is developed to determine the optimal solutions of the
model presented in Section 4.2.1.

Algorithm 1

Step 1: Set the number of advance payment instalment M = 1.

Step 2: Determine the values of 7(ys), Gyy) and S,y by solving Equa-
tion (21), (22) and (23), simultaneously.

Step 3: Substitute T(yr), G(pr) and S),y) into the function APF (given in
Equation (8) to obtain APF (Tiy), Giar) Sy )-

Step 4: Set M = M + 1 and repeat Steps 2 and 3 to obtain APF (T(MH),

G(M+])sSp(M+1))-
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Step 5: If APF (T(MH), G(MH),Sp(MH)) less than or equal to
APF (T, G(M),S],(M)> and
APF(Tip-1)s G(M_l),Sp(M_l)) less than or equal to
APF ( Timy, Gy S p(M)> , then the optimum average profit
APF (T*,G",$;) = APF (Tjur), Giar) Sy ) and hence, the op-
timal solution (T*, G*,Sl*,) = (HM>7G<M)7SP(M)). Otherwise,
go to Step 4.

Step 6: Calculate optimal Q* by putting the optimal values 7, G* and
S}, in Equation (7) and then stop.

The solution procedure for Models 4.2.2, 4.5.1 and 4.5.2 are same for Model 4.2.1
(discussed in subsection 5.1).

6. NUMERICAL EXAMPLES

The proposed work applies to a case of a perishable product retailer. Each retailer
of perishable products preserves the products using a suitable PT and tries to accept ad-
vanced payment policy to overcome financial problem at the beginning. In March 2022,
we visited a most popular tourist spot Nagpur, Maharashtra, India. We have observed that
for a particular fruit shop the tourists (customers) were departing and arriving frequently
in the business hours. It is also seen that few of them have purchased items and some
others came back with empty hands based on orange’s price. The reverse logistics have
also been viewed for another season as per forecasted yearly records. This kind of phe-
nomenon is viewed due to lack of information, information fusion over the motive of the
continuous flow of newly arrived customers for that place. A DM has no prior knowledge
of the number of actual customers who are going to purchase particular items on a par-
ticular day. Such kind of uncertainty may be considered as non-standard IF system. For
that time being, the grade of membership and non membership becomes high or low and
hence their sum becomes greater than one or less than one, respectively. IVPF consid-
ers such situations rigorously to overcome the complexities in decision making problems.
Furthermore, it was known that the fruit shop purchased oranges from a particular firm
by paying some prices in advanced and that’s why he got some discounts on purchasing
cost. In addition, he was preserved the products in a well set up refrigerator to keep fresh
the products. Therefore, we use the IVPF rule to solve the problem with PT and advanced
payment scheme. A case study has been demonstrated through some numerical examples
to access the optimal results of the proposed models. Both advance payment policy and
PT have been applied. Due to unavailability of real-life data, we consider the parameters’
values based on real-life situation.

In order to justify the appropriateness of the suggested models, four examples are ex-
amined for each crisp and IVTPF models. The respective examples are solved by Math-
ematica software. In the following examples, the units of the business cycle and delivery
lead time are taken in month; the units of initial stock, market demand are taken in quintal.
Furthermore, units of all costs and profit are assumed in dollar.
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Example 13. Crisp model (considering PT and advance payment scheme):

Here, values of all known parameters are assumed as constant. The hypothetical values of
known parameters are listed as: A =500, D, =90, ¢ =0.2,a=0.5,b=90,c=0.05, x =
2,0=07,06=03,£=02,1,=0.12, p. =10, Ty = 0.2, T, = 0.02, dyy = 100,h = 3.5,
Ao =0.08 and T} = 0.2. Table 2 is referred to see the obtained optimal solutions for this
model. The sufficient conditions of the maximization problem are proved numerically as:
|Hix1] =—37.0519 <0, |Hax2| =72.44 > 0 and |H3x3| = —15.727 < 0. In addition, the
concavity of average profit for this example is shown in Figure 4.

