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Abstract: In the digital age of education, e-learning has become an integral part of
the learning process. However, decision-making processes in this field involve elements
of uncertainty and hesitation that need to be managed effectively. This study addresses
Multi-Criteria Decision Making (MADM) problems using Trapezoidal Hesitant Fuzzy
Numbers (THIFN), a powerful tool for representing uncertain and hesitant information.
Two new operators are proposed for situations where feature prioritization is required:
THIFN-Prioritized Weighted Average (THIFNPWA) and THIFN-Prioritized Weighted
Geometric (THIFNPWG). The fundamental properties of the proposed operators, such
as uniformity, boundedness, and monotonicity, are theoretically examined. The devel-
oped approach is applied to a real case study for selecting the most suitable e-learning
platform. A comprehensive comparative analysis is conducted with existing methods in
the literature to prove the validity of the methodology. The analysis results showed that
the proposed method accurately preserved priority relationships between features and
produced more consistent and discriminatory ranking results compared to existing ap-
proaches. Findings from the comparative analysis demonstrate that this method exhibits
superior performance in processing prioritized and ambiguous data and offers a reliable
information fusion model for hesitant decision-making environments.
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1. INTRODUCTION

In contemporary society, marked by rapid development and increasing complexity,
practical problems are frequently characterized by uncertainty, vagueness, and impreci-
sion. To address these challenges, Multiple Attribute Decision Making (MADM) has
emerged as a critical framework for evaluating and ranking alternatives based on conflict-
ing criteria. In recent years, MADM methodologies have been significantly enhanced to
handle complex environments, such as medical health selection [1], risk prioritization in
safety models [2], and green supplier selection [3]. These modern approaches integrate
advanced fuzzy structures with sophisticated decision algorithms to ensure robustness
and reliability in the presence of incomplete or imprecise data. To model this uncertainty,
fuzzy set theory, originally proposed by Zadeh [4], has been widely applied. While it
provides a robust framework, numerous extensions have been introduced to capture dif-
ferent forms of imprecision more effectively. These include intuitionistic fuzzy sets [5],
hyperfuzzy and superhyperfuzzy [6, 7], type-2 fuzzy sets [8], and extensions of q—fuzzy
soft expert sets [9, 10]. Building on this work, Torra [11] introduced hesitant fuzzy sets
(HFSs), allowing membership degrees to be represented by multiple possible values. Fol-
lowing this, Xu and Xia [12] proposed correlation measures, while Wei [13] introduced
prioritized aggregation operators for HFSs, focusing on criteria with different importance
levels. Despite these advancements, many methods fall short in capturing the full scope of
original data. Consequently, Deli [14] proposed trapezoidal hesitant intuitionistic fuzzy
numbers (THIFNSs), and Ali et al. [15] introduced flexible Aczel-Alsina operators. These
developments build upon the fundamental theorems of Atanassov [16] and the priori-
tized scoring methods of Yager [17]. In the domain of complex representations, Deli and
Karaaslan [18] introduced generalized trapezoidal hesitant fuzzy (GTHF) numbers, later
extended by Deli [19] through Bonferroni mean operators and advanced TOPSIS meth-
ods [20]. Recent trends include Archimedean Copulas with g-rung dual hesitant fuzzy
sets [21] and similarity measures for linguistic term sets [22].

1.1. Literature review of related operators

As in classical set theory, aggregation operators are pivotal in synthesizing infor-
mation from multiple attributes into a single representative value—an essential pro-
cess in MADM. For instance, Sarfraz and Gul [1] proposed Hamacher operators for
interval-valued complex T-spherical fuzzy sets, while Karamat and Sarfraz [23] utilized
Acz€l-Alsina t-norms for complex Pythagorean fuzzy information. Wan [24] utilized
power average operators, and Aydemir et al. [25] developed Dombi prioritized operators
for g-rung orthopair fuzzy sets. Further advancements include Einstein hybrid opera-
tors [26], linguistic prioritized averages [27], and intuitionistic trapezoidal fuzzy OWA
operators [28].Prioritized aggregation operators have been extensively adapted to handle
hierarchical criteria across diverse environments. Akram et al. [29] introduced prioritized
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operators for spherical fuzzy sets, while Garg and Rani [30] focused on complex intu-
itionistic fuzzy information. In the linguistic domain, Kumar and Chen [31] proposed the
ALIFWA operator to refine group decision-making.

1.2. Research gaps and novelty of this study

Upon examining the above studies, it is evident that each method performs well under
specific conditions where criteria share the same priority. However, these methods may
produce undesirable decision-making outcomes when criteria have differing priority lev-
els. Motivated by the concept of prioritized aggregation operators [32], we developed a
novel approach to address MCDM problems involving THIFNs as proposed by Deli [14],
specifically accommodating criteria with varying priority levels.

1.3. Main contributions of this study

The study’s motivation and contributions are regarded as follows:

1. To address uncertainty and imprecision in MADM problems by utilizing THIFNS,
which effectively represent hesitant and vague information.

2. To develop two novel prioritized aggregation operators:
The THIFN-Prioritized Weighted Average (A4) Operator.

The THIFN-Prioritized Weighted Geometric (Ag) Operator. These operators are
designed to incorporate attribute prioritization in the aggregation process under the
THIF environment.,

3. To analyze the theoretical properties of the proposed operators, including idem-
potency, boundedness, and monotonicity, ensuring their mathematical validity and
practical applicability,

4. To construct a MADM approach based on the proposed operators for solving deci-
sion problems involving prioritized attributes and uncertain data

5. To apply the proposed method to a real-world problem, specifically the selection of
the most suitable e-learning platform, demonstrating the effectiveness and practi-
cality of the approach,

6. To compare the proposed method with existing approaches, highlighting its ad-
vantages in handling prioritized, hesitant, and intuitionistic fuzzy information in
complex decision-making scenarios.

1.4. Organization of the study

The remainder of this paper is organized as follows: Section 2 provides a brief
overview of fundamental concepts and definitions related to THIFNs and other relevant
preliminaries necessary for understanding the proposed method. Section 3 introduces the
proposed THIFN-prioritized aggregation operators, including the A4 and Ag operators.



4 V. Ulucgay / A novel prioritized aggregation operator with THIFN and its application

This section also presents and proves key properties of the operators, such as idempo-
tency, boundedness, and monotonicity. Section 4 outlines the proposed decision-making
approach based on the developed aggregation operators for solving MADM problems un-
der the THIF environment. The demonstrates the applicability of the proposed method
through a numerical case study, focusing on the selection of the most suitable e-learning
platform. A comparison with existing methods is also provided to validate the effective-
ness of the approach. Section 5 discusses the findings, limitations, and potential appli-
cations of the proposed method in various real-world domains. The concludes the study
and outlines future research directions, including possible extensions to other fuzzy set
theories and decision-making frameworks.

2. PRELIMINARIES

This section gives the preliminary concepts necessary for discussing the main results.

Definition 1. [5] Let X be a universe of discourse. An intuitionistic fuzzy set (IFS) A in
X is defined as follows:

A= {{x5pa(),va(¥) s ¥ € X} ()

where Uy : X — [0,1] and v4 : X — [0, 1] represent the membership degree and non-
membership degree of the element x € X with respect to the set A, respectively. These
functions satisfy the condition:

0<mu(x)+valx)<1 forallxeX.

Definition 2. [33] Let d is a trapezoidal intuitionistic fuzzy number, its membership func-
tion and non-membership function as given, respectively.

(x—a)nz/(b—a) a<x<b

‘(X)_ Na bSXSC
Ha =9 (@—xmna/(d—c) c<x<d
0 otherwise

(b—x)+yz(x—a)/(b—a) a<x<b

Valx) = Wy b<x<c
at) = (x—c)yz(d—x)/(d—c) c¢<x<d
1 otherwise

where 0 < pa(x) < 1; 0 < wvu(x) < 1; 0 < pa(x) +valx) < 1; a,b,c,d € R such
that a < b < c < d. Then, a trapezoidal intuitionistic fuzzy number (TIF-number)
a={([a,b,c,d); Ug),([a,b,c,d];vz)) is called trapezoidal intuitionistic fuzzy number. For
convenience, let a = ([a,b,c,d]; Ua, Va)-

)
<

Definition 3. [34] Letd = ((a,b,c,d);Na) be a TF-number with it’s membership function
Uz (x). Centroid point of @, denoted by a*, computed as;

- Jxpa(x)dx  na(d* —2c2+ 26> — a* +dc—ab) 4 3(c* — b?)
[ ua(x)dx 3Na(d—c+b—a)+6(c—Db)
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Definition 4. [35] Let X be a universe. Then, a hesitant fuzzy set(HFS), is denoted by H,
is defined as:

H={(x,£(x))):xeX} (2)

where &(x) is set of some values in [0,1] and & = &(x) is called a hesitant fuzzy ele-
ment(HFE).

Definition 5. [17] Let G = {Gj: j € {1,2,...,n}} be a set of attributes, where a prior-
itization exists among them, expressed by the linear ordering G| >~ Gy = G3 >~ ... = Gy,
This means that attribute G has a higher priority than attribute Gy if j < k.

For any alternative x, the value G j(x) € [0,1] represents its performance under at-
tribute G;. The prioritized average operator, denoted as PA(G1(x),G2(x),...,Gu(x)), is
defined by:

PA(G(x),Ga(x),...,Gu(x)) = Y w;Gj(x)
j=1
where the weights w; are given by:

T; ]
Wj:nijT_a with Tj:HGk(x), and Ty =1.
i=1"1 k=1

Definition 6. [13] Let E/(j € {1,2,...,n}) be a collection of HFEs. Then,

1. the hesitant fuzzy prioritized weighted average operator of collection E/(j €
{1,2,...,n}) is defined as:

n n T ]
HFPWAO(E',&%,...6") = D}, (z_ﬁra)

T

. J
Uh{eél,h%eéz,...,h’l’eén{l —ITj= (1—hy)==1"}
3)

— i—1 .o
where T; = [T, Likegk W T; = Hizlih/lcegk Wi, j=2,..,n), Ty =1.

2. the hesitant fuzzy prioritized weighted geometric operator of collection E/(j €
{1,2,...,n}) is defined as:

Tj
HFPWGO(E',E%,...E") = @', (&/) T
7j “4)
n mT;
= Uh}ezjl,h%e::%...,h?egn{nj:l(‘5")2’*1 7}
i— ji—1 ..
where T; = [T, Zh;feékh’f, T, =T1I_, 2%63/1’;(1,] =2,..n),Ti=1.

Theorem 7. [13] Let £ and EJ(j € {1,2,...,n}) be two collection of HFEs.
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1. Ifallé(j=1,2,....n) are equal, i.e. EJ =& forall j € {1,2,....n} then,

HFPWGO(E!,E2, ... E") = HFPWAO(E! E2, ... M) =& (5)

2. Let&E™ =minjeqy o 0 {&7} &Y =maxjeqi, y{E7} then

E- <HFPWAO(E'E2, .. E") HFPWGO(E! E2, .. EM) < EF (6)

3 IféE < éfor all j € {1,2,...,n}, then
HFPWA(E' E?, .. E") <HFPWA(E' &2, .. &M (7)
HFPWA(E' £, ... E") < HFPWA(E' £, .. &™) (8)

Definition 8. [/4] Let R be a set of real numbers such that a < b < ¢ <d with i €
{1,2,3,...,n}Vv € {1,2,3,....m} V ... . Then, a THIF-number, is denoted byh, is defined
as;

fi={(a,b,c,d):{(a,B;) € [0,1] x[0,1]})

is a special hesitant intuitionistic fuzzy set on the real number set R, whose membership
functions and non-membership functions as given, respectively.

(x—a)a;/(b—a) a<x<b

iry_ ) O b<x<c

() = (d—x)oi/(d—c) c<x<d

0 otherwise,

and

(b—x)+Bi(x—a)/(b—a) a<x<b
vi(x): Bi b<x<c
(x—c)Bi(d—x)/(d—c) c<x<d
1 otherwise,

For convenience, we will denote the THIF-number with

i = ((a,b,c,d);(a,B)).

In the paper, for focusing on THIF- numbers, note that the set of all THIF-number on R™
will be denoted by ¢.

Definition 9. [14] Leth = ((a,b,c,d);(a,B)), i = ((a1,b1,c1,d1); (!, B1)),
1 = {(az,ba,c2,d>); (%, B%)) € ¢ and y # 0 be any real number. Then,

1. hy®hp = <(a1 +az,by +by,c1 +ca,d) +d2);U(a]1 ,ﬁ]‘)e(a‘,B'),(a%.ﬁf)e(az,ﬁz){(all +0612 — 0‘1105127ﬁfﬁ12)}>,

<(a]d27b1627clb2adlaZ);U(all ,{3[1)6(0!].ﬁl),(a%ﬁlz)e(uﬁ,ﬁz){(all"alz’ﬁll “Fﬁ]z *BIIBIZ)}Mdl < 07d2 > 0)’
<(d]dz,Clcz,blbz,maz);U(al[ ,ﬁll)E(O!].B]) (a%.ﬁﬁ)e(aZ,ﬁZ){(o‘ll-0‘12’1311 +ﬁ12 *Bfﬁ%)})(dl < 0.,d2 < 0).