Table 2: Optimal solutions for Example 13

Unknown parameter Optimal value
Selling price (S7,) $97.2143
PT investment (G*) $2.58
Ordered quantity (Q*) 28.5 quintals
Number of instalments (M*) 5
Cycle length (T*) 3 months
Average profit (APF*) $576.01

Figure 4: Concavity of APF w.r.t. G and S, for Example 13

Example 14. Crisp model (considering PT without advance payment scheme)

When an advance payment scheme is not applied then the proposed model is modified
with respect to the assumption of PT investment, and the corresponding situation is shown
in Figure 5. In addition, there is no discount on purchased cost in this case. To investigate
this scenario, the capital cost due to advance payment is omitted from the average profit
function. Table 3 represents the optimal solutions of this example. The same Example 13
is solved in this scenario by omitting only the capital cost.

Table 3: Optimal solutions for Example 14
Unknown parameter |Optimal value
Selling price (S),) $98.73
PT investment (G*) $5.02
Ordered quantity (Q*) [27.21 quintals
Cycle length (T*) | 2.99 months
Average profit (APF*)| $545.982
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Inventory

Deterioration with PT investment

No advanced
payment

Deterioration without PT investment

0 T Time

Figure 5: Graphical presentation of the model without advance payment

Example 15. Crisp model (considering no PT and advance payment scheme)
Investment in PT is important for most of the products to control their deteriorations but
there are so many products such as books, pens, electronic products, etc., that do not re-
quire PT investment to hold their quality for their life period. We modify the proposed
model without consideration of PT investment i.e., G = 0. The values of remaining pa-
rameters are same as Example 13. The optimum solutions are shown in Table 4.

Table 4: Optimal solutions for Example 15

Unknown parameter Optimal value
Selling price (S),) $97.40
Ordered quantity (Q*)  |23.48 quintals
Number of instalments (M*) 5
Cycle length (T*) 2.45 months
Average profit (APF*) $465.916

Example 16. Crisp model (considering PT, advance payment scheme and ¢ = 1)

In this model, it is assumed that demand is only linearly dependent on the selling price.
So, ¢ =1 and the remaining parameters’ values are same in Example 13. The optimal
solutions are declared in Table 5.

Table 5: Optimal solutions for Example 16

Unknown parameter Optimal value
Selling price (S},) $97.24
PT investment (G*) $5.23
Ordered quantity (Q*) 144.837 quintals
Number of instalments (M*) 5
Cycle length (T*) 3.12 months
Average profit (APF*) $3548.01

Example 17. IVTPF model (considering PT and advance payment scheme)

In this example, deterioration rate Ay, holding cost 4 and lead time T are taken in IVTPF
environment. The values of the remaining inventory parameters are same as in Example
13. The IVTPF parameters are given as:

TP = [<(0'2’O'3’0'4)’¢LT? o8 (y)>;<(0.1,0.3,o.6),d>lTL{7,(y),‘PL m))-

1P
Tl

AJP = [<(0.1,0.270.25)7¢§F (y)}I‘%ﬁ(y)>; <(0.05,0.2,0.28),q>g?(y),\114~(y)>},

IP
A0
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hiP = [<(1 5,2,2.6), @k, (), ¥4, (v )>~<(1 2,32),BY (), WL (v)
Where the correspondlng membershlp and non- membershlp functions of the IVTPF pa-
rameters %P , hiP and T’P are calculated by Definition 5. Furthermore, using Definition

6 and taking T = 2, the ranking indices of the IVTPF parameters Tll P, hIP and l’ P, re-

spectively, are ER(T”’) = 0.325, R(h!P) = 2.075 and SR(A”’) =0.17. The obtained op-
timal solutions are displayed in Table 6. The sufficient conditions of the maximization
problem are proved numerically as: |Hjx| = —37.0519 < 0, |Hzx2| = 22.478 > 0 and
|Hz«3| = —4.744 < 0. Moreover, the concavity of the average profit APF with respect
to S, and G is presented by Figure 6 and the concavity w.r.t. cycle time 7T is depicted in
Figure 7.