{ <(a1027b1b27C1C2,dld2)§U(all ,ﬁll)E(a].B]),(alzﬁlz)e(az,ﬁz){(all‘alz’ﬁll +ﬁ12 *Bf.Bf)})(dl >0,dr > 0),‘
2. Blonr? =
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3 )ﬁ:{ ((ya, yb,ye, vd):Uiq, p)e(ap) {1 — (1—00)7, B })(y > 0);
' ((yd, ye, b, Ya); U(q, py)e(a,p) {1 — (1—a1)?, B 1) (¥ <0).

4. () = ((a”,b7,c7,d"):Uq p)e(aplo 1= (1=B1)T})(r > 0).

Definition 10. [14] Let hi; = {(aj,bj,cj,d;);(a/,B7)),j € I, be a collection of THIF-
numbers. Then,

1. the THIF-numbers weighted average operator of collectionlij(j € {1,2,...,n}) is
defined as:
HAR A2, 1) By wih!
(Ko wjaj, Xj_ywjbj, Xy wici, Xy wid,));

Utad 1)< (@ 1) (0 BD)(@2 52, .. (af pi) (oo pry LT = T (1= @)™ T3 (B{)™ )

where w = (w1, wa,...,wn)T is the weight vector of I/, j € I, such that w; € [0,1]
and i wj=1.

2. the THIF-numbers weighted geometric operator of collectionlij(j € {1,2,...,n}) is
defined as:
H @i Jio, o Jin) = @iy y y
= ((H?:lajjvn’;:lbjjan'}zlcjjanyzldj/); ) )
Ulal phe(al B1).(a? p2)e(? B2)....(a iy pry U Lj=1 (o), 1=TTj= (1 = B{)™})

3. AVERAGING/GEOMETRIC PRIORITIZED AGGREGATION OPERATORS

In this section, we investigate the prioritized aggregation averaging and geometric
operators within the framework of THIFNs. We conducted a detailed examination of
their basic properties such that as idempotency, boundedness and monotonicity.

3.1. THIFN-prioritized average operator

In this section, we introduce a weighted averaging prioritized aggregation operator,
referred to as the A4 operator, designed for collections of THIF-numbers.

Definition 11. Let x; = ((aj,bj,c;,d;); (a/, 7)), j € I, be a collection of THIFNs de-
fined on [0,1) CR. Let G={G;: j€{1,2,...,n}} be a set of attributes with a prioriti-
zation as given in Definition 5. Then, the THIFN-prioritized average operator is denoted
by Ap(K1,K2, ..., Ky ), is defined by

T:
Ma(xsem) = B (g ) ©
where
j—1
Ti=0Ti= Ihici Yo gcial 1), B0 ). (of B)cer B)
(oF—BF) (a2 —2c2 4262 — a2 +dyer—agby) +3(c2 —b2) (j=2,.n)
3(otk—BE) (dy—ci+br—ag)+6(ck—by) Y
and

i—1
ni=1T= IliciLal phe(al p),(? B7)e(02,82),...(cf By (an,Bm)

(of —Bf)(d2 —2c2+2b7 —a+dycx—agby) +3(c2—b2) (i=2,..n)
3(0f —Bf) (dy—cyHby—ar) +6(ck—by) T
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Theorem 12. Let k; = ((aj,bj,cj,d;);(a/,B7)), j=1,2,...,n, be a collection of THIF-
numbers defined on [0,1] CR. Let G={G;: j € {1,2,...,n}} be a set of attributes with
a prioritization as given in Definition 5. Then, their aggregated value using the operator
Aa (K1, K2, ..., Ky) is also a THIF-number, and
AA(K17K27~"7K'!): ’? (Z{;ji’cj
= (X lzn' -aj, i 12,, b L 1):,1- -cj, X lzn' dj);
Tj

Uil p)e(at 1) (e B7)e (@2 B2)....(at Br)E (o gy {1 =TTy (1 — o) 5 i,
L (BDETY).

(10)
where
i—1
Ti=1T= Tt Xial gh)e(al 8).(0 BE(02.B2),... (o B)< (0 )
(o —B) (df ~2c} +2b7 —aj +dyei—agby) +3(ci — bZ)( —2n)
3(of —BF) (dy—cx+bx—ar)+6(ck—by)
and

T=1T= Tt Ko gheto 1), (o B2)<(e B2)... (] B)e(an B
(atk—BY) (d2—2c2 4262 —aP+dicy —aghy)+3(2—b?) (i=2 )
3( ok —BF) (dx—cx+bx—a)+6(ck—by) ) :

In order to define A4 as a valid aggregation operator, it must satisfy the essential
aggregation properties of idempotency, boundedness, and monotonicity. These properties
are formally verified through Theorems 3.3, 3.5, and 3.7, respectively.

Theorem 13. (Idempotency) Let k; = ((aj,bj,c;.d;); (a/,B7)), j=1,2,...,n, be a col-
lection of THIF-numbers on [0,1] C R, and let G = {G;: j € {1,2,...,n}} be a set of
attributes with a prioritization as given in Definition 5.

Ifkj =k = ((a,b,c,d);(a,B7)) forall j € {1,2,...,n}, then

AA(K17K27"'aKn):K (11)

where

i—1
Ti=0Ti= It X gcial 1), B0 2).. (of B)cer B)
(ok =B (d2 —2c2+2b% —al+dycy—agby)+3(cE—bF)

3(of —BF) (dy—cx+bx—ar)+6(ck—by) (7=20m)
and 1
i

hi=1Ti= Tl Xial phe(al p1).(a2 pR)e(@?p2).... (a Br)e(an pr)

(0tk— k) (42 —2c2+2b2 —a2+dycy —aghy) +3(c2—b?) (i=2 )

3(of —BF) (di—cx+bx—ar)+6(ck —by)
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Proof. For xj =k forall j € {1,2,...,n}, and by definition of A4 operator, we have

Tk,
AA(K17K27“'>KI‘I): r!:l (21/7}

T; T; T
= (& goraXi- 12” =1 ST, C/’ZJ B vy Ok
Uhleé‘hzeéz h"eé't{l 7 1(1_hJ)Z; ‘T}>

. . .
= ((jlzn a):jl):n b):jl):n chlZn d)'

n

Ulal Bh)e(ar GBI ). Bl LTI (1 — o) P

BT (T gy = )
= <(a,b,c,d),(aj,ﬁ/)>(j7] 2 7n>}>

Tj

= K
(12)
where
— _ j—l
hi=1T= Tl La p)eta V)0 BE(02 B2)..o (o B )
(ok— 131)([12 20k+2b —al+dyey—agby)+3(c;— bk)( —2,..n)
3(0f =By ) (dy—cy by —ar) +6(ck —by)
and -
hi=Ln= Ilciliapeto p) (0 )@ f2)... (o B <l p)

(a{tﬁl")(dz 2ck+2b27ak+dkck agby)+3(ci— bz)( —2,..n).
3(ok—BE) (dy—ci+br—ag)+6(ck—by)
With this, the proof is finished. [
Theorem 14. (Boundedness) Let k; = ((a;,bj,c;,d;); (a/, 7)), j=1,2,...,n, be a col-
lection of THIF-numbers defined on [0,1] C R, and let G={G;: j€ {1,2,...,n}} be a
set of attributes with a prioritization as given in Definition 5. Let

o= {( min A, min {bj}, min {ej}, min {d;}); min

{ min {(od . B}
(al Ble(al 1) (2 B2)E(02,62),... (ol Bp)(an fry

and

<(je{rf}§f7n}{a’}’je{Tzaf,n}{ ’}’/e{rfff,n}{c’}’je{rlrff,n}{ M jell o)

{ max {(o], B}
(al Bl)e(al 1) (2 B2)e(02 62),... (o Bp)(an fpry

If
‘aj < ai,bj <bi,cj < ci,dj < d;and Oclj < olandB] > Bi forall o € ol ot} € qi and
:Bj] S :thBll € Bl” = ”Kj = <( /,b],C],d ) (OCJ ﬁj» <K= <(ai7bi7ci>di);(alaﬁl»”
then

K~ <Aa(K1, Koo Ky) < KT (13)
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nooT. .
Proof. We have Ti=L-. = 1, since
13

T

jepmn ey siah <, max {a;)
1 bt <{p:l < b;

o (in {bj} <{b;} < o fhax {b;}
1 < < ;

je{Ilnzl.I.l..,n {ej} <H{ej} < {1111;7(7 {ej}
d:t'<dd: ' < d;

,e{ﬁflé?,, {d;} <{d;} < o hax {d;}

min (e} <ol <{ max {(a)}}-
(@))e(al), (@) e(a?), .. () (o) (@)e(a).(0D)e(a2,).....(ap)e(an)

and

{ _max (BN =B/ 21 _min {(BD}}-
(BHE(BY),(BT)E(B?),---- (B E(B) (B1E(BY).(BY)E(B?),....(B)E(B)
Let A4 operator. Then by the Theorem 3.2, it yields that
K < AA(KI y K25y Kn) < K+-

O

Theorem 15 (Monotonicity)  Let &; = ((aj,bj,cj,d;);(a/,B7)) and & =
((dj,b,¢j,d)); (6, B7)), for j =1.2,....n, be two collections of THIF-numbers
defined on [O 1] C R Let G = {G Jj € {1,2,...,n}} be a set of attributes with
prioritization as in Definition 5.

If x; < Kjforall j€{1,2,...,n}, based on Equation 19, then

AA(Kl,KQ,...,K,,)SAA(IZ'],IE'Q,...,IE'”). (14)
where

J— . — 71 P 7

hi=1T= ThoXg S B1)(67 IS0 ... 6 ) )

(ot1 Bl)(d'z 2c,\+2bk ak+dkck akbk)+3(ck bk)( —2,. )

3(6 — ) (dy—y+by—dig)+6(C—by)

J— . —_— i_l 3 P s 2z z z

hi=LTi=  Thoi X ghe f1).(a2 6262 52, (& Br)e(an )

(d{LB{‘)(d;f7%6,%+215%7d,%+d}(ék7ékl3k)+3(é,%713,%) (i=2,...n)
3( 6k —BF) (dy—Ex+by—dy ) +6(¢—by) Y

—1
Ti=1Tj=  Thici Xl plic(al p).(a B)e(a? B2).... (o i) (o B)
(oF—BF) (@} —2c2 420} — a2 +dyep—agby)+3(c7 —b?) (j=2 n)
3(ok —BF) (d—cy+br—ag)+6(ck—by) oo

and .
i

hi=VTi= " TheiXaf et p). (o B)e02 ). af B )

(of —BE)(d} —2¢3 +2b7 —aF +dycy —agby) +3(c— 2)( - )

3(a{€_ﬁ{{)(dk—5k+bk—ak)+6(ck—bk) .
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3.2. THIFN-prioritized geometric operator

In this section, we introduce a weighted averaging prioritized geometric operator,
referred to as the Ag operator, designed for collections of THIF-numbers.

Definition 16. Let k; = ((a;,bj,c;,d;); (e, 7)), j=1,2,...,n, be a collection of THIF-
numbers defined on [0,1] CR. Let G={G;: j € {1,2,...,n}} be a set of attributes
with a prioritization as described in Definition 5. Then, the THIFN-prioritized geometric
operator, denoted by Ag(K1,K2, ..., K,), is defined as

7 7

AG(K1, K2, ..es K'n) = K'IZ?ZITi ® K;LlTi X...Q Ky it i (15)
where
i1
Ti=1T= Tt Lol ple(al p1).(od BRe(a? B2)... (ap Bi)e(an pm)
(a{‘fﬁl")(df,720f+2b%7a,%+dkck7akbk)+3(cf717%)( =2,
3(af —B) (dr—cx+bi—ar) +6(cs—by) J= aces
and

i—1
Ti=0LTi= Il Xa) pl)c(al 1) (07 B)<(02 B2).... (o Br)c(or )
(=) P2 20— ) NG
3( ok —BF) (dy—cx+by—ag)+6(cx—by) seees ).

Theorem 17. Let k; = ((aj,bj,c;,d;);(a/,B7)), j=1,2,...,n, be a collection of THIF-
numbers defined on [0,1] CR. Let G={G;: j € {1,2,...,n}} be a set of attributes
with a prioritization as specified in Definition 5. Then, the aggregated value obtained by
applying the Ag(Ki, K2, ..., K,) operator is also a THIF-number, and

A ZYIL ol
T =17 i=17j
AG(K1, K2, K) = K7 QK R..QK,"
T; T; T; T;
yn ; T; n Jlrj Y jITj Y j]Tj
_ = = = = .
= <(6lj 7bj 1Cj 7dj ),

T:

Y
Utal @ ). ]2@.2)6(a2-,B2>~,~-~,<ai’7ﬁf’)€(a”,B">{H}JLI(alj)zizln’
. J
1=l (1=B{)E=17}).