Table 6: Optimal solutions for Example 17

Unknown parameter Optimal value
Selling price (S},) $96.74
PT investment (G*) $3.99
Ordered quantity (Q*)  |25.122 quintals
Number of instalments (M*) 5
Cycle length (T*) 2.59 months
Average profit (APF™) $592.18

Optimum point

Figure 6: Concavity of APF w.r.t. S, and G for Example 17
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Figure 7: Concavity of APF w.r.t. T for Example 17
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Example 18. IVTPF model (considering PT without advance payment scheme)
The same Example 17 is solved in this scenario by omitting only the capital cost from the
average profit function APF. The optimal results is presented in Table 7.

Table 7: Optimal solutions for Example 18
Unknown parameter |Optimal value
Selling price (S),) $98.19
PT investment (G*) $4.59
Ordered quantity (Q*) [23.28 quintals
Cycle length (T*) | 2.46 months
Average profit (APF*)| $562.978

Example 19. IVTPF model (considering no PT and advance payment scheme)

Here, PT investment is not considered. Hence, there is no need any extra preservation
cost. The preservation cost PRC is removed from the average profit function APF and the
values of remaining parameters are same as in Example 17. Table 8 shows the optimal
solutions for this case.

Table 8: Optimal solutions for Example 19

Unknown parameter Optimal value
Selling price (S),) $92.13
Ordered quantity (Q*)  |24.28 quintals
Number of instalments (M*) 5
Cycle length (T*) 1.89 months
Average profit (APF*) $560.978

Example 20. IVTPF model (considering PT, advance payment scheme and ¢ = 1)
Here, a linearly selling price dependent demand IVTPF model is studied by applying PT
investment and advance payment scheme. Henceforth, ¢ = 1 and the remaining parame-
ters’ values remain unchanged as in Example 17. The optimal solutions of this example
are reflected in Table 9.

Table 9: Optimal solutions for Example 20

Unknown parameter Optimal value
Selling price (S},) $96.57
PT investment (G*) $5.34
Ordered quantity (Q*) 133.45 quintals
Number of instalments (M*) 5
Cycle length (T) 2.78 months
Average profit (APF™*) $3637.65

Example 21. IVTIF model (considering PT investment and advance payment scheme)

Here, the crisp model stated in Example 13 is investigated under IVTIF environment.
The deterioration rate A, holding cost & and lead time T; are considered as IVTIFNs
(see Definition 2). Based on the definition of expected value of an IVTIFN that has been

defined by Bharati and Singh [49], the expected crisp values of the IVTIF parameters TN”

hil and A{! are reflected as: EV (T]) = 0.3125, EV (ki) =2.1375 and EV(2{) =0.205,
respectively. The values of the remaining parameters are same as in Example 13. The
optimal results for this model is depicted in Table 10.
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Table 10: Optimal solutions for Example 21

Unknown parameter Optimal value
Selling price (S),) $96.65
PT investment (G*) $5.79
Ordered quantity (Q*) 17.57 quintals
Number of instalments (M*) 5
Cycle length (T*) 1.9 months
Average profit (APF*) $586.06

7. RESULT DISCUSSION

There are many investigations in Section 6. Tables 2-5 show the results for four indi-
vidual cases under crisp environment. Tables 6-9 depict the results for the same four cases
under IVTPF environments. There is a higher average profit APF in the IVTPF model
than the crisp model for all cases. Cycle time and selling price are lower in the IVTPF
model than the crisp model for all cases, but PT investment in the IVTPF model is greater.
Hence, the deterioration reduction rate is more in the IVTPF model than the crisp model.
Due to low selling price and low deterioration, demand is high which causes more profit
in the IVTPF model. Furthermore, an advance payment scheme shows a better result,
and it provides the highest average profit under both IVTPF and IVTIF environments.
Sometimes, the advance payment option helps the payer in the cancellation of the order if
needed. From Tables 2-9, it is observed that the average profit has a maximum value when
linear selling price-dependent demand is taken. In real situations, sometimes demand de-
pends on hybrid types (Rahman et al.[50]). Therefore, for deteriorating products’ retailers
should have hybrid type’s selling price dependent demands for smoothly run his (or her)
business by considering PT investment and advance payment scheme under IVTPF en-
vironment. Furthermore, Tables 2, 6 and 10 refer to a comparison among crisp model,
IVTPF model and IVTIF model. The comparison is that the IVTPF model provides the
best results than the crisp and IVTIF models. Figure 8 implies that the IVTPF model is
better than the others models for all sub-cases. It is noted that the IVTPF model would be
beneficial by considering PT investment and advance payment scheme as it increases the
average profit.