(16)
where
i—1
h=1T= Hi:l Z(Oql Bhe(al,B1),(02,B2)e(a2,B2),....(all BI)E(a,B7)
(a{(73{()(df*2Cf+2b%7a£+dk0k*llkbk)+3(ci7172)( —2m)
3(06{(_[3{()<dk_ck+bk—ak)+6(ck—bk) J=2,...
and .
i
hi=1T=" i Xal e B).(oFB7)e(02B2).... of B B)

(of —BI) (a2 —2c2+2b2 —a2 +djcr—ayby) +3(c2—b?)
3(otk—BE) (dj—ci+br—ag)+6(ck—by,)

(i=2,...,n).

It is straightforward to verify that the Ag operator possesses the following properties.
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Theorem 18. (Idempotency) Let k; = ((aj,bj,c;.d;); (a/,B7)), j=1,2,...,n, be a col-
lection of THIF-numbers defined on [0,1] C R, and let G={G;: j€ {1,2,...,n}} be a
set of attributes with a prioritization as described in Definition 5.

Ifxj=xforall j € {1,2,...,n}, then the aggregated value satisfies:

AG(K1, K2, Ky) = K (17)
where
i—1
Ti=1Tj=  Thioi Lial gl)e(a 1), (a2 B2)e(@2 B2)(af. B (e B)

(o —BE) (a2 —2c2+2b7 — a2 +dycy—agby)+3(c2—b?) (j=2,.n)
3( ok —BE) (dx—cx+by—ar)+6(ck—by)

and
i—1
ni=1LT= IliciLal phe(al p),(@? B2)e(02,62),... (ol By an,Bm)
(o —BF) (a2 —2c2 +2b2 — a2 +dyer—agby) +3(c2 —b?) (i=2 )
3( ok —BF) (dy—cx+by—ag)+6(c—by)

Theorem 19. (Boundedness) Let k; = ((a;,bj,c;,d;);(o/, 7)), j=1,2,...,n, be a col-
lection of THIF-numbers defined on [0,1] CR. Let G ={G;: j€ {1,2,...,n}} be a set
of attributes with a prioritization as described in Definition 5. Let

K_:<(je{mln7 {a]}" {12 ,n}{b it jellan ,n}{cl}’ e{12 xn}{d 2 E{%igv"}
{<af -ﬁf)é(alﬁ‘>7<a%ﬁf)m(1£2 32>-.,-,<afﬁf')e(anﬁ”)wlj’Blj)}})
and
B R AL L AL R
et .52 1m0 PN
If

‘aj < aj,bj <bi,c;<cj,dj <d;and Oclj < Ocl'andﬁl. > B! for all Ot{ ca’,al € a and
Bi € B/.Bi € B” ="k = (a;,b),c;.d)): (/. B7)) < K = ((as, by ci,di): (o, BT))”
then
K~ < Ag(Ki,Kayy Kn) < KT (18)
where
h=1T= T X BDE(@ B). (@2 B B)... o B B)

(o —Bf)(d3 - 2ck+2bA a}+dcx— akbk)+3(cg bg)( —2.n)
3(ok —BF) (d—cy+br—ag)+6(ck—by)

and -
i
Tn=1,T= | ) (al BLye(al B1).(02,B2)e (a2 B2).... (ol Bl (o B)
(o —BE)(d? —2c2+2b7 —a? +djcy—agby ) +3(c} — 2) (i=2 )
3(af —BF) (de—c+bre—ar) +6(ck—by)
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Theorem 20. (Monotonicity) Let k; = ((aj,bj,cj,d;);(a/,f7)) and & =
<((ij,[)j,éj,tij); (étj,Bj)>, for j = 1,2,...,n, be two collections of THIF-numbers
on [0,1] CR. Let G={Gj: j€{1,2,...,n}} be a set of attributes with a prioritization
as described in Definition 5.

Ifx; <Kjforall j€{1,2,...,n}, based on Equation 19, then the prioritized geometric
aggregation satisfies:

AG(K1, K2, %) < Ag(K1, K, .00 Ky ). (19)
where

- ‘ I 3 3 5 ) ) )
nh=1T= Hk:,I (] ’ﬁll)egdl"ﬁl)v(,dlzvﬁ12>,E(é‘z-ﬁz),-.,.,(o’z{‘,ﬁf')g(anﬁn)
(G- B2 20— sds— b SGBD) (o oy

3(6k—BF) (di— G+ br—an) +6(¢—y) Ji=2,.

—1.T = i—1 . . ; . ; (
Ni=1Ti= TheiXal ghieia f1).(6362)e(62)... (e Be(en B
(& =B (22834282 — a2 +dyéx—dnbi) +3(3—B7) (i=2,..n)
3(6k—BF) (di—Cy+by—dy ) +6(é,—by) A

_ . j—1
ni=LT;=  IhiciXa g))ea p1).(a2,B2)e(@? B2),... (o B)<(on )
(ai‘fﬁll‘)(d]%—20,%+2b%7a]%+dkck7akbk)+3(c]%—b%)( S n)
3(odk— B (g —cx+bx—ar)+6(ck—br) J= %

and
i—1

Ti=1T= IIci Xal phe(al p1).(2,B2)e(02 62)....(olh B (an fm)

(of —BI) (a2 —2c2+2b2 —a2 +djcr —ayby) +3(c2—b2) (i=2,..n)

3(of —BF) (di—cx+bx—ar)+6(ck —by) A

4. AN APPROACH MADM BASED ON THE PROPOSED OPERATORS
4.1. Description of Prioritized MADM Problems Using THIF-numbers

This section develops a novel decision-making method, described in Fiqure 1, de-
signed to address prioritized MADM problems by employing the A4 operator based on
THIF-numbers.

Definition 21. Let & = { P, P,..., P} be a set of alternatives, and let
k k n .

2 = {A=UL i} B =U b} o Z=UL ) bk ke €27
be a set of attributes, where each attribute £; is composed of k; sub-attributes.
A prioritization exists among the attributes, represented by the linear ordering
L - D - - = X, indicating that attribute £ has a higher priority than attribute
% if j < k. Let the THIF sub-decision matrix corresponding to the sub-attribute set
Zi=U,L {Lj} be denoted as H = (x{r)mxkj, where i=1,2,.... mandr=1,2,...kj,
and each element x!, is a THIF-number representing the evaluation of alternative ;
with respect to sub-attribute l;,.
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An approach for solving MADM problems using the A4 (or Ag) operator under THIF-
numbers is developed and presented in the following algorithm.
Algorithm

Step 1. Build the THIF sub-decision matrix associated with the sub-attribute set .%; =
k,
UL {l} as
Hj = (x{r)mxkj = (<( zjr’bl]r’ tjr7dz]) ( ir’ zjr)>) ’
m><kj

fori=1,2,...,mand r =1,2,...,kj, to be used in the decision-making process.

Step 2. Calculate the overall evaluation matrix
Ay = <(aijabij7cij7dzj)'(aii B)) —AA( Jox {é,---7x{}(j)

= T tle9 T/ 1269 @ T/ lk

]
Z:rfl ir rfl n ):rfl ir

(20)

forie {1,2,....,m} and j € {1,2,...,n} where A;; denotes evaluation of the alterna-
tive &; with respect to the attribute .%;

where
m r
Pil (ai/)vﬂilr)e(ai{-vﬁii)
(i=12,....m,r=2,...,k;j)

(op— ﬁlp)( —2c7 —Q-Zb2 —a’ +d,pc,-p—aipbip)+3(cl»2[,—bl»217)
(alp sz)(dtpfctp+btp a[[))+6(("i177bi[))

20
and

Th=1, (i=1,2,...m). (22)

Step 3. Find A;(i=1,2,...,m) by agregate all THIF-numbers under A;;(j = 1,2,...,n) by
using the A4 operator as:

Ai= M(Ai,Ap,..Ai) = ((ai,bi,ci,d;); (o, B))

(23)
= anT lleaznl 12@ @an
where
= y (0tip = Bip)(d}, —2¢7, 4 2b7, — a2 +dipcip — aipbip) +3(ch, — b7,)
p=1(aip,Bip) (), B) (oc,,, B”’)(d"’ = Cip +bip — dip) +6(cip — bip)
(i=1,2,....m, j=2,...,n)
(24)

and

Th=1, (i=1,2,...m). (25)
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Step 4. Calculate the centroid values s(A;) of A;(i = 1,2,...,m) with Definition 3

(ai — Bi)(d? —2¢7 +2b7 — a? +dic; — a;ib;) + 3(c; — b?)

S(Ai) = i i
(o Bl 1), 3o = Pi)(di =it bi—ai) +6(ci =bi)
(o B (e ),
(e By

(26)

Step 5. Rank all the alternatives %;(i = 1,2,,...,m) and select the best one(s). In here if
s(Ag) > s(Ay) = P> Py, (s, €{1,2,,...,m}) .

Start )

o Construct the THIF sub-decision matrix for sub-attribute set for
Step 1 decision;

e Compute overall values matrix A;
Step 2

e Find A, by agregate all THIFNs under A; by using the Asjoperator;
Step 3

e Calculate the centroid values s(A; )of A; ;

Step 4

e Rank all the alternatives —?&(i=1,2,...,m) and select the best one(s).

Step 5

End

Figure 1: Algorithm

4.2. Numerical example

In this section, we present a MADM problem concerning the selection of an e-learning
platform, adapted and inspired by the works of [36, 37]. The proposed approach is applied
to identify the most suitable e-learning platform from a subjective perspective, utilizing
linguistic scales for evaluation.

In this study, four e-learning platforms are evaluated, as shown in Table 1: Platform
1 (&), Platform 2 (&?,), Platform 3 (4?3), and Platform 4 (). The assessment is
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based on three key attributes that are commonly considered in the selection of e-learning
platforms:

¢ % : Clear and understandable content,
e % Interactivity,
e %45 Variety of educational levels.

With the rapid advancement of digital technologies, e-learning has become an integral
part of modern education systems. It is increasingly preferred by both individuals and
institutions due to its advantages such as flexibility, accessibility, and efficiency.

Considering these benefits, the attribute variety of educational levels (.%3) is re-
garded as the most critical criterion, as it reflects the platform’s capability to serve a wide
spectrum of learners. This is followed by clear and understandable content (.¢]), and
finally interactivity ((%).

Accordingly, the prioritization of the attributes is strictly defined as:

B>0>D

where the symbol “>" denotes a higher level of preference in the decision-making pro-
cess.

Table 1: e-learning platform alternatives.
Symbol The e-learning platform

P e-learning platform 1
Py e-learning platform 2
P e-learning platform 3
Py e-learning platform 4

Table 3 provides a detailed description of the sub-attributes associated with the main
criteria .4, %, and %3, along with the linguistic evaluations of the e-learning platform
alternatives. These evaluations are expressed using THIF-numbers, is given as:

. Clear and understandable content attribute contains /;; = Simplicity of the language
of the content, /;,= Level of conceptual clarity and /;3= Regularity and integrity of
content structure. There are strict prioritization between parameters such as such as
I11 > l12 > 13, here > indicates preferred to.

% Interactivity attribute contains /1= Feedback Mechanism, /= Live Sessions and Q
— A, 3= Discussion Forums and /4= Group Work and Collaboration Tools. There
are strict prioritization between parameters such as such as Iy > Iy > Iz > lps,
here > indicates preferred to.

£ Variety of educational levels attribute contains /31= Program Levels and /3= Diver-
sity of Target Learners. There are strict prioritization between parameters such as
131 > I3, here > indicates preferred to.

Furthermore, to enhance the objectivity of the results, the experts were selected from
diverse departments within the Faculty of Languages. These experts provided their eval-
uations using THIF-numbers corresponding to the linguistic terms presented in Table 2.



V. Ulugay / A novel prioritized aggregation operator with THIFN and its application 17

Table 2: THIF-numbers for linguistic terms

Linguistic terms Linguistic values of THIF-numbers Score
Absolutely low(AL) ((0.1,0.1,0.2,0.3);{(0.1,0.8),(0.2,0.8),(0.4,0.9)})  0,0338
Very very Low(L) ((0.1,0.2,0.4,0.4);{(0.1,0.8),(0.3,0.7),(0.5,0.8)})  0,0585
Very Low(VL) ((0.2,0.3,0.5,0.5);{(0.2,0.6),(0.4,0.7),(0.7,0.6)})  0,0780
Fairly low(FL) ((0.2,0.4,0.5,0.6);{(0.2,0.6),(0.2,0.4),(0.5,0.6)})  0,0880
low(L) ((0.4,0.5,0.7,0.8);{(0.2,0.6),(0.2,0.4),(0.5,0.5)})  0,1560
Medium(M) ((0.6,0.7,0.7,0.9);{(0.3,0.4),(0.4,0.5),(0.6,0.4) })  0,1657
Fairly high(FH) ((0.3,0.5,0.6,0.8);{(0.6,0.3),(0.5,0.2),(0.6,0.3)}) 0,1760
High(H) ((0.2,0.6,0.8,0.9);{(0.6,0.4),(0.7,0.5),(0.8,0.3)})  0,1920
Very High(VH) ((0.2,0.5,0.6,0.7);{(0.7,0.3),(0.8,0.1),(0.9,0.1)})  0,2240
Very Very High(VVH)  ((0.6,0.7,0.8,0.9);{(0.8,0.2),(0.8,0.1),(0.9,0.1)})  0,2300
Absolutely high(AH) ((0.5,0.6,0.7,0.9);{(0.9,0.1),(0.9,0.1),(0.9,0.3)})  0,2818