7.1. Comparison of the results with two existing works

Some special cases of the proposed study are as follows:

1. If this work does not consider advance payment policy, PT investment and uncertain
environments then this study is similar to Mishra et al. [1]. The present study can
increase 10% profit than the profit of Mishra et al. [1] by reducing deterioration
rate.

2. If this work does not consider stock-dependent demand, PT investment and uncer-
tain environments then this study is similar to Khan et al. [4]. The present study
can increase 5% profit than the profit of Khan et al. [4] by reducing deterioration
rate.

The two sub cases validate the proposed study and show that the proposed study is more
robust and flexible.
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Figure 8: Comparison among the models under crisp, IVTPF and IVTIF environments

7.2. Novelty and Significance of the results

The results show that the IVTPF model outperforms the crisp and IVTIF models in
terms of profitability, cycle time, selling price, and degradation reduction. These findings
have substantial practical implications, particularly for businesses dealing with degrading
products such as food and pharmaceuticals. The significance of the outcomes are as
follows:

* Retail and Inventory Management: The findings obtained demonstrate that retail-
ers can optimize their pricing strategies by using a hybrid selling price-dependent
demand model. Since the IVTPF model provides higher profits with lower selling
prices and reduced degradation, businesses can reduce spoiling losses and boost
overall revenue under uncertain information.

* Supply Chain and Logistics: Companies that manage perishable or high-turnover
inventory can utilize the IVTPF model to improve their pricing and procurement
strategy, combining PT investment and advance payment systems while maintain-
ing high demand.

* The benefits of advance payment choices mentioned in the results indicate that
firms can use pre-payment tactics to improve their financial stability. This technique
not only ensures consistent cash flow, but also allows for order cancellations when
necessary.

* Implementing the IVTPF model allows industries that use continuous production,
such as food processing or pharmaceuticals, to optimize the balance between pro-
duction rates and demand changes.

Overall findings highlight the significance of incorporating uncertain environments (IVTPF)
into corporate strategy, especially when dealing with deteriorating goods. The findings
give a practical framework for decision-makers to increase profitability while minimizing
the risks associated with product deterioration.

8. SENSITIVITY ANALYSIS

To inspect the impact of the changes of the known inventory parameters’ values on
the optimal policy, post optimality analyses are executed with respect to Example 17. The



480 H. Barman et al. /Pythagorean Fuzzy EOQ Model with Advanced Payment

analyses are prepared by changing the known parameters from —20% to +20%. During
the analysis, one parameter is changed at a time and the remaining parameters are kept
fixed at their original values. The simulated results of these analyses are presented in
Table 11.