Table 3: Linguistic assessment of e-learning platform alternatives using THIF-numbers

Main criteria Sub-criteria Alternatives  Linguistic labels
Ly-Clear and understandable  [;{-Simplicity of the P, {L)}
content criterion language of the content ) {(FL)}
P {H}
Py {(AH)}
l12-Level of conceptual P, {H)}
clarity P, {(FH)}
P {(VH)}
2 {(AH)}
l13-Regularity and integrity
of content structure ez {(AH)}
P {M)}
P {(vVvH)}
2 {(FL)}
L,-Interactivity criterion l>1-Feedback Mechanism P {M)}
P {(vvH)}
P {H}
Py (L)}
l»>-Live sessions and P2, {M)}
Q-A 2 (L}
P {®}
Py {(VH)}
l»3-Discussion forums P {(FH)}
P {(H)}

Continued on next page
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Table 3 (continued)
Main criteria Sub-criteria Alternatives  Linguistic labels
2 {(VED}
Py {(VVH)}
lr4-Group work P {(AL)}
and collaboration tools P {(VL)}
P {(FH)}
2 {(VVH)}
Ls-Variety of educational [31- Program levels P {(AL)}
levels criterion P {(AH)}
2, {(H)}
Py {(VE)}
[3p-Diversity of P {M)}
target learners P {(VL)}
2, {(AL)}
2 {(VVH)}

Subsequently, to select / rank the e-learning platforms, the A4 operator is employed
to construct a solution approach for MADM problems under THIF information. The
proposed method can be described through the following algorithm:

Proposed operators’ computational algorithm:

Step 1. Three THIF sub decision matrices corresponding to the sub-attribute sets were
formed . = U, ki Al YasHY = (x! Jask; (i=1,2,3,4;j=1,2,3;r = ki, ky, ks; ki =

1,2,3;kr =1, 2 3,4;ks = 1,2) for decision in Tables 4-6;

r

Table 4: Sub-decision matrices based on THIF (x lr) 53

k2] Simplicity of
the language
of the content

Level of
conceptual clarity
conceptual clarity

2 ((0.4,0.5,0.7,0.8);{(0.2,0.6),(0.2,0.4),(0.5,0.5) }) ((0.2,0.6,0.8,0.9);{(0.6,0.4),(0.7,0.5),(0.8,0.3) })
P ((0.2,0.4,0.5,0.6);{(0.2,0.6),(0.2,0.4),(0.5,0.6) }) ((0.3,0.5,0.6,0.8);{(0.6,0.3),(0.5,0.2),(0.6,0.3) })
P ((0.2,0.6,0.8,0.9);{(0.6,0.4),(0.7,0.5),(0.8,0.3) }) ((0.2,0.5,0.6,0.7); {(0.7,0.3),(0.8,0.1),(0.9,0.1) })
Py ((0.5,0.6,0.7,0.9);{(0.9,0.1),(0.9,0.1),(0.9,0.3) }) ((0.5,0.6,0.7,0.9);{(0.9,0.1),(0.9,0.1),(0.9,0.3) })
Regularity and
integrity of content structure
2 ((0.5,0.6,0.7,0.9);{(0.9,0.1),(0.9,0.1),(0.9,0.3) })
P ((0.4,0.5,0.7,0.8);{(0.2,0.6),(0.2,0.4),(0.5,0.5) })
P ((0.6,0.7,0.8,0.9);{(0.8,0.2),(0.8,0.1),(0.9,0.1) })
Py ((0.2,0.4,0.5,0.6);{(0.2,0.6),(0.2,0.4),(0.5,0.6) })
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Table 5: THIF sub-decision matrices (x2)s4

19

EZ Feedback Mechanism

Live sessions and Q-A

P ((0.6,0.7,0.7,0.9);{(0.3,0.4),(0.4,0.5),(0.6,0.4) }) ((0.6,0.7,0.7,0.9);{(0.3,0.4), (0.4,0.5),(0.6,0.4) })
P ((0.6,0.7,0.8,0.9);{(0.8,0.2),(0.8,0.1), (09,0.1)}) ((0.4,0.5,0.7,0.8);{(0.2,0.6), (0.2,0.4),(0.5,0.5) })
P ((0.2,0.6,0.8,0.9);{(0.6,0.4),(0.7,0.5),(0.8,0.3) } ((0.2,0.6,0.8,0.9);{(0.6,0.4),(0.7,0.5),(0.8,0.3) }
Py ((0.4,0.5,0.7,0.8);{(0.2,0.6),(0.2,0.4),(0.5,0.5)}) ((0.2,0.5,0.6,0.7); {0703 (0.8,0.1),(0.9,0.1)})
Discussion forums Group work and Collaboration Tools
2 ((0.3,0.5,0.6,0.8); {(0.6,0.3), (0.5, (0.6,0.3)}) ((0.1,0.1,0.2,0.3); {(0.1,0.8),(0.2,0.8),(0.4,0.9) })
P ((0.2,0.6,0.8,0.9);{(0.6,0.4), (0.7 (0.8,0.3)}) ((0.2,0.3,0.5,0.5);{(0.2,0.6),(0.4,0.7),(0.7,0.6) })
P ((0.2,0.5,0.6,0.7); {(0.7,0.3), (0.8 (0.9,0.1)}) ((0.3,0.5,0.6,0.8);{(0.6,0.3),(0.5,0.2),(0.6,0.3) })
Py ((0.6,0.7,0.8,0.9);{(0.8,0.2), (0.8 (0.9,0.1)}) ((0.6,0.7,0.8,0.9);{(0.8,0.2),(0.8,0.1),(0.9,0.1) })

Table 6: THIF sub-decision matrices (x} )52

EZ Program levels

Diversity of Target Learners

7, {(0.1,0.1,0.2,0.3);{(0.1,0.8), (0.2
2, {(0.5,0.6,0.7,0.9):{(0.9,0.1), (0.9
25 {(0.2,0.6,0.8,0.9):{(0.6,0.4), (0.7
2, ((0.2,05,0.6,0.7);{(0.7,0.3),(0.8

{(0.6,0.7,0.7,0.9);{(0.3,0.4), (0.4,0.5),
((0.2,0.3,0.5,0.5);: {(0.2,0.6), (0.4,0.7)
((0.1,0.1,0.2,0.3):{(0.1,0.8),(0.2,0.8)
((0.6,0.7,0.8,0.9);{(0.8,0.2),(0.8,0.1)

1,2,...,

Step 2. Based on Equations 20-21, we calculated the overall values matrix presented
in Table 7;

Table 7: The assessment of alternatives by decision makers concerning the criteria.