Table 11: Impact of changed values of known parameters for Example 17

Parameter % change of parameters APF ™ G* S} oF
-20 605.39 2.62 3.69 96.01 25.81
De -10 598.26 2.61 3.84 96.38 25.58
10 537.291 2.57 4.03 97.25 24.81
20 577.17 2.55 4.29 97.46 24.45
-20 439.004 2.69 3.70 96.78 21.09
(0] -10 515.084 2.62 3.86 96.75 22.96
10 667.29 2.56 4.1 96.72 27.22
20 705.34 2.53 4.15 96.71 28.06
-20 581.15 2.57 42 97.25 24.66
o -10 588.16 2.58 4.05 96.89 24.88
10 59421 2.6 3.92 96.58 2531
20 606.42 2.62 3.67 95.96 25.84
-20 624.513 2.3 3.96 96.72 21.96
A -10 611.18 2.45 3.97 96.73 23.59
10 57451 2724  96.75 26.56
20 557.85 2.85 4.21 96.78 2791
-20 297.69 2.63 4.22 78.69 19.31
D, -10 43553 2.61 4.12 87.71 22.08
10 764.66 2.56 3.84 105.77 27.52
20 933.83 2.53 3.7 113.79 29.57
-20 591.04 2.62 3.98 96.76 25.42
b -10 591.11 2.6 3.98 96.75 25.23
10 592.21 2.52 3.98 96.73 24.36
20 59232 2.5 398 96.72 24.14
-20 594.25 1.96 3.99 96.69 15.64
K -10 593.23 2.02 3.99 96.71 19.02
10 590.65 2.79 3.99 96.75 27.34
20 590.59 2.95 3.99 76.76 29.14

From Table 11, the following interpretations are observed:

a. The average profit APF is inversely affected by the purchasing cost p., ordering
cost A and the price-sensitive coefficient k.

b. Furthermore, when K rises, PT investment G* has no change. But, cycle time T*
increases and selling price S}, decreases. In contrast, the ordered quantity Q" in-
creases and the average profit APF reduces due to declining selling price and no
change of deterioration rate.

c. Due to expanding original market demand D,, the selling price as well as the or-
dered quantity increase. Consequently, the average profit APF grows.

d. The cycle time T* is highly sensitive with respect to p., @, b and D,; it is moder-
ately sensitive concerning the remaining parameters &, A and K.

e. If discount rate o on the purchased cost moves upwards then the selling prices S,
decreases. Hence, the demand rate increases and the ordered quantity Q* is also
increased. As a result, the average profit APF increases.
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f. Figure 9 implies that the average profit APF decreases for increasing the value of §.
On the other hand, from Figure 10 it is indicated that selling price S}, is positively
sensitive with the parameter §.
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Figure 9: Change of the average profit APF w. r. t. § for Example 17
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Figure 10: Change of selling price S, w.r.t. § for Example 17

g. If the value of ¢ increases then the average profit APF and PT investment G* are
increased (shown in Figure 11 and Figure 12). But, selling price S, is declined due
to increasing the value of ¢ (see Figure 13). The average profit APF is increased
due to lowering deterioration rate and increasing demand rate.
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Figure 11: Change of the average profit APF w. r. t. ¢ for Example 17
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Figure 13: Change of selling price S, w. 1. t. ¢ for Example 17

8.1. Managerial insights

From the discussed numerical examples and sensitivity analyses, the following opin-
ions can be recommended to a DM of a shop:

(4)

In the actual world, a DM should be aware of the rate of product demand before
starting a shop. The quantity of actual consumers who will buy specific products on
a given day is unknown to a DM in advance. Therefore, a DM is sent to an expert
asking for their opinion on the statement “the demand rate for a product is 90 units
per month”. Suppose, declaration of the expert is that the possibility in favour of
the statement is ? and the possibility in against of the statement is % between
((0,1). As a result, the nature of the demand rate and other numerous parameters
become ambiguous. One could classify this type of uncertainty as non-standard IF
system. For the time being, the membership and non-membership grades change
to be high or low, and as a result, their sum changes to be more than or less than
one, respectively. IVPF takes these kinds of circumstances rigorously in order to
handle difficult decision-making scenarios. The profit function is getting maximum
for IVPF among all crisp and IF environments, so from a DM’s viewpoint choosing
IVPF will be a wiser decision to get more profit.

The investment in PT decreases the deterioration rate of perishable product. Thus,
the loss due to more deterioration declines and hence, profit of the retailer in-
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creases. Perishable products’ deterioration rates depend on environmental temper-
ature. Hence, a perishable product’s retailer needs to utilize a better PT to preserve
products for long time. Furthermore, high preservation cost has reverse effect on
the profit. So, a DM should set up a well-equipped preservation facility by deciding
an optimal PT investment to preserve the products for a more time or the retailer
should sell the products as early as possible to achieve more profit.