Clear and understandable content

2 {(0.38,0.52,0.71,0.81);{(0.33,,0.53),(0.36,0.53),(0.59,0.41)})
Z,  ((0.22,0.42,0.52,0.64);{(0.28,0.54),(0.26,0.36),(0.44,0.53) })
25 {(0.23,0.59,0.76,0.86); {(0.65,0.35),(0.74,0.21), (0.84,0.16) })
Py ((0.44,0.56,0.66,0.85);{(0.85,0.14),(0.85,0.13),(0.86,0.14) })
Interactivity
2, {(0.53,0.64,0.69,0.90);{(0.38,0.39),(0.42,0.42),(0.58,0.39) })
2,  {(0.51,0.63,0.78,0.88);{(0.65,0.31),(0.66,0.18), (0.81,0.19) })
Z5  ((0.22,0.62,0.81,0.93);{(0.61,0.39),(0.71,0.29),(0.81,0.19) })
2, {(0.41,0.53,0.72,0.82);{(0.36,0.51),(0.39,0.30), (0.64,0.36) })
Variety of educational levels
21 {(0.15,0.16,0.25,0.36);{(0.12,0.75),(0.22,0.77),(0.42,0.58) })
P, {(0.39,0.49,0.62,0.75);{(0.64,0.29),(0.71,0.29), (0.82,0.18) })
P35 ((0.17,0.47,0.64,0.75);{(0.51,0.48),(0.61,0.39),(0.73,0.27) })
2, {(0.31,0.56,0.66,0.76);{(0.74,0.26), (0.80,0.10), (0.90,0.10) })

Step 3. We found A;(i = 1,2,...,
n) by using Eq. 23-25 in Table 8;

Table 8: A;(i = 1,2,3,4) through the aggregation of all THIF-numbers

A, ((0.39,0.52,0.70,0.82);{(0.34,0.51), (0.36,0.37), (0.58,0.41) })
A ((0.26,0.45,0.56,0.67); {(0.36,0.49),(0.35,0.33),(0.53,0.45)})
Ay {(0.23,0.58,0.76,0.86): {(0.63,0.37),(0.72,0.24),(0.82,0.18)})
Ay {(0.42,0.55,0.68,0.83):{(0.75,0.22),(0.76,0.17),(0.81,0.19)})

m) by aggregated all THIF-numbers under A;;(j =



20 V. Ulucgay / A novel prioritized aggregation operator with THIFN and its application

Step 4. The centroid values were computed s(A;) of A; by using Eq.26 in Table 9;

Table 9: Centroid values s(A;) of A;

s(A)) = 1.84094
s(A)) = 1.49675
s(A3) = 1.86517
s(As)= 1.86316

Step 5. Ranking all the alternatives &2;(i = 1,2,3,4) and select the best one(s). In here
if s(A3) > s(A4) > s(A1) > s(A2) = P3 > Py > P > P, and thus the most suitable
e-learning platform Z3.

4.3. Comparison and Analysis Discussion

When decision analysts work with data expressed as THIF-numbers, they face a chal-
lenge due to the lack of existing prioritization operators that can effectively handle this
type of information. The THIFN-prioritized aggregation operators introduced in this
study are specifically designed to address this gap, offering a practical solution to sup-
port decision-making processes involving THIF data. A comparative analysis with sev-
eral existing methods was conducted to validate the effectiveness of the proposed MADM
approach using prioritized aggregation operators, including the methods of Wei [13], Wan
[38], Lia et al. [39], and Ulucay et al. [36]. The comparison results are summarized in
Table 10. A brief critical analysis of the results shows that the proposed operators yield
rankings consistent with existing methods while capturing subtle differences among al-
ternatives more effectively, demonstrating the robustness and practical relevance of the
approach.

Table 10: Comparative analysis of different techniques and their ranking results

Methods Preference Order The optimal alternative
The method in [39] Py > Py > Py > P, Py
The method in [13] Py > Py > P> P, Py
The method in [38] Py > Py > P > P, Py
The method in [36] Py > Py > Py > Ay, Py
The method in [36] Py > Py > Py > P, Py
Proposed A4 Method 923 > Py > P > s, P
Proposed Ag Method 3 > Py > P > s, P

5. CONCLUSION

THIF-numbers are highly effective for representing ill-known or imprecise quanti-
ties. Given the critical role of aggregation operators in decision-making processes, this
study addresses prioritized MADM problems in which the attribute values are expressed
using THIF-numbers. To this end, we proposed two novel aggregation operators: the
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Trapezoidal Hesitant Intuitionistic Fuzzy Prioritized Weighted Average A4 operator and
the Trapezoidal Hesitant Intuitionistic Fuzzy Prioritized Weighted Geometric Ag opera-
tor, both designed to aggregate THIF information effectively. We also examined several
fundamental properties of the proposed operators, including idempotency, boundary, and
monotonicity. Furthermore, two MADM approaches were developed based on the pro-
posed operators under the THIF environment to select the best e-learning platform. A
practical case study was presented to illustrate the applicability and effectiveness of the
proposed methods. The results show that incorporating attribute prioritization signifi-
cantly enhances decision quality, making the proposed approach both practical and robust
for real-world applications. Additionally, the comparison of our method with several
existing approaches from the literature highlights its superior performance and effective-
ness in handling prioritized and uncertain information. Moreover, the introduction of
prioritized operators for THIF-numbers provides a new avenue for information fusion in
uncertain and hesitant decision-making environments.

5.1. Shortcomings and future research directions

While the proposed MADM method offers several advantages, it is not without limi-
tations. Specifically, our approach is designed to work with THIF-numbers and is appli-
cable to various subclasses within the THIF framework. However, it does not currently
support other generalized fuzzy number types, such as Pythagorean hesitant fuzzy sets,
interval-valued hesitant Fermatean hesitant fuzzy sets, or spherical hesitant fuzzy sets.
In future research, we plan to extend our aggregation approach by developing aggrega-
tion based operators suitable for these broader classes of fuzzy sets and their extensions.
Additionally, further efforts will focus on integrating the proposed aggregation frame-
work into other fuzzy MADM techniques, including VIKOR, ARAS, WASPAS, TOPSIS,
EDAS, and related methods. Beyond methodological development, we also envision ap-
plying this approach across various real-world domains such as marketing, engineering,
information technology, human resource management, and energy management, where
decision-making under uncertainty plays a critical role.
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