(C) The average profit of the retailer with advance payment scheme is greater than the
average profit of the retailer without advance payment scheme. In an advance pay-
ment scheme, a retailer can cancel the order if there occurs any problematic situa-
tion. This fact reduces unnecessary loss. An advance payment policy in inventory
management increases profit by allowing retailers to receive price reductions from
suppliers, reducing overall procurement costs. Additionally, it improves cash flow
management, allowing companies to strategically reinvest money in marketing to
increase sales, preservation technologies, or inventory restocking. Additionally, re-
tailers can maximize order amounts and lower financial risks by establishing more
favorable payment conditions with suppliers, which will increase profitability.

(D) In a real-situation, market demand becomes hybrid price dependent. For seasonal
products, demand decreases non-linearly with the increasing of selling price in the
main season whereas, in off-season, demand decreases linearly with the increasing
of selling price. Therefore, for deteriorating products’ retailers should have a hybrid
type’s selling price-dependent demand for smoothly running his (or her) business.
The dependency of the demand rate on selling price is considered in both linear and
non-linear forms to capture diverse market behaviors and pricing sensitivities. Lin-
ear form provides a straightforward approach where demand falls proportionally
with price, while in non-linear form demand exhibits exponential decay, power-law
behavior, or saturation effects (e.g., luxury goods or necessity products). Different
industries exhibit varying price-demand relationships, making both forms essen-
tial for accurate demand forecasting and revenue optimization. Incorporating that
type of demand function enhances decision-making flexibility, ensuring adaptabil-
ity to real-world economic conditions and competitive market dynamics. This dual
consideration enables businesses to develop optimal pricing strategies that balance
profitability and customer demand effectively.

(E) If the scaling parameter D,, i.e., the potential demand rate is increased then the
ultimate demand rate will rise. The retailer should increase the order quantity to
satisfy the rising demand and for avoiding shortages.

9. CONCLUSION

It is not always the case that the demand function depends on selling price with a
linear, non-linear, or constant rate. Sometimes, a product’s demand suddenly decreases
at a high rate and then decreases slowly due to an increase in selling price, especially in
the main season of the product. Furthermore, the same product’s demand decreases at
a constant rate in another season. So, any item’s demand rate depends on selling price
both linearly and non-linearly in the market. This study observes that the price and stock
of products have an impact on demand. Thus, a hybrid price-stock dependent demand
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model with an advanced payment policy is developed here. To optimize profit, the ideal
cycle time and selling price are determined. A DM hesitates to calculate the profit of an
EOQ model due to some uncontrollable factors such as the product’s deterioration rate,
holding cost, delivery lead time, etc. In most cases, these parameters have been used as
imprecise data, but practically, these are imprecise and ambiguous. To handle these im-
precise parameters, an EOQ model has been developed under an IVTPF environment. In
this present study, IVTPFN has been defined, and then a linear ranking function has been
proposed to defuzzify the IVTPFNs. Firstly, the EOQ model has been formulated with
hybrid selling price- and stock-dependent demand under advance payment along with a
discount facility and PT investment for reducing the deterioration rate in a crisp envi-
ronment. Then, the model has been reformulated by assuming deterioration rate, holding
cost, and delivery lead-time in an IVTPF environment. Several application examples have
been investigated to illustrate proposed models in both environments. Always the sum of
membership and non-membership degrees of a number does not lie in [0,1], where the
sum of their squares lies in [0,1]. In this type of situation, IVTIF set cannot handle the
uncertainty. But IVTPF can solve this type of situation. IVTPF set can be defined as
an augmented and amplified version of IVTIF set for measuring the impreciseness of a
real-life complication. Furthermore, three application examples reveal that

» PFS is more capable of handling the vagueness of the real world than IFS, especially

when the sum of membership and non-membership is greater than one, and it gives
more profit than crisp as well as IVTIF environments.

* PFS gathers more information than the general fuzzy set and IFS.

* The non-membership grade value is not necessarily smaller than the membership

grade value all the time.

Moreover, an advance payment scheme shows a better result, and it provides the high-
est average profit. The average profit has a maximum value when linear selling price-
dependent demand is taken. But, in real situations, sometimes demand depends on hybrid
types. Therefore, for deteriorating products, retailers should have hybrid-type selling
price-dependent demands to smoothly run his (or her) business. Case study and sensitiv-
ity analysis are considered for validation of the model for application in the fruit shop.
In advance payment, a retailer pays some portion of the purchasing cost before delivery
of products by taking permission from the supplier. This practice not only helps in se-
curing the desired quantity of goods but also establishes a stronger relationship with sup-
pliers, which can lead to better pricing and more favorable terms in future transactions.
By implementing these strategies, retailers can optimize their inventory management and
enhance customer satisfaction, ultimately driving higher sales and profitability. from a
manufacturer. Such a tactic of allowing for payment advances will motivate customers to
make more orders through select suppliers and retailers and through customers who profit
independently. As more equally spaced payments are made throughout the lead time, the
overall profit grows. The management must therefore choose the supplier or manufacturer
who permits a greater number of equally spaced advance payment arrangements with a
lower percentage of the entire purchasing cost.

So, incorporation of an advanced payment scheme is profitable and effective.

The investment in PT decreases the deterioration rate of perishable products. Thus,
the loss due to more deterioration declines, and hence, the profit of the retailer increases.
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Perishable products’ deterioration rates depend on environmental temperature. Hence, a
perishable product’s retailer needs to utilize a better PT to preserve products for a long
time. Furthermore, high preservation cost has a reverse effect on the profit. So, a DM
should set up a well-equipped preservation facility by deciding on an optimal PT invest-
ment to preserve the products for a longer time, or the retailer should sell the products as
early as possible to achieve more profit.

This study highlights the significance of a hybrid price-stock dependent demand model
in unpredictable circumstances, offering retailers useful insights for managing perishable
items. The results imply that demand fluctuates according to seasonal trends rather than
always following a set pattern, necessitating a flexible pricing strategy. By managing
uncertainty in variables like lead time, holding cost, and deterioration rate, IVTPF sets
improve decision-making. Furthermore, it has been demonstrated that expenditures in PT
and advance payment plan have a major influence on profitability. By carefully choos-
ing suppliers who have better choices for upfront payments and by striking a balance
between preservation expenses and selling time to reduce losses from product deteriora-
tion, retailers can maximize profit. The results of this research are highly applicable to
inventory management, particularly for retailers of perishable goods who face demand
fluctuations due to seasonal variations and pricing strategies. By incorporating a hy-
brid price-stock dependent demand model under an IVTPF environment, businesses can
optimize profit through strategic pricing, preservation investment, and advance payment
schemes. These findings offer valuable insights for decision-makers in retail and supply
chain management to enhance profitability while mitigating uncertainties in deterioration,
holding costs, and lead time.

Despite its contributions, this research has certain limitations: the proposed model
assumes that price and stock are the primary factors that influence demand, while other
external factors, such as competitor pricing, consumer preferences, and macroeconomic
conditions, are not explicitly incorporated; the study focuses on perishable goods, and it
is unclear whether the model can be applied to durable products with different demand
patterns; and the assumption of a fixed preservation cost, which may vary in practice
depending on operational constraints and technological advancements.

One can extend the proposed work by taking into account carbon tax and cap policy,
green technology as discussed by Paul et al. [51] and Barman et al. [52] for reducing
carbon emission during transportation and production time, and after that, the obtained
multi-objective model can be solved using a meta-heuristic algorithm, which was studied
by Goli et al. [53] and Goli and Tirkolaee [54]. This study can be analyzed in an interval
type 2 Pythagorean fuzzy environment, which was defined by Mondal and Roy [48], etc.
Furthermore, one can extend the models in a neutrosophic environment (as discussed by
Barman et al. [55] and Kamran et al. [56]) instead of a Pythagorean fuzzy environment.
